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NHA XUAT BAN GIAO byc VIET NAM CHIA SE KIP THG
V1 NGANH GIAO DUC TiNH TUYEN QUANG SAU MUA LU

Ngay 17/10, Nha xudt ban Gido duc Viét Nam (NXBGDVN)
déng hanh cung doin cong tic clia BO GD&DT do Thi trudng
L& T&n Diing dén du dd d&n thim va lam vidc tai tinh Tuyén
Quang vé viéc khic phuc hau qud hai con bio s6 10, 11.

Sau hai con bao s6 10 va 11 vira qua, nganh gido dyc tinh
Tuyén Quang da c6 54 trudng hoc bj nuSc [ ngdp sdu, sat
I6... gdy thigt hai nghiém trong, udc tinh trén 28 ti déng.

Lam vigc tai S§ GD&DT tinh Tuyén Quang, Thir trubing L&
T4n Ding da chia sé v6i nhitng kho khin, m&t mét ma thiy
v trd cdc trudng hoc & Tuyn Quang di trdi qua trong dot
“0fa [0 vira qua. Thit trubng danh gid cao sy sét sao, nhanh > '
chong vao cude clia cdc co sb gido duc trén dja ban tinh Ong Ngo Vén Hoan - Phd 70!79 Giém déc NXBGDVN
Tuyén Quang dé han ché t6i da thigt hai. Thi trubing cling dé  trao sdch gido khoa cho dai dién S0 GD&BT Tuyén Quang
nghj S c6 cdc gidi phap truGc mét va 14u dai dé 6n dinh viéc Trudc d6, dodn cOng tic B) GD&DT da dén thim va djng
hoc, ddm bdo an todn cho hoc sinh va gido vién trén dja ban, vién Trubng Phd thong D&n toc NOi trd THCS&THPT Chiém
ddm bdo cdc em khong thi€u sach gido khoa khi trd lai tridng  Hoa. DAy 1a ngdi trubng c6 gdn 490 hoc sinh ndi tr. Trong
hoc. dot thién tai via qua, khu ki tdc x4 cla truong bj hu hdng

Nh&m hd trg nganh gido duc Tuydn Quang nhanh chéng  ning, véi 26 phong hdng todn b) hé théng dién, nudc, cdng
khic phuc hdu qud thién tai, BO GD&DT va Cong dodn Gido trinh v& sinh va clia ra vdo. Khu vuc nhd dn, b&p, nhd da
duc Viét Nam d trao ting cho nganh Gido duc dio tao Tuy&n ning va khu nha cOng vy ciing bj anh hudng nghiém trong.
Quang sO tlén tn gla 300 triéu dﬁng Nhim gidp thdy va trd nha trudng nhanh chong 6n djnh

e ¥ R 3 B o viéc sinh hoat va hoc tép, dodn cOng tic da t&ng nha trudng
1 chifc tivi va 1 loa kéo. Riéng NXBGDVN tng h§ cho nha
trudng s tién mit 1a 20 trigu déng.

Poan cdng tac B6 GD&DT trao s6'tién ho trg
cho Sd GD&OT tinh Tuyén Quang AN\ Tl e -,
Cing chia sé kno khdn véi cdc em hoc sinh cla tinh,  Dai dign NXBGDVN trao s0 tién tri gid 20 trigu dong cho
thong qua SO GD&DT Tuyén Quang, NXBGDVN da hd trg cic  Trudng Phé thong Dn téc Noi tri THCS&THPT Chigm
em s sach gido khoa tri gid khodng 100 trigu déng. Hién tai, NXBGDVN dang khin truong tiép tyc ra sodt
Ong Ngo Vin Hoan — Pho Téng Gidm ddc NXBGDVN by thiét hai & nhiéu dja phuong khdc bj &nh hubng béi mua I
t6: “Sau méi dot thién tai, mua I, viéc gidp cdc em hoc sinh  viia qua d€ c6 k& hoach hd trg kip thoi, lan tda tinh thdn
& cdc ving bj thiét hai cd lai séch vé dé tip tuc hoc 1 vy “tuong thdn tudng 4" - khdng dé hoc sinh ndo bj bd lai phia
tién hang diu cia NXBGDVN. Sach khdng chi 14 cong cu hoc  sau,
t4p ma con I3 ngudn dong vién tinh than, tiép sic cho thdy BAN TRUYEN THONG
tro vugt qua khd khn'. (Nha xuét bén Gido duc Viét Nam)
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N i BA TN CHETQUEN'NGE
O G PHUCHG TRINH NGHIEM NGUYEN 0 BAG TACS

A A Sire Ak 5 Sl

_ ~ _BUI MINH TRUNG
- (GV THCS Nguyén Vn Céng, Vinh Long) /

Phuong trinh nghiém nguyén 13 bai toan s hoc
hay va thuomg xuyén xuét hién trong céc dé thi
HSG Toan THCS va dé thi vao chuyén Toan céac
tinh. Sau diy tic gia xin gi6i thiéu ba tinh chét
quen thudc ding dé giai cac phuong trinh nghiém
nguyén xuat hién trong cac dé thi HSG cép THCS
mét s6 tinh trude khi sap nhép.

e Sir dung tinh chdt bdt dang thizc: ding dé danh
gid mién nghiém cua cac bién, néu sé gié tri ma
bién sb c6 thé nhan khong nhiéu thi c6 thé ding
phwong phép thir tre tiép dé kiém tra két qua.

e Sir dung tinh chdt phwong trinh tich: bién doi
phuong trinh nghiém nguyén vé dang
f(x,3,2)-g(x,y,2)-h(x,y,z)=a véif, g hla
cac biéu thirc chira bién va a 12 hing sd.

e Sir dung tinh chdt sé hoc: khi giai phuong trinh
nghiém nguyén can van dung linh hoat céc tinh
chit sé hoc nhu: chia hét, d("mg du, s6 chinh
phuong, sb nguyén t6,...

Thi du 1 (D¢ HSG To4n tinh Bén Tre, nim hgc
2024 — 2025). Tim cdc s6 nguvén duong x,y,z thod

man: X —(x+y+z) :(y+z)3 +34.

Lévi gidi. Dat t=y+z (v6i t€Z,122).

PT co thé viét lgi thanh: x* =2 =34+(x+1)’
¢:>(x—t)(x2+xl+tz)=34+(x2+2xt+[z) *
<:>(.t2+xt+12)(x—t—l)=34+xt (1.
Vi x2+xt+£2>034+xt>0 nén x-1-1>0

hay x—t22.
Tir (*) suy ra: 2(x* + xt+1°) <34+ (x* +2xt +1°)

hay _xz +l'2 <34,

Khi 46 x*<34 ma x—t22 nén x22+¢24
suyra x €{4;5}.
+ Véi x=4 thi t=2 (vi t<x-2=2), thay vio
(1), khong thoa man PT.
+ Véi x=5 thi t=3 (vi tsx-2=3 va
x—t—1>0), thay vao (1), thoda man PT.
Khi =3 thi y+z=3 suyra:
(»:2) e{(1;2);(2;!)}.
Vay(xy;2) e {(5;1;2);(5;2;1)}. :
Thi du 2 (Pé HSG To4n tinh Binh Dwong, nim
hoec 2024 - 2025). Tim nghi¢m nguyén cua
phuong trinh: XX +2y" +2xy+3y-4=0.
Lai gidi. PT da cho c6 thé viét 1ai thanh:
2
(x+y) +(y+4)(y—l) =0.
Vi (x+ y)2 >0 nén diu “="xay ra khi
(y+4)(y-1)=0.
Suyra —4<y<1 hay ye{-4;-3;-2;-1;0;1}.
Thay cac gia tri cia y vao phuong trinh ta dugc:

y | 4 -3 -2 -1 0 1
. i 5 2 =1
x 4 | Sval | Loai | Loai .
va -2
Vay

(xy)e {(4;—4);(5;—3);(1;—3);(2;0);(—2;0);(—1;1)}.
Thi du 3 (D& HSG Todn tinh Binh Phuéc, nim
hoc 2024 - 2025). Giai phwong trinh nghi¢m
nguyén: 4x* +8x—2=6xy+9y.
Léi gidi. PT da cho ¢6 thé viét lai thanh:

(4x? +12x+9) - (4x+6)-5=3y(2x+3)

TOAN HOC
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& (2x-3y+1)(2x+3)=5. - Loi gidi, PT da cho c6 thé viét thanh:

2x-3y+l=1 (267 + )+ (4xy + 2y) - (4x+2) - 4=0

+ Trudmg hop 1: )
S {2x+3=5

& (2x+1)(x* +2y-2)=4. Vi 2x+1 ldsd ¢

2 .
suyra (x;y)= (1—3-) (logi). nén ta chi xét mot s6 truomg hop sau:
2x+1=1
2x=-3y+1=5 + Trudmg h 1'{

+ Trudmg | : i e i
rudmg hop 2 {2x+3=] ; x*+2y-2=4
suyra (x;y)=(~1;-2). suy ra (x; ) =(0;3) (thoa man).
2x-3y+1=-5 2x+1=-1

+ Trudmg hep 3: ; + Truc :
o {2x+3=—1 el {x2+2y—2=—4’
2 g 5
suy ra (x;y) :(-—2;3) (loai). suy ra (x;y)z(—l;—zg) (loai).
+ Trudmg hop 4: {2x—3y+1=—1 Y Viy (x7)=(0;3).
2x+3=-5
suy ra (x;y)z(—4;—2). Thi du 6 (Pé HSG Toan Thanh ph5 Ha Néi,

nim hoc 2024 — 2025). Tim cdc 56 nguyén dong
Vay (x;3) e {(—l;—2);(—4; —2)}. S

Thi dy 4 (P& HSG Toén tinh Gia Lai, nim hoc
2024 - 2025). Giai phwong trinh nghiém nguyén:

x;y thod man 4x° = )’ (x +y+2).
Loi gidi. PT di cho c6 thé viét thanh:

3
3y? -3 =513, (ﬁ] =2(x+y+2).
- y
Léi gidi. PT @3 cho c6 thé viét lai thanh:
5 y L 2x *
y“=171+3‘=9(3"2+19) voi x> 2. Dat7=keN , Suy ra:

Ta c¢6 y*,9 l1a s6 chinh phuong nén 32 +19 2x=hyva K = yk+2y+4.
phai la so chinh phuong. oo sl i san
+Néu x-2=2k+1 lasb Ié thi i HE S S -8

32 £19 {37 +1)+18 = (k+2)(k* -2k +4)-12
chia hét cho 2 nhung khéng chia hét cho 4 nén = (k+2)(k2 —2k+4—y)=12.
khéng 12 sé chinh phuong. i A e e
+Néu x—2=2k lasb chin thi 3 k+223 nén k+2e{%4612}.

352 L 19 = 3% 419 =42, Thay céc gia tri £ vao PT ta tim dugc:
Suy ra (1—3‘ )(t+3")= 19. (X;)’)E{(1;1):(20:10);(415:83)}.

Mi 19 12 sb nguyén 8, r—3*<r+3* nen Thidy7 (D& HSG Toin tinh Hii Duong, nim
o o s i hge 2024 - 2025). Tim tdt ca cdac c@p so nguven
{, +3 =19 Yy m {k i’ Viy (X;y) '—'(6;30)' (x;v) thod man x* + y* =20y + 2317 +1

L gidi. PT da cho ¢ thé viét thanh:
Thi dy 5 (Dé HSG To4n tinh Ha Giang, nim

hoc 2024 - 2025). Tim nghi¢m nguyén cua 20y +1 =(-"1 ")'2 )‘ 20.

phuwong trinh 2x* + x> 4 4xy - 4x+2y - 6-0 Suyra y20 va 20y +1 1a s6 chinh phuong lé.
TOAN HOC :

2 4 Crumté S6 581(11-2025)

DPugc quét bang CamScanner


https://v3.camscanner.com/user/download

Xét x,y>0 (vi PT ¢6 s6 mii chin clia x nén x

vd —x déu 1a nghiém), khi d6 ta co:

(2xy)2 <(x2 +y2)2 =4xy? +20y+1

V6i x=1 thi y=5 holic y=-5.

+ Trudmg hop 2: (x—2)2 =4, suyra [x=4.

Véi x= 2 _ i,
<4x2),2 +20xy+25=(2xy+5)2_ 6i x=0 thi y* =8 (loai)
Véi x=4thiy=4 hoéc y=_4.

+Xét 4x2y? +20y+ 1= ¢ :
X°y" +20y+1=(2xp+1)", suy ra: Vay (%) € {(15):(-5):(44)5(4-4)).

20y =4xy hay {y=0
.

= Thi dy 9 (D& HSG Toan tinh Lai Chiu, nim
V6i y=0 taduge x=1 x=—1. hoc 2024 - 2025). Tim nghiém nguyen cua
V6i x=5 ta duge »* —50y% ~20y+624=0 suy 1~ UE M (¢ +2)(y? +x)=(x-»).
ra y=4; y=6. Léi gigi. PT da cho c6 thé viét lai thanh:
+Xeét 4x%y? +20y+1= (20 +3)°, suy ra: 2y 42y +xy +3xp(x— ) =0
20y +1=12xy +9 hay y(5-3x)=2. ‘i’y[z)’z+("2‘3x)y+(x+3x2)]=°'

Suy ra ye{1,2} (v thudc tap hop cic udc ciia 2 Xét y=0 suyra xeZ tuyy.
va y>0). Xét y#0 suyra:
Thay y=1y=2 vido PT déu khong thod man.
Vay:

(J;; y)e {(l; 0);(—1;0);(5;4);(5;6);(—5;4);(—5;6)}.

2y2+(x2—3x)y+(x+3x2)=0 (1).
Xem day 1a PT bc hai 4n y, khi d6 ta cé:
A=(x+1) x(x-8).
Dé (1) c6 nghiém thi A phai 1a s6 chinh phuong
hay x(x-8)=a’, (ke Z). Suyra:
(x-4-a)(x-4+a)=16

Thi du 8 (Dé HSG Toan tinh Hung Yén, nim
hoc 2024 — 2025). Tim tat ca cdc cdp so nguyén

(x:y) thoa man phwong trinh:

x?y? —4xy? —2x +5x* +4y” +4x-32=0.

e va (x—4—a);(x—4+a) cling tinh chin, 1é:
Loi giagi. PT da cho c6 the viét thanh:
S % ; x—4+a -8 —4 2 4
y (x —4x+4)=2x —5x° —4x+32.
x—4-a ) —4 8 4
Xét x=2, thi 22°-52-42+32=0 hay x—4 -5 —4 5 4
20 =0 (v6 li) nén x = 2 khong thoa man PT. x | 0 9 8
Xét x #2, taco: Thay lan lugt x vao PT ta tim duoc céc gia trj y.
3.2 4
y2=2x 25x 4x+32__-2x4_3+ 20 _ (). Viy
x“—4x+4 (x - 2)

() €{(9:-6)3(9:-21):(8-10);(~1;-1); (1;0)}
Khi dé: (x——2)2 1a s chinh phuong va wéc cia véi teZ.

20. Thi dy 10 (D¢ HSG Toan tinh Long An, nim

hoc 2024 - 2025). Tim (dt cd cdc c@p s6 nguvén

7 X =

+ Trudmg hop 1: (x—2) =1, suyra [
i (x;») thoa man 2y x+x+v+l= x* & 2y 4 v,
Vé6i x=3 thi y* =29 (logi). L gidi. PT d& cho c6 thé viét lai thanh:

: TOAN HOC
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(Zyzx-—2y2)+(x—-x2)+(y—-xy)+l=0

<:'>(x—l)(2y2 —x—y):—l.

x—-1=1

b

+ Truomg hop 1:
{Zy2 —x-y=-1

suy ra (x;)=(2;1).
+ Trudng hop 2: {x _21 o ;
2y —x-y=1
suy ra (x;y)=(0;1).
Vay (x;3) e {(2;1);(0;1)}.
Thi du 11 (Trich dé HSG To4n 9 tinh Phi Tho,
nam hoc 2024 — 2025). Tim tdt ca cac cdp so
nguyén (x;y) thoda man x* —y* + V¥ +y=2,
Lai gidgi. PT c6 thé viét lai thanh:
x =y3 —(y2 +y—2).
+Véi y* + y—2>0, khi do:
& =y3 —(y2 +y—2)<y3
= —(y=1) =2)* ~4p+3=2(y-1)" +1>0
—x*>(y-1). Dodé (y-1) <x* <y’ (vo10).
+ Véi y2+y-2<0, khi d6 (y+2)(y-1)<0
hay 2<y<1l.

y -2 =1 0 1
x | 2 1 2 (loai) | !

vay (%) € {(1;1);(1;—1);(—2;—2)}.

Thi du 12 (Trich d¢ HSG Toan 9 tinh Quing
Nam, nim hoc 2024 — 2025). Tim hai so nguyén

x;y khac 0, c¢o wdc chung lén nhdt bang 1 va

thoa man x* +x = y} + yz.

Léi gidgi. PT c6 thé viét Iai thanh:
x(x+1)=y*(y+1) ().

Ta cé: x(x+l)§y2, suyra: x+1%y°

i (x;y)=1 nén (x;y2)=l).

TOAN HOC :
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4

Do d6: x+1=k?(keZ).

Thay vao (1): K*y* =k+y+1 (2).

Véi k=0, suyra: x=-1;y=-1 (thod man (1)).
Véi k#0, tir (2) suy ra:

e

ky2 k2y k2y2'

+Véi |ky| =1, tir (2) ta duge: k+y=0.

1=

k= k=1
Suy ra: { hodc { . Ta dugc:
— y = —
x=- = O v
{x 2 (thod mén) hodc {x (loai).
y= 1 y= -1

+Véi [ly| =2, tir (2) ta duge: k+y=3.

ks hoiac k=2. Ta dugc:
y=2 y:l

{x =% (thoa man) hodc {x
y=2

+Véi |ky| 23, ta duogc:

1 1 1 ) B
ky2 +k2y+k2y2 S§+§+3<1 (vo 1i).
Vay (x9)e {(—2;1);(—1;—1);(1;1);(3;2)}.

Thi du 13 (Trich d¢ HSG Toan 9 tinh Séc
Tring, nim hoc 2024 — 2025).

Tim tat cd cdac so nguyén x;y thoa man:

Suy ra: {

=i (thoa min).

1=

x(x+2)(2x+1)(2x+35) = ).
Léi gidi. Phuong trinh da cho c6 thé viét lai thanh:
(Zx2 + 5x)(2x2 +5x+ 2) =yl
Pat r=2x*+5x ta dugc (t+2)=)° hay

(t+1)2_y2 =1,suyra (t+1+y)(r+1-y)=1.

t+1+y|t+1 -y | y t x
1 1 R e T
2
"l -'1 0 —2 t:—z;tz:_l-
2
Viy (%) €{(0;0);(-2:0)}.
o
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Thi dy 14 (Trich d¢ HSG Toén 9 tinh Son La,
nam hge 2024 - 2025). Tim tat cd cae cap so

nguveén (x,v) thoda man phiwong trinh:
8x* - 3xy-5y=25.

Lai gidi. PT da cho c6 thé viét lai thanh:
y(3x+5)=8x" -25.

2
Vi xcZ ok 3x+520, bhids: y=% —82
Ix+5
2x? -
Suyric Sy itt S0 gy gy B
3x+5 3x+5

Pé x,y nguyén thi:
3x +5e€ U(25) = {-25;-5;-1;1;5;25}.
Suy ra x € {—10; - 2; 0}, thay vao PT ta tim dugc

y tuong Umg.
Vay () e {(-10; -3 1);(-2;—7);(0;—5)}.

Thi du 15 (Trich d¢ HSG Toan 9 tinh Tay
Ninh, nidm hoc 2024 - 2025). Tim tdt ca cdc cap
nghiém nguyén thoa man phwong trinh sau:
2yt —jx+3x+y-4=0.
Léi gidi. PT da cho co thé viét lai thanh:
(x—l)y=2x2 +3x-4.
Véi x =1 taduge 0=—4 (vo li).
Véi x #1 ta duge:

2
- 1
=_2x._+ix._4—=2x+5+___
x-1 x-1

Dé PT c6 nghiém nguyén thi x-1e{-L1}, suy ra
xe{0;2}.

+Khi x=0 thi y=4.

+Khi x=2 thl y=10.

viy () {(0:4):(2:10)}

Thi du 16 (Trich d¢ HSG Toin 9 tinh Thanh
Héa, nam hge 2024 - 2025).

Tim cac nghi¢m nguyén cua phuwong trinh:

(2x=y-2) =7(x=2y -y -1).

Léi gidi. PT da cho c6 thé viét lai thanh:
2(2:c—y--2)z =7(2x—-y--2—2y2 —-3y)

e 2(2x-y-2) =7(2x-y-2)-7(2y" +3y)

Pitt=2x-y-2(teZ)

, ta dugc:

212 —7t+7(2y2+3y)=0

& 1612 —56t+49+7(1

6% +24y+9)=112

o (40-7) +7(dy+3) =112

Vi (41-7)" >0 véi moi

7(4y+3)2 <112 suyra :;-<y<—1~.

Khi d6 y e {-1,0}.

teZ nén

4

+Véi y=—1 thi (4t=7)" =105 (loai).

+Véi y=0 thi (4! - 7)2 =49, suyra t= _—2{ (loai)

hoic t =0 (nhan), khi d6
Viy (x;y)=(1;0).

x=1

Thi dy 17 (Trich d¢ HSG Toén 9 tinh Vinh
Phiic, nim hoc 2024 — 2025).

Tim cdc so nguyén dwong Xx,y,z thoa man:

3x2 —18y% + 222 +3y%2% —18x=27.

Lai gigi. PT c6 thé viét lai thanh:

3(x—3)" +227 +3

(y2)* -18y* =54.

, 27

Vi 54:3 nén 0 , suyra:
0<2z <54
72 =9 hay z=3.

Khi 46, 3(x—3)" +18+27)y% —18y* =54 suy ra:

(x-3) +

3y? =12.

Tac6: 0<3y* <12, suy ra:

y=1
y=2,x=3'

x=6

Viy (x;3:2) € {(6;1;3);(3;2;3)} .

S3 581(11-2025)
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HUONG DAN GIAI DE THI VAO LOP 10 THPT

CHUYEN HUNG YEN
Nam hoc 2025-2026

Cau 1. Cho biéu thire

M :L I 3Jx+10 )[.\'+4\/;+4_2].

-4 xJx-x-adx48 ) alx
1) Tim diéu kién xac dinh va rit gon biéu thirc M.
2) Dat N =M.(9.\‘—2 X +4). Tim gid tri nho nhat
cua biéu thire N.
Loi giai.

1) biéu kién xac dinh: x > 0; x = 4.

M= L & 3x +10 (X—4\/J—C+4]
x-4 (Jx-2)(x-4) 4

(o) (o)

(Vx-2)(x-4) ax  x

2) Ta co: N=M.(9x—2\/;+4)=w

7y

“offsg
X

r

Suy ra: N22’9J;.j4=-—2=2.6—2=10 (Bit
X

ding thirc Cauchy).
4

Déu “=" xay ra khi va chi khi 9/x = g
X

hay

x= -;1 (thoa man).

Viy gi4 trji nho nhét cia biéu thic N bing 10.

Cau 1. 1) Trong mat phdng toa do Oxy,cho
duong thing (d).y=x+m va parabol (P):y=2x".
Tim tat ca gid tvj cia tham 56 m sao cho dwong
thang (d) cat parabol (P) tai hai diém phan bi¢t

co hoanh d¢ x1,x3 thoa man

TOANHOC
' CTusilge S0 581(11-2025)
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1)

(2,\'12 — X3 —m)2 +(2x§2 -X —m)“ =4,

2) Giai hé phwong trinh

3

xigxl-ypi=2 (x-yz) (1)

56x2 +20(x2 - p?)=3/4x(8x+1)-2 (2)

Léi gigi. 1) Xét phuong trinh hoanh do giao diém
cia (d) va (P):

2 =x+m ©2x’-x-m=0 *).
Dudng thang (d) cét (P) tai hai diém phan biét
thi A=1+8m>0, suy ra m>%1; x;x, 13 hai
nghiém cia (*) nén:

2x12 -x-m=0 =>fo — X —m=x =X
2is —X,-m=0 :>2x§ —X—m=Xx; —X.
, 2 2
Do d6: (2x12 &R —m) +(2x§ -x _m) =4
2 2
< (x -x,) +(x -x) =4
< (x +x, )2 —4xx, =2.
Ap dyng h¢ thirc Viéte cho (*) ta cé:
1
xl +X2 = -

m’
xl..\'z = e——

Do d6 :11-+ 2m=2 suyra m =% (thoa mdn).

2) Didu kign: x2 1?20,
Tir phwong trinh (1) ta cb:

x4 x(x-?)- 2\1(-“.)'2)3 =0.

Dit \/x - y* =u, phuong trinh (1) thanh:

:
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x4 xu? =28 =0:>(x-—u)(x2 +xu+2u2)=0.
Suyra x =u (do PT x* + xu +2u® =0 vd nghiém).
Dodé y* =x-x* (3).
Thay vao (2) ta dugc:

96x% —20x +2 = ¥32x2 + 4x.

Ap dung bat dang thirc Cauchy, ta cé:

96x2 — 20x+2 = Y32x% + 4x = 3/1.1.(323:2 +4x)

2
s32.7: -;4x+2.

Do dé: 3(96x2 ~20x + 2) <32x2 +4x+2
& (16x-2)" <0.

1
Suyra x=—.
7 8

Thay vao (3) tadugc y = i—\/—g— (thoad man).

Véy hé phuong trinh c6 cic nghiém la:

1.47) (1 47
8 8 )8 8/

Cau 1L 1) Tim tdr ca nghiém nguyén (x;y)ctia
phuwong trinh

(x243) 2 —(x=2p)(x+2y+1)=25x+2y+169.
2) Mot thung co 40 qua bong co kich thieoc va
khoi lwong nhiwr nhau, trong do co mot 50 qua bong
mau do, mot sé qua bong mau xanh, con lai la
nhitng qud bong mau khdc. Ldy ngau nhién mét

qua bong trong thung. Xac suat dé Id'y dwoc qua

bong mau do la 1% xdc sudt dé ldy dwgc qua

: ; . T B T
bong mau xanh la Y Tim so qua bong c6 mau

khdc mau doé va mau xanh.

Loi gigi. 1) Taco:

X2yt 43y? - x? —2xy—x+2xy+4y* + 2y =25x+2y +169
o x'y? + 7y = x> +26x+169
<::>(x2+7)y2=(x+13)2.

-Néu y=0 thi x+13=0 suy ra x=-13 (thoa

man).

2
, 13
“Néu y=0 thi x2+7=("+ J )
y

x+13

y
A A a n ~ A A
X, ¥ 1a s0 nguyén nén ¢ ciing la s6 nguyén.

Dit =t,(t227), ta dugc x*+7=¢> ma

Do d6 (t-x)(t+x)=7 suyra t-x va r+x 1a

cac udc cua 7.
Trudng hep 1:

t-x=1 t=4
* nén , suyra: y =4 (thoa man).
t+x=17 x=3

Trudmg hop 2:

t-x=7 _ [t=4 5 )
nen s S ra. =-—(104al).:
TR beoh S s bty

Truong heop 3:

t-x=-1 _ [t=-4 5 o
nén Py=—-= :
i o ST suy ra: y 2(oa,u)

. [t=—4
nén ,
x=3

suy ra y =-4 (thoa man).

t—x=-7

Trudng hop 4: {
t+x=-1

Viéy phuong trinh da cho ¢ c4c nghiém nguyén
1a: (—13; 0),(3; 4),(3; —4).
2) Chon ngau nhién mot qua béng trong thung c6

40 qua nén s6 phan tir ctia khéng gian miu 1a:

n (Q) =40.
Goi x, y lan lugt 14 s6 qua bong mau do va qua
béng mau xanh trong thung, x, y e N*; x, y <40.
Xac sut dé ldy dugc qua bong mau do va mau

xanh 13n luot 1d = va =~
40

40°
Theo gia thiét ta c6:
: TOAN HOC
S8581(11-2025) ! Cudifye i !
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X 3

>y _3
40 8

40 10 =12
il suy ra {x 15 (thod man).

Vy trong thing s6 qua béng c6 mau khac mau do
va mau xanh 1a:
40-12-15=13(qua béng).

Cho  hinh ABCD, ¢o
AB=9 em, BC=6.cm. Goi K la trung diém ciia
AD. Trén canh AB

Ciu IV. chir  nhat
lay diém H
AH=2 cm. Tinh COS}’{E;\'.

Loi giai.

sao cho

A _H B

D
Goi I 1a giao diém cua CK va DH.
Do K la trung diém cia AD nén:
AK =DK =3 cm.
Xeét hai tam giac ADH va DCK c6:
DAH =CDK = 90°;
A0 4l 2
DC DK 3
Suy ra AADH « ADCK (c.g.c), tir 6 ta c6:
ADH = DCK.
Ma 4DH + HDC =90° nén DCK + HDC = 90°.
Suy ra DIC =90° hay DH L CK.
Do AH =2 cm nén BH =7 cm.
ABCH vudng tai B nén:
CH =\BH? + BC* =/85 (cm).
ACDK vubdngtai D nén:
CK =\ CD* + DK* =310 (cm).

cD* 27410
CK 10

CD? =CI.CK nén CI = (cm).

ACIH vudng tai I nén:

TOAN H
8 QC

“ Clusitre S3& 581(11-2025)

a1 21850 _27\34
cos HCK ==m="gs0 ~ 170 -

CH

Chu V. Cho duong tron (O;R) va diém I cé dinh
nam trén duong tron (O;R). Goi A, B la cdc gigg
diém ciia hai dwong tron (O:R) va (1 iR), Pla
diém thay doi trén cung nho AB ciia dwecng tron
(7;R). Buong thang qua P va vuong goc véi IP
cat dwong tron (O;R) tai M,N. Ké PH vuéng
goc voi IM tai H, PK vuong goc voi IN tai K.

1) Chung minh rd'ng bon diém I,H,P,K cung
thuoc mot duong tron va HK vuong géc voi Ol.

2) Khi P thay doi trén cung nho AB cia duong tron
(1;R), tim gia tri lén nhat cia dién tich tam gidc

[HK.

Loi gidi.

1) Ta cé: IHP =90° suy ra H nam trén dudng
tron duong kinh /P,

IKP=90° suy ra K nim trén duéng
tron dudng kinh IP.

Suy ra bbn didm I, H, P, K cing thudc dudng
tron dudng kinh IP.

Ké tiép tuyén Ix cia (O; R) tai 1.
Ta c6:

m=900_%=900_180 ;MOI =MOI.
2

Suy ra: INP = Mix = MO/l

(D).
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INP = IPK (cing phuvéi KPN ) (2).

Lai ¢6 IPK = IHK (goc ndi tiép cung chin TK
cua dudmg tron dudmg kinh IP) (3).
T (1), (2), (3) suy ra: Mix = m"'}?, ma ching & vj
tri so le trong nén HK // Ix.
Ma Ix L OI nén HK L OI (dpcm).
2) Xét AIHK va AINM co:

NIM chung; IHK = INM (cung bing IPK ).
Suy ra AIHK « AINM (g.g). T do6 ta co:

- - _( IK )’ _( IKIN )2 @)
Saow \IM IM IN '

IK IP
Ta co6 AIKP «» AIPN (g. én — = — suy Ia:
aco (g.g) né T, y

(5).

IP* = IK.IN = R?
Ké dudmg kinh IJ cia (O; R).
Xét AINJ va AIPM c6:
INJ = IPM =90°;
LN = IMP =%deV.
IN U
2).S oS
Suy ra AINJ @ AIPM (g.g). Suy ra I
d6: INIM =IP1J=2R* (6).
Thay (5), (6) vao (4) ta dugc:

2
- _(uc.m]’z R\ _1
S,y \IM.IN 2R*) 4
1

11
Suy ra: SNHK =ZSAINM =Z.—2'JP..MN

Déu “=" xay ra khi va chi khi P=0.
Viy gi4 trj 16n nhét cia di¢n tich tam gidc /HK

2
bing -’i— khi P tring v6i O.

Céu V1. Cho cac so thye dwong x,y,z. Tim gid

. ' A . 2l ’
trj nho nhat cua bicu thiee:

2x2+2xp+y? 2y +2yz+42?
p_-,\{ X2 +2x)+) +J yi+2yz+z
x+2y

y+2z

+\/222+22x+x2

z42x

Loi gidgi. Ta c6:

J2x + 2y + )7 =\—}_5-J(x—y)2 +(3.1c+2y)2

1 1
>2—J(3x+2y) =—f4(3x+2y
- 25 + 2xp + y? 3x+2y
] x+2y Jg(x+2y)
Tuong ty ta co:
} 2 2
2y° +2yz+z 5 3y+2z @):
y+2z J5(y+22)
V223 42z +x? | 3z+2x
2 3).
z+2x J5(z+2x) ©)

Céong timg vé cia (1), (2), (3) ta dugc:

PB—-I— 3x+2y+3y+22+32+2x
sl x+2y  y+2z  z+2

1 2x 2y 2z
=—|3+ + + :
Js x+2y y+2z z+2x

2x b 2y a 2z

Ta co:
: x+2y y+2z z+2x
2 2 2
%2 zx ® zy » 22
X*+2xy y'+2yz " +2x
x+y+z)
22 [e29 )

x4 2xp 4y 42pz 42t 42

Suy ra PZ—\}—E-(3+2)=\/§.

nhit cia P 1a V5 khi x=y=2>0,

PHAM TRUNG KIEN
(GV THCS Pham Huy Théng, An Thi, Hung Yén)
Gidi thigu

TOAN HOC
"eTusipe 9
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PE THI TUYEN SINH VAO LOP 10 THPT CHUYEN TP. HA NOI

Nam hoc 2025 - 2026
Mén thi Toian (Chuyén Tin)
Thoi gian lam bai: 150 phut

Cau 1 (2,0 diém)

1) Gieo mét xuc xic can dbi va ddng chét hai lan
lién tiép. Tinh xac suit cia bién cé 4: “Tich cua
hai s6 chdm xuit hién trén mat xuc xic trong hai

1in gieo béng 6.
2) Cho a,b la hai sb thuc phéan biét thoa man

: 4 o 2
a+b=6 va a+—=b+%- Tinh gia tri cua biéu
a

_— b
b*+1 a*+1

Cau lI (2,0 diém)

thic M =

1) Cho a,b va c Ia cic sd nguyén duong théa mén

1 3 5

a b+2=c+4

+ Chimg minh abc chia hét cho 4.
2) Tim tat ca cp s6 tw nhién (x;y) théa man
x(x—2y)=y3 -3y +2y-1.
Cau 111 (2,0 diém)

1) V6i a,b va c 1a cic sb nguyén duong thoa man

a+b+c=12, tim gi tri 16n nhét va gia tri nho nhat

2 2 2
2 4

cua biéu thuc P=(a—i) +(b—i) +(c——) !
a b C

2) Cho a,b va c¢ la cac s6 nguyén duong thoa
mén (a+2b)(2a+c)=(a’~bc) . Ching minh
4ab+1 1a s6 chinh phuong.

Cau IV (3,0 diém)
Cho tam giac ABC c6 ba géc nhon (4B < AC),
noi tiép dudng tron (0). Puéng thing qua 4 va

vudng goc v6i duomg thing BC, cit dudng tron

1 0 T?g?uggec S3 581(11-2025)

(0) tai diém I (I khic A). Lay diém M thuge
cung nhé IC cua duong tron (O) sao cho
MB<MC. Ké diy cung MN cua dudng tron
(O) sao cho duong thing MN song song véi
dudmg thing BC. Tia phan giic cua goc ACB cit
hai dudng thing AM va AN lan lugt tai hai
diém P va Q.

1) Ching minh CM. CQ = CP. NQ.

2) Goi E la giao diém cta dudng thing MQ véi
dudng thang BC. Chimng minh dudng thing PE
song song v&i dudng thing AN.

3) Goi H 1a diém dbi ximg v6i didm P qua
dudng thing BC. Goi S 1 giao diém cia duong
thing MIvéi duomg thing BC. Chimg minh
duomg thing SH vudng goc voi dudng thing Q.
Cau V (1,0 diém)

Xét bang 6 vudng kich thuéc nxn, véi n 1a sé
nguyén duong. Biét ring bang 6 vuéng d6 co thé
dugc phu kin boi hai loai manh ghép 1x1 va 8x8
sao cho khéng c6 hai manh ghép nao chéng lén
nhau, s6 luong hai loai manh ghép dugc dung la
bang nhau va mdi 6 vudng nho cua cic manh ghép
chdng khit véi mot 6 vudng nho trong bang.

1) Chirng minh » chia hét cho 5.

2) Tim gié tri nho nhét cua ».

TRINH HOAI DUONG

(GV THCS Gidng V5 2, Ha Néi)
Gidi thiéu
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THEO CHUONG lRt‘\H VA SGK '\'IUI

" NG DUNG UECTO TRONG KHONG

Sach gido khoa Toén 12 dua ra bai toan ng dung
vecto trong khong gian dé giai bai toan thuc té
théng qua m6 hinh hinh chép tam gidc déu. Dé co
cach nhin rd rang hon, t6i xin dua ra mot sé cach
giai bai toan lam vi du minh hoa.

Thi du 1.

Mot chiec dén tron

duoc treo song song voi mat
phang nam ngang boi ba soi
ddv khéong dan xudt phdt tir
diém O wén tran nha va lan
lwot buéc vao ba diéem A,B,C
trén den tron sao cho tam giac
ABC déu va cac lyc cdng

F,F_——fj lan leot trén moi day OA,0B,0C doi

F,

mot vuong goc voi nhau, ‘ﬁ\ = = ‘E' =16 (N).
Tinh trong lwomg ciia chiéc dén do.

Loi giai.

Cich 1. Goi 4,,B,,C, 14n lugt la cac diém sao cho
04,=F,, 0B, = F,, 0,
A/, B], D] sao cho OA4,D,B,.C, A/D{B| la hinh hgp
(hinh 2).

=77;. Ly cac diém D,

Khi d6, ap dung quy téc hinh hop ta c6:

07 + OB, + OC, = 0D},

Mit khéc, do cac lyc cing F,F,,F; ddi mot
vudng goc va [F|=|F;| = [F5|=16 (N) nén hinh
hoép 04 D,B,.C,A4D/B| c6 ba canh O4,,0B,,0C,
d6i mot vudng goc va bing nhau. Vi véy, hinh hop
d6 13 hinh lap phuong c6 d¢ dai canh bang 16.
Suy ra, d0 dai duong chéo OD| cia hinh lap

phuong do6 béng 16+/3.

Do chiéc cin bing nén
F, +F,+F =P, voi P 14 trong lyc tac dung Ién

chiéc den.

dén & vi tr

Suy ra trong lugng cua chiéc dén 1a |Pl=

|@{| =163 (N).

Nhdn xét. Gan hinh tr dién déu vao hinh hép
trong truong hop nay giup viéc tinh hop luc
F, +F, + F, = P la don gian vi tir gia thiét suy ra
hinh hép la hinh lgp phwong. Tuy nhién, néu
F,,F,,F, khong déi mt vuéng géc véi nhau, khi
dé hinh hop OAD,B,.C,AD/B| khéng phdi la
hinh lgp phwong thi viéc tinh F,+F, +F, =P
phitc tap hon nhiéu. V@y nén con cé hudmg gidi
ndo khac dé khdc phuc nhwge diém cua cach giai
trén khong?

Cich 2. Goi F 1a hop Iyc clia F; By Fy. Ta cé:
F+F +F, =F;

il cem 2k g 2 R e

i =7 = < o

+2(F F+F-F+FF)

TOMHOC 17
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Vi |F;|=|f’;l=|f’;|=16(N) va -F_‘;;“F;;P—?, d6i mot
vulng goéc nén:

i

FF=FK-F=FKF=0
il = <[ 1600
Dodo [F| =(F +F + 5 =[R[ +[R[ +[A[
+2(F -F+F F+F F)=3.16"
Suy ra |F| =16/53.
Vi dén ¢ vi tri cin bing nén trong lugng ciia dén
|F|=lf\=16\/§ (N). Vay trong lugng cua dén
bing 16+/3 N.

Nhégn xét. Néu nhu F;,E,E khéng vuong goc

—_——— . — — —

chung ta can biét goc giira cdc hop luec E,E,E.
Nhu vd@y, so véi cdch 1, cdch nday da khdc phuc
duwoc. Tuy nhién, néu viéc xdc dinh goc giita cdc
hop luc F,,F,,F, kho khin thi ta phdi xi Iy nhue

the nao?

Cach 3.

Goi 4; B; C lan lugt 14 c4c diém sao cho
OA=F; OB=F,; OC=F,

Goi G la trong tam cia tam gidc ABC, M 1A trung
diém cua BC, ta c6:

OA+0OB+0C =3-0G.
=+ + F|=[0i+ 08 + O]

=3-[5‘c‘|=30c;.

TOAN HOC
* CTudilye  S3681(11-2025)
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3
=16%.=
9

:>|F,’+F}+F;j=3oc=16ﬁ.

16
oG =—=
= Jé'

—_—

Vi dén & vi tri cdn bing nén F, + F; + F = P, suy
ra trong lugng cua dén la:

|F[+F;+1?3'| =[F|=163 (N).
Viy trong lugng cua dén bing 1643 N.

Nhin xét. Cich gidi ndy di khdc phuc duge viéc
tinh todn géc giea cdc hop luc F,F,,F,, nhung
déi v&i bdi todn trén ta cé thé gdn duogc vao hé
truc Oxyz khong? Ching ta cung xem cdch gidi

sau.

Cdch 4. Chon hé tryc toa 40 Oxyz nhur vé sau.

F4

jL o
il
B 3 = c
I_r‘:!.'-'.‘b.........,. (pp—— [)_3‘
BA
C

X

Ta c6: B(16;0;0); D(0;16;0); 4°(0;0;16) .
ViOB=F;0D=F,;04 =F,;
= F1(16;0;0); F2(0;16;0); F3(0;0;16)
= F +F +F =(16,16;16)
:‘E+E+F]I=m=l&/§

=2 |7>| =163 (N).

Viy trong lugng ciia dén bing 1643 N,

Nh@n xét. Cich gigi wén dwpe ap dung khi

1 Fy, By doi mt vubng géc véi nhau. Viy néu
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F,F,,Fy do6i mét khong vuéng goc véi nhau con  XE€t tam gidc vubng AOG, suy ra:

dap dung dugc nita khong? oG = J0A2 - AG? = \/L2 =1

Bay gio ta xét bai todan sau: nén O(O' 0:vI* —182 )

Thi du 2. Mot chiée dén tron duoc treo song song
Vi mar phang nam ngang boi ba soi ddy khéng Tacé: OA= (18;0;" L’ -18’ )§
dan xuat phat tie diém O trén

5737:(—9;9\/5;—\/1} —18’):

OC =[-9:-93: 1?18 )

Suy ra |m|=|53'|=|b_c'| =L va IF;| =|F2.|=|E|

tran nha lin lweot buoc vao
ba diém A, B, C trén dén tron
sao cho tam giic ABC déu.
Do dai cua ba doan day
0A.OB,0C déu béng L.
Trong heong cua chiée dén la

24 N va ban kinh cua chiéc dén la 18 in (1 inch F}:c-m=(18c;0;—01/142 _182);
=2.54cm). Goi F la do lon cua cac luc cang

P L . e o [i2 _xez .
F.F,.F; trén moi soi diy. Khi @6 F=F (L) la £ =C'OB=(‘9C;9C‘/§;"C L -18 )’

mot ham s6 véi bién s6 la L. Tim chiéu dai toi res,
A c-oc=(-9c;-9cﬁ;—cJL2-182).

thiéu ctia moi sgi ddy (tinh bang inch), biét rang

Tbn tai héng $d ¢# 0 sao cho

e
Il

moi s¢i day do dwgce thiet ké dé chiu dwoe luc

BT o T o F =00 —3-J12 _ 182
cang toi da la 10 N. Suy ra: P—F,+F2+F3_(O,0, 3V L -18 ),

Loi gigi. Cach 1. trong d6 Pla trong luc tic dung l1én béng dén.
Ma trong lugng cia bong den la 24 N nén
[F|=24 = 9¢* (12 -187) = 24?

Se= —8—, VL € (18;+40).
I? -18°

8L

NTET

trén (18;4+w).

Vay F =|F|=|R|=|F|=
Vi tam gi4c ABC 1a tam gidc déu, d6 dai ba doan
diy 04,0B,0C déubing L > 0. Xéthamsd F =

Ta chon hé truc toa 4o Gxyz nhu hinh 6, véi G 12 :
trong tim tam gidc ABC va H la trung diém Ta co:

8L

Ji2 18?2

canh BC,trong d6 A, H nim trén tryc Gx va O F = ~2992 <0, VL & (18;+).
nim trén truc Gz. (2 -182)VEF - 182
’ r » < K ) X '3 2 = 8 .
Bén kinh ciia chicc dén 13 18 innén AG =18, suy M3i soi day dugce thiét ké @ chiu duge lyc cing
ra: AB=18y/3 va BH = HC =9\/3. tdidala 10N,
DRt Suyra F(L)<10« F(L)< F(30) & L230.
G(0;0;0), A(18;0;0), . B ‘
Viy chiéu dai téi thiéu ciia mdi s¢i ddy bing 30 in
B (_9;9J§;0)’ C(-9;—9\/§,0), thoa mén yéu cau bai toan.

) TOAN HOC
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Nhén xét. Mc di F,,F,,F, d6i mt khéng vuong

goc vai nhau, nheng néu ta chon hé truc toa dé

Oxyz phii hop bai todn van gigi quyét duge. By

gio ta sé ap dung cach 2, cach 3 nhie o thi dul dé

giai bai todn nay.

Céch 2. Goi A4,B,,C, lin lugt 1a cic diém sao

cho (7{:7-‘; o—Blzfz' O—Clzf; Khi d6, hai

vecto OA, 574—, cung hudng, do do ton tai sb

k>0 sao cho: OA4, =k-0A4.

Tuong tr, -O_B,'=k-O_'B,O_é;=k-R'.

Suy ra, F=|E|=k-‘m|=k-L ().

Do chiéc dén  vi tri can béng nén:
F+E+F=p.

Goi I la tim cua chiéc dén

hinh tron. Vi tam giac ABC
la tam giac déu nén / ciing
la trong tim cua tam giac. Sir
dung quy tic trong tim trong
tam giac ABC , ta dugc:

OA+ 0B +0C =30
c—:c-(m +5§+b—6’;):3m
= P=3k-Ol.
Theo gia thiét bai toan, trong legng cia chiéc dén
la 24N, do d6 OI = 78‘- Mit khic, xét hinh chop

tam gidc déu0.4BC,cd O vudng gbc mébi mit
phing day (ABC).
Khi d6:

Ol =NOA* = A1* =17 <187 =17 - 324,
Suy ra: %='JL2—324

8

hay k= :
JLZ ~324

TOAN HOC
' Cludifpe

14

S4& 581(11-2025)

3 dugc cong thg

Thay k = ——====vdo (l), ta dug g thie

d JI? -324

8L

h ham s6: F = (N).
tin m 7Y
Ta co:

P SR < QYL & (18;400),

(2182 V12 -18°

M3i sgi diy duge thiét ké dé chju dugc lyc cing
t6i da1a 10 N.

Suyra F(L)<10 F(L)< F(30) < L 230.
Vay chiéu dai téi thidu ctia mdi sgi ddy bing 30 in
thoa min yéu ciu bai toan.

BAI TAP TUONG TU'
Ciu 1. Mot chiée dia kim loai khi luong 4,5 kg
dugc treo bai ba sgi ddy khéng din SA4, SB, SC
sao cho S.4BC 13 hinh ch6p déu
va ASB= 60°, cic lyc cdng

S

F,F,,F, lin lugt trén mdi day
SA4, SB, SC c6 \F,]=|E]=|E| B
Tinh .F,||F;HF3| Léy d6 16m cua gia téc trong
trudmg [g]=9,8 (m/s?).

Cau 2. Mét chiéc dén tron dugc treo song song
v6i mit phang nim ngang boi 0

ba sgi diay khong din xuét
phét tir diém O trén trin nha
va lan lugt buge vao ba diém
A,B,C trén dén tron sao cho
tam gidc ABC déu va cic Iyc
cing F,F,F lin luot trén
mdi ddy 04,0B8,0C déu bing L. Trong lugng
chiéc dén 12 27 N va ban kinh chiéc dén 0,5 m.
Tim chidu dai ti thiu cia mdi sgi ddy d6 duge
thiét ké dé chju duge lye cing t&i da la 12 N

(chidu dai tinh theo don vj xdngtimét va 1am tron
két qua dén mot chit sé thip phén),
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CONG THUCBIEVDIEN2® 4
QUATGNG a+b VATICH b

*-\

\

 HOANGNGQCMINH
(GV THPT chuyén KHTN, DHQG Ha Ngi)

Khi con 1a hoc sinh cap hai, tdi dugc hoc cach giai
hé phuong trinh dbi ximg loai 1 bing cach dit
tdng va tich. Ta thiy riing moi da thirc d6i ximg
cua 2 bién a va b déu biéu dién dugc qua tong
a+b va tich ab, d6 1a co s& cho phuong phap gidi
hé phuong trinh d6i xing loai 1 néi trén. pé
chimg minh diéu nay ta chi cAn chirng minh ring:
"Véi méi sé nguyén dwong n, a"+b" ¢ thé biéu
dién qua tong a+b vd tich ab". Bai toan dit ra 1a:
"Tim céng thirc biéu dién a"+b" qua téng a+b
va tich ab". Pay chinh 13 ndi dung bai todn ma cd
gi4o day toan cép hai da d3t ra cho t6i. Hoi d6, vai
kién thirc con han hep, t6i did khong giai quyét
duoc bai toan nay. Nhiéu nim sau, khi da tré
thanh mot gido vién day toan, t8i c6 dip 6n lai ki
niém cii vi ban bé, t6i nhd lai bai toan nay va da
gidi quyét nd mét céch tron ven. Téi mudn viét bai
bao nay dé dé danh tang cho cd gido day toan chp
hai cita toi-ngudi da thép 1én trong toi tinh yéu ddi
véi toan hoc néi chung va vdi tap chi Toan hoc va
Tudi tré néi riéng.
Dit S=a+b,P=ab , ta cb cic biéu dién sau:

al+b? =S5%2-2P;

a’+b3 =§3-3PS;

a®+b* =S4-4PS2+2P%;

as+b5 =§5-5PS3>+5P28S.
Mot cich téng quat ta co thé biéu dién a”+b"
dudi dang sau:

an b= i, PSR (1)

k=0

trong dé m=1:§J vad ayn la cac h§ s6 phy thudc

vao k va n.

(Ki higu | x| 1a sb nguyén 16n nhit khong vugt
qua x)
Ta c6 thé chimg minh khiang dinh nay bing
phuong phép quy nap va dua vao ding thirc sau:
a™ b =(a+b)(a" +b")—ab(a" +b" 1) (2).
Biy gi¢ ta cin xéc dinh cic h¢ s6 ay, theo k va
n. Ta thiy a,bla hai nghiém cua phuong trinh
X2-SX+P=0. Giai phuvong trinh nay ta dugc hai

S+/S2-4P

2

s+Js2—ap) (S—/st-apP)
Suy ra: a"+b"= + > .

2

nghiém la

Theo cong thirc khai trién nhi thirc Newton ta c6:
a"+b" =2in[2c;‘s"-f (JS2-4P) +3 Cismi(~/s? —4P)']
i=0 i=0
l m

=7 L CHS 2 (52 ~4P)
i=0

m

i .
= 23-1 Z{szsn-zf 3 .C/ (—4P)/ SZ("‘J')]

i=0 Jj=0

1_1 3 ) (—4)iC/CFpIS™2.
2" 020

Nhu vay:

_(=4)F

Qken = n-1

m m
chk C2i =(__1)k 22k+-n ch_k C3i,
i=k i=k

V6i s6 nguyén duong r, dit s=[%J,t={L?}. Ta

s t r X
co: D CH+Y CHI=3 Cl=(1+1y =2";

i=0 i=l j=0
S 1 r
Y ca-Y cA =Y (-1)/C! =(1-1y =0.
i=0 =l j=0
) TOAN H
S5 581(11-2025) o
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_)k2k-CF
Tir 46 ta tinh duge: 3= €2 21 (-D*2k-Cf _

i=0 i=]

ak,?.k: 2'(""1)k.

5 Bay gi¢ ta chimg minh cong thirc biéu dién (1)

Tinh Qop: [0/ 18 —_—2“"' ic’:-fi:zl—n%q:zl—n.zn—l:l_ b?il‘lg quy nap theo n ’ trong dé Qk,n xdc dmh bél
i=0 =0 3).

~ 2 Véi n=2, tacéd: a*+b?=(a+b)*>-2ab

Tioh &y, : @, =23 Y iC3i=—2n nC2il

i=l i=

=SZ—2P=ao,2S2 +a1,2P.
n Vé&i n=3, ta c6: a’+b3=(a+b)’-3ab(a+b)
2

=-22"n.n Cg:l ==22-n.p.In2-_p =53 —3PS=a03S3 +a3FS.

=1

= Cong thire (1) dung véi n=2 va n=3.
Tinh @251 @, =273 C2C =221 2i(2i-2)c3  Gié sir (1) déng dén n. Ta chimg minh (1) ciing

e 5 dung vdi n+1. That vay, tir (2) suy ra:
=223 2i(2i-1)CFH 221 2%CPi

=

2
3" Qg sy PRS2k

m m
=220 n(n—1)C22 22y pC 2 e
i=2 i=2 = Loy
L2 L2 |
% [%J e ak’nPkSn+l—2k o Z Ajpel pPjHlgn-1-2j
=227.p(n-1). 3 C2ED 225 201 = o~
i=2 =2 n 12t
2 | 2
=22-n n(n—l)(2”‘3 _Cg_z)_zz—n n(2m-2 "Crl:—l) = ak,nPk Sr+1-2k _ z_ ak—l,n-lPkS'Hl"zk ;
=22 p(n—1)(2"3 —1)=22" (272 —p+1) e o
=22-n n[(n—l)-Z"‘:" —n+]=2n-2 +n_1:| Véi n=2m , ta cé: Zak,ZmHPkSZ”'H—zk
k=0
)
=22n .03 (p-3) =223 n
w2 -3 2 =a02mS?™ 4+ (A 2m ~ k1 21 )PF SIMH-2k
k=1
! n(n—4)(n-5) < g
Tuong ty ta tinh duge: a3, =—-—-—6———; Dong nhat hé s6, ta thu duge apami =@p2m VA
» _n(n=5)n—6)(n-7) . Qe 2m+1 = Qe 2m — k-1, 2m-1 » Vlsk5m=l£J.
24 2
n(n-—6)(n-7)(n—8)(n—9) R « Imed=2
as,ﬂ = 120 A Vél "-—2m+1 ) ta C('): ’é)ak.ZWHZPk S‘"’”""'t
Téng quét hoa, ta co: A
i 1)* =A02miS ™24 (@ 2mat = Aho 2m )PES M2 — g 2m P
o 13! " (n—k—-1)(n—k=2)...(n-2k+1), (3) £
4 Ddng nhit h¢ sé, ta thu dugc:
<| —
Vit _[ _| Q02m+2 =QA0.2m+15 Ams) 2m+2 =" Am2ms
" = k, _Ck G . n
Ta viét lai ay, dudi dang sau: ay, =-—-—( ) "k U3y @k 2m+2 =k 2mal =Ck-12ms VISK Sm:b}'
n—
Pit biét khi n=2k thi Nhur vy ta thu duge:

TOAN HOC y
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Qg p 1) =A@y — Q=) p VlSkSl%J;

Qo1 =03 Api2ns2 =—n2n, YneN',

Tacd appa=app=..=qp>=1.

Vi 1sksH thi Osk—lsng—l=lﬁ}slﬂJ
2 2 "BEE

NEN @ po) =@k p ~Ak 5
(=D -n
k!
(=D (n-1)
(k-1)!

(n-k=1)(n-k=2)...(n-2k+2)(n—2k+1)

(n=k-D)(n—-k-2)...(n-2k+2)
(-
k!
(=D
s
(=Dt
k!
(=D} (n+])
T K

V&i n chin thi {EleLHJ
2 2
n+l

Vi n le, dit n=2m+1 thi l§J=m=[—J—l.

(n—k=1)(n-k-2)...(n=2k+2)[n(n-2k+1)+(n—1)k]

(n—k=1)(n-k=2).. (n—2k+2)(n*—kn+n-k)

(n—k—-1)(n—k=2)...(n-2k+2)(n+1)(n—k)

(n=k)Yn=-k=-1)(n-k=2)...(n-2k+2).

2
Khi dé vai k=|k-'%]—<‘=m+l , ta co:

Cms) 2ms2 == 23m =—2:(=1)" =2+(=1)™,
Nhu vay cong thic (1) ciing ding véi n+1. Theo
nguyén Iy quy nap cong thirc (1) ding véi moi s6
nguyén duong n .

Ta di thiét lap va chimg minh xong cong thirc
biéu dién a” +b" quatdng S=a+b vi tich P=ab

n
2] (= 1)k n-C

sau day: a”+b" =9(_)__.'.’,_.'1;ka §n-2k
k=0 n—k

(4).

Dya vao mdi lién hé giira cac h¢ 56 o 1a cling
c6 thé tinh céc h¢ sb @y, bing cich lip bang
giong nhu tam gidc Pascal. Dudi day la bang cdc
h¢ s6 trong biéu dién cia a”+h" (mg vdi

n=1,2,.,10, trong d6 h¢ sd ay, l1a sb tha k+1

trong dong thi n:

n=1 1

n=2 1 =2

n=3 1 =3

n=4 1 -4 2

n=5 1 -5 5

n=6 1 -6 9 -2
n=7 1 -7 14 -7
n=8 1 -8 20 -16 2
n=9 1 -9 27 -30 9
n=10 1 -10 35 -50 25 -2

Céc sb trong bang trén dugc x4c dinh theo quy tic
sau:

+ Dong thir n c6 EJH 6.

+ Cét thir nht gdm toan chir s6 1.

+ Véi "23’251‘5{”7“J , 50 thir k trong dong

tht n bing sb thir & trong dong thi n-1 trr 4i

s6 thir k—1 trong dong thir n—2.

+ Véi n=2m, s6 cudi cing cua dong thit »n tirc

a s6 thir m+1 cia dong thir 2m 1a 2.(=1).

Dua vao bang trén ta c6 cac biéu dién sau:
at+b*=84-4P52+2pP?
a’+b3=S5-5PS3+5P2S
a®+b5=5¢-6PS*+9pP252-2p}
a’+b7 =87 -7PSS+14P253-71P3S
al+b3=58—8PS§6+20P2S4-16P3S2+2P*
a?+b%=8%-9PS7+27P285-30P3S3 +9P4S

a'0+b0=S10—|OPS¥ +35P1§0-S0P384 425 P4S2 -2 S,
Dén biy gid, vige tim ra cong thire (4) van khién
ti v cing phén khich. Trude khi tim ra né, toi da
nghi ¢6 thé n6 s& kha phirc tap, c6 thé bidu didn
duge nhung biéu thic s& khi cdng kénh hojc
khong biéu dién duge mot cich twdng minh. Va
rOi sau khi tim ra va chirmg minh né m§t cich chit
che, t6i di ngd ngdng va thich thu trudce sy gon
gang va d¢p d& cua no.

Todn so cip vin con rit nhidu didu th vi va dep

d¢ dang chdr ching ta khdm pha.

TOAN HOC
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CACLOP THCS

Bai T1/581 (Ldép 6). Tim ba chir sé cudi clng cua
s6 A=20032004,

NGO VAN HIEP

(43B, Hang Chuoi, Ha Ngi)

Bai T2/581 (Lép 7). Cho tam gidc déu ABC. Bén

trong tam gidic ABC liy didm M sao cho

BMC=120°, ngoai ra MC = 2MB. Tinh sé do goc

——

AMC.

NGUYEN TAN NGQC
(GV THCS P. Binh Pinh, Gia Lai)
Bai T3/581. Tim tit ca cdc nghiém nguyén duong
cua phuong trinh:
x2.026 + y2026 = 20274052 (x + y)'

NGUYEN KIM SO

(TT Béi dudmg va Phat trién tai nang Toan hoc

Nam Sdang - SMATH)

Bai T4/581. Cho ngii gidc déu canh bing 8 cm.

Hoi c6 thé dat vao trong ngii gidc d6 6 hinh tron

c6 cling ban kinh 2,2 cm sao cho bt ky 2 hinh

trén nao trong 6 hinh tron d6 khong c6 diém trong
chung khéng? (cho biét 1,3 < tan54° < 1,4),

TRAN HUY HUNG

(Phong GDTH, S6 GD&DT Nghé An)

Bai T5/581. Giai hé phuong trinh sau:
x+y=3
X +y' =33

TRAN VAN TO
(8V K28D, khoa Todn Tin, DHSP Ha Nji Iy

CAC LOP THPT

TOANHOC
* CTuGilré __S6 581(11-2025)
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Bai T6/581. Cho a, b, ¢ 1a céc s0 nguyén duong
thoa min a°+b°+¢c° =478298(a+b+c). Tim gi
trj nho nhét cta biéu thirc = a ; ;U-!-YCI‘E e

(GV THPT Yén Phong s6 2, Bdc Ninh)
Bai T7/581. Goi a, b, ¢, d 1a 4§ dai bén canh cia
mot tr giac 16i. Ching minh rang

. +J 5 +\/ A +fd 22\/5_
b+c+d-a c+d+a-b d+a+b-c a+b+c-d

NGO VAN THAI

(T 9, P. Hodng Di¢u, TP. Thdi Binh)

Bai T8/581. Cho tam gidc ABC khong tu, co

trong tdm G va tryc tam H. Kéo dai 4G, BG, CG

theo thir tu cit duong tron ngoai tiép tam giac

ABC tai 4,, By, C,. Ching minh ring
HA+ HB+ HC <GA +GB, + G(,.

PHAM DUY KHANH

(GV THPT Quy Chdu, Nghé An)

Bai T9/581. Ky higu a 1a hé sé ciua x*

(0 < k< 4n - 1) trong khai trién thanh da thic cia:

P)=(14x+X +.. 4+ "Y1+ x+ 2 +o.+X")

Tim tét ca céc sb nguyén duong n sao cho ay, 1
1y thira nguyén duong ciia mot sb nguyén té.

NGUYEN VIET HUNG

(GV THPT chuyén KHTN, PHOG Ha Ni)

TIEN TOI OLYMPIC TOAN

Bai T10/581. Cho a 1a sé thye duong va day sé
() duge xac dinh bai cong thirc truy héi sau:

—_ A il al *
n=1lva x, ,=x + voi neN .

n
2%
k=1

Chimg minh rang day (v,) v6i y, = al
Inn

co gidi
han va tim giéi han dé.

NGUYEN TH] HIEU NGUYEN

(SV Dai hoc Y Durge TP. Ho Chi Minh)

Bai T11/581. Tim tat ca cdc ham sé f:R* >R+
thoa man:

f(xy)+f(ﬂ =f) L)+ Y2 f(xy), Y,y > 0.

LE BINH MINH, NGUYEN ANH VU
(Trueang THPT chuyén Chu Vin An, Gia Lai)

Dugc quét bang CamScanner
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Bai T12/581. Cho tir di¢gn ABCD va diém M chay
trong & di¢n. Goi N, P, Q theo thir tyr 13 giao diém
cua BM, CM, DM va cic mit (ACD), (4BD),
(ABC). Tim vi tri ciia M d¢ thé tich tir dién MNPQ
16m nhat.
NGUYEN MINH HA (Ha Néi)
VU PHUONG THUY
(GV THPT chuyénDHSP Ha Néi)
Bai L1/581. Mgt binh khi nén bing thép dugc
dung trong lin bién dugc nap khéong khi & ap suat
200 atm tai nhiét d¢ 17 °C. Binh dugc trang bi mot
van an toan, van s¢ tr dong xa khi néu ap suét bén
trong vugt qua 240 atm. Sau khi nap binh dugc dé
trén boong tau dudi troi ning, khién nhiét do cua
khéi khi bén trong ting 1én. Coi khong khi 1 khi li
tuong va thé tich ciia binh khong ddi. Cho hing s6
boltzmann & = 1,38.107>> J/K. Xét tinh dung/sai
ciia cac phat biéu sau (cé giai thich).
a) Khi nhiét do cua binh dat 47 °C, ap suét bén
trong xap xi 22,1 atm.
b) Van an toan cua binh s& kich hoat khi nhiét d6
cua khi bén trong dat 384 °C.

¢) Khi nhiét d¢ ting tir 17 °C dén 47 °C, dong
ning tinh tién trung binh cia mdi phan tir ting
khoang 10,3%.

d) Néu ban dAu ngudi ta chi nap khi vao binh dén
ap suét 150 atm (& 17 °C), thi nhiét d¢ t6i da ma
binh c6 thé chiu dugc trude khi van an toan kich
hoat sé& cao hon so véi truong hgp nap dén ap suét
200 atm.

VIET CUONG (Ha Ngi)

Bai 1.2/581. Dung mét proton c6 dong nang 5,45
MeV bin vao hat nhin 2Be ding yén. Phan ing
tao ra hat alpha (a) va hat nhan X. Hat a bay ra
theo phuong vuéng goc vai phuong tdi cua proton
va c6 dong nang 4 MeV. Khi tinh dong ndng cua
cac hat, ldy khdi lwong cac hat tinh theo don vi
khdi lugng nguyén tir bang sb khéi cia ching.
Tinh ndng lugng toa ra cua phan ung.

THANH LAM (Ha Néi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

T'1/581 (Grade 6). Find the last three
digits of the number A4=20032004,

Problem

Problem T2/281 (Grade 1). Given an equilateral
triangle ABC. Inside triangle ABC, take point M so
that BMC=120", MC = 2MB. Calculate the

measurement of the angle AMC.

r3/581. Find all
solutions of the equation

x2026 +y2(J26 =2()274052 (x+y).

Problem positive integral

Problem 14/581 Given a regular pentagon with
the length of each side 8 cm. Can we place 6
circles with radius 2.2 cm inside that pentagon so
that any 2 of the 6 circles do not have a common

interior point? (given that 1.3 < tan54 ‘< 1.4).

Problem T5/581. Solve the following system of

x+y=3
X +y =33

FOR HIGH SCHOOI1
Problem T6/581. Let a, b, ¢ be positive integers
satisfying a> +b% +¢% =478298(a+b+c). Find the
minimum value of the expressionS=a + b + c.
Problem T7/581. Let a, b, ¢, d be the lengths of
the four sides of a convex quadrilateral. Prove that

\/ a +\/ b
b+c+d—-a \Nc+d+a-b

c d
+ + 222,
\/d+a+h—c \/a+b+c~d \/—

Problem T8/581. Given a non-obtuse triangle
ABC with the centroid G and the orthocenter .
Extend AG, BG, CG to intersect the circumeircle
of triangle ABC at A,, B, C, respectively. Prove
that HA+ HB+ HC SGA +GB, + G,

(Nem ticp trang 45)

19

equations: {

TOAN HQC

S5 581(11-2025) & CTusilye

Dugc quét bang CamScanner



https://v3.camscanner.com/user/download

R

~

G -
RS s a1
‘«.}‘i v p ".,.::’1" ".'

{ g' GJINRd ’,! [2n\

e J s i f 1 L7\

»Er BAX | 1\,

¥ ' .
€~y KY TRUOC
7 \
L e -, -
A

Bai TV/S77. Tim s6 ne nhién x nho nhdt biét x

chia cho 7 duwr 1, 2x chia cho 11 du 3. 3x chia cho
13 dir 4.

Lot gigi. T gia thiét d& bai ta ¢6 x — 1 chia hét
cho 7; 2x — 3 chia hét cho 11; 3x — 4 chia hét cho
13; hay 1a 6x — 6 chia hét cho 7; 6x — 9 chia hét
cho 11; 6x — 8 chia hét cho 13. Ta di tim sb
nguyén m sao cho 6x + m chia hét cho ca ba sb 7;
11; 13. S6 m nhu thé cin c6 dang

m=-6+7t=-9+11lu=-8+13v,

trong d6 ¢, u, v déu la cac sb nguyén.

Ta xét ding thirc: — 6 + 7t =— 8 + 13v (*), hay la
7t+2=13v hay v=72v-t) - 2. Chon dugc
v=5va2v—t=1 thoa min ding thirc (*), tir d6
t=2v—-1=9,conxét—6+7t=-9+ 11u, hay la
1lu=7t+3,vdit=9 thi 11u =66, nén u = 6, dan
dénm=-6+7Tt=-9+1lu=-8+13v=57. Tir
d6 6x + 57 chia hét cho cabasd 7, 11, 13 ma ba s
7, 11, 13 14 ba s6 nguyén td nén ba sb nay nguyén
té cung nhau, do d6 6x + 57 chia hét cho tich
7.11.13 = 1001, hay la 6x + 57 = 1001k (**) véi k
1a sb nguyén duong vi 6x + 57 > 57.

Ta thay 3(2x + 19) = 1001k ma UCLN (3, 1001)
= (3, 7.11.13) = 1 nén k chia hét cho 3, s nguyén
duong k nho nhit 1a & = 3, suy ra 2x + 19 = 1001,
hay la 2x = 982 vi x = 491 la sb ty nhién nho nhét
théa min (**). Thir lai cho két qua ding.

Nhgn xét. C6 thé thay viéc xét dang thirc (*) diu tién
bing cach xét ding thirc — 6 + 7t = - 8 + 13v hoic
_9 4 11u=-8 + 13vroi xét déng thirc con lai (néu sb
cudi ciing trong ba s6 ¢, u , v khong 13 s6 nguyén thi
chon bd s6 khéc), ciing din dén két qua. Tuong tyr,

S

mot s ban chimg to x — 1 chia hét cho 7, x + 4 chiy
hét cho 11, x 3 chia hét cho 13, dan dén x + 510
chia hét cho tich 7.11.13 = 1001, ciing cho ké i
ding. Cac ban sau c6 loi giai dang: Phg Thy,
Nguyén Linh An, 6A6, THCS Yén Lac, xa Yén Lge:
Thanh Hoéa: Lé Minh Huy, 6B2, THCS lign cap
Pong Bic Ga, phuong bong Tho; Quéng Ngj;

Tran Pham Minh Thiiy, THCS Hanh Trung
Nghia Hanh; Tran Van Phung, Tran Gia Bio, 6,
THCS Nguyén Kim Vang, xd Dinh Cuong.

NGUYEN VIET HAj

Tim so nguven dwong n sao chy

o 2n+l

2n + 9 la so nguyén to va

Bai T2/577.

la binh phicony
3n+l ”

ctia mt 6 hiu 1y
Léi gidi. Do n la s6 nguyén duong nén d@ thiy
2n+l va 3n+lciing la cac s6 nguyén duong. Gi
2n+1

n+l
phuong ctia mot s6 hiru ti, khi d6 ton tai hai sb
nguyén duong a va b sao cho (a,b)=1va

=—- (1).

2n+l (a)2
== &
3n+1 \ b 3n+l1 b2

Vi (a,b)=1 nén (a?,b2)=1 (2).

sir tdn tai sd nguyén duong n dé 13 binh

2n+l a?

Goi d 1a u6c chung 16n nhit cia 2n+1 va 3n+l
(véi d 14 s6 nguyén duong). Suy ra: 2n+lid vi
3n+lid =[3(2n+1)-2(3n+1)]id =1id. Do db
d=1 hay (2n+1,3n+1)=1 (3).
T (1), 2) va (3) suy ra:
2n+l=a? va 3n+1=b2 (4).
Tir (4) suy ra n=b2-42 (5). Mat khac, tir (4) ta &
6n,+3=3a2
{6n+2=2b2
Tir (5) va (6) suy ra:
2n+9=2(b -a?}+9(342—26?)

=(5a)?~(4b)2 =(5a—4b)(5a+4b)-

Do a va b 1a cac g6 nguym duong nén 5a-4b 1

=1=3q2-2b2 (6).

5 Dguyén, Sqa+4p 13 s§ nguyén duong.

s
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Két hop véi 274910 s nguyén 16,
Sa-4b<Sa+4b, suy ra Sa-4b=1, 5a+4bla s
nguyén t0.

. Y " 5 _l
Vi Sa—-4b=1 nén b:“T (7). Thay (7) vio (6)

ta dugc:

5 S5a-1 4 a=1
3(1‘—2( ] =l<:>a2—100+9=0¢:>|: ’
4 a=9
- Véi a=1 thi n=0, khi d6 2n+9=9, khong la sé
nguyén t5 (loai).
- V6i a=9 thi n=40, khi d6: 2n+9=89 1a sb
nguyén t0 va 3n+1=121=112, 2n+1=81=92nén
thoa man yéu cau bai toan.
Viy chi ¢6 n=40 13 sb nguyén dwong cin tim.
Nhan xét. Bai nay dugc cac ban tham gia giai vai
nhiéu cach giai khac nhau, mdt s6 ban dua ra cich
giai hoi dii nhung giai dang. Mt s6 ban 12 hoc sinh
16p 8, 9 c6 giri bai tham gia, tuy nhién 1in sau cic em
tham gia dung bai tip cua khéi 16p minh dang hoc
nhé. Cac ban sau c6 1o giai twong déi tot: Ha Ni:
Nguyén Vi Khang va Nguyén Hiru Bach, 7T, THCS
Luong Thé Vinh (co s& Tan Triéu); Duwong Pirc
Anh, 7M, THCS Ngb Si Lién, phuong Cira Nam;
Nghé An: Nguyén Thdi Diing, 7B, THCS Ly Nhit
Quang, D6 Luong; Phit Tho: Nguyén Linh An, 6A6,
THCS Yén Lac, Yén Lac; Cong hoa Ao: Lé Bach
Hai Pang, 3B, truomg Qubc té Song ngit cép 2,3
GIBS, TP. Graz.
TRAN THI KIM THANH

Bai T3/577. Tim tat ca cdc cap so nguyén dwong

m n_m
(m, n) sao cho —+—+—
n m n’

la mot so nguyén.

Lai gidgi. Goi UCLN(m, n) = d (d €N"), khi d6
tén tai a, b €N'sao cho m= ad, n= bd véi
UCLN(a, b) =1. Tacb:
m n m a b a a*bd+b’d+a?
;+;+l_1_2-=;%a ‘rbzd= ab%d
Suy ra (a?bd +b*d+a?):b=>a?:b. M (a, b) = 1
nén b =1, két hop vdi (1) ta cé:
(a*d+d+a?)ad (2)=> (a*d+d+a?)a=da.

eN (1).

Ditd = ak (k €N*), két hgp vai (2) thi duge:
(@k+ak+a?).alk=(a’k+k+a):ak (3)
(a’k+k+a)a {kia
= =9 .
(a’k+k+a)k |ak

Thay k = a vao (3), ta dugc:

=k=a.

(@®+2a):a? =(a? +2)a=>2:a.
Doa€N*néna=1hodca=2.
+VéGia=1,b=1thik=a=1.Khidom=ad= 1,
m

= i sb
2 31

n = bd = 1. Kidm tra thy —+—+
n m n
nguyén (thoa man).
+Véia=2,b=1thik=a=2;d=ak=2.2=4.
Khi 46 m = ad = 8; n = bd = 4. Kiém tra thdy

m n m S A 2 aeate
—+—+— =3 1a 50 nguyén (thoa man).
n m n?

Vay (m, n) = (1, 1) va (m, n) = (8; 4).
Nhgn xét. C6 nhiéu ban tham gia giai bai nay va da
s6 giai theo cach trén. Mot s0 ban giai nhu sau:

mZ
= Pmn=m? +n?+—.

m . n_m _m?n+n®+m?
n m n® mn? n

P=

Do P 14 s6 nguyén nén Pmn phii 1a s6 nguyén, suy ra
m2in, Tt 46 ne{l;m;m?} . Rdi ciing din dén qua.
Tuy nhién, suy luin nay khong dang, ching han véi
m=6n=3thi 623nhmg 3¢{;6;6°}. Tuyén
duong cac ban sau c6 16i tot:

Ha Noi: Nguyén Thanh Nam, 8Al, THCS Linh
Pam, Hoang Li¢t, Hoang Mai; Pha The: Chu Ngec
Anh, 9A, THCS Nguyén Quang Bich; Ngh¢ An:
Nguyén Thu Thiy, 8D, THCS Ding Thai Mai; Lé Vi
Quynh Nhwe, 9A, THCS Phing Chi Kién, Hang
Chdu; Thanh Héa: Nguyén Bd DPirc Anh, 8A,
TH&THCS Luwong Chi, Tinh Gia; HA Tinh: Nguyén
Gia Linh, 8A, THCS Cim Xuyén, Nguvén Mai
Tram, 9A6, THCS Lé Vin Thiém, Thinh Sen; Ninh
Binh: Trijnh Gia Huy, 9A, THCS Truong Héin Sidu,
Hoa Lu; TP, Hd Chi Minh: Mai Piui Khang, 9A12,
THPT chuyén Trin Dai Nghia;

PHAM TH] BACH NGQC
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Bai T4/577. Cho tam giac nhon ABC (AB > AC)
noi ticp duomg non (0). Cdc dwrong cao AD, BE,
CF cua tam gidc ABC cat nhau tai H. Goi M la
giao diem cua BH va dwong tron (O) (M khac B).
N la giao diem cua MD va duong tron (O) (N
khac M), 1 la giao diém cia AN va HF, K la aiao
diem cua DI va AB. Chirng minh )'cfng HK song
song voi DF,

Loi gidi.
A
K
F E M
H_—
P
N

D& thiy E 1a trung diém HM. Goi P 1a giao diém

cua hai dudong DF va AN. Ta co tir gidc ABDE ndi

tiép duong tron duong kinh 4B nén FAD=HED .

Céc tir gidc CDHE va CDFA ni tiép nén
DHE=DFA=180°~A4CB.

Tir 46 AAFD < AEHD (g.g), ta co:

AF _DF
(D).
EH DH
Mit khéc, tx FAP=HMD va PFA=DHM , suy ra
AAFP «> AMHD (g.g), ta co:
AF PF _ AF _PF
= =2 = (2).
MH DH _ 2HE DH

T (1) va (2) suy ra DF = 2PF, hay P la trung
diém DF. Ap dung dinh li Ceva cho tam gidc AFD
c6 AP, DK, FH ddng quy tai / ta co:

PD KF JHA _ KA HA

PF KA HD  KF HD
Theo dinh li Thales ddo ta c6 HK // DF.
Nhén xét. 1) Mot s6 ban két luan HK // DF dya vio bd
dé hinh thang.
2) Cac ban dudi day cho 101 giai t6t;
Quang Tri: Nguyen Chinh Qudn, 8/3, THCS Bdng
Hai; Ha Tinh: Nguyen Mai Tram, 9A6, THCS Lé Vin
Thiém, Thanh Sen; Ngh¢ An: Lé Vit Quynh Nhur, 9A,

22

e —— e —

THCS Phing Chi Kién, Hung Chéu; LAm Dong: Trd,
Dirc Hiéu, 10 Toan, THPT chuyén Thing Long.
NGUYEN THANH HONG

Bai T5/577. Cho x. v, = ld cdc 50 thue dieong théa
man dieu kien x + y + 2 = X Tim gia irf nho

g AT
nhat cua bicu thirc: S= ] o i

Li gidgi. Gia thiét tuong duong vdi

1
—l—+—l—+-—=1.
xy yz zX
1 1 1 ! _
pit a=—, b=—, c=—, taco: a,b,c>0;
' X y 2
x z b% ¢ qg?
ab+bc+ca=1 va S=—+ y' =—at—+

et
yzzzxzabc

Ap dung BDT Cauchy cho hai s6 duong, ta co:

2 2 2
—b——+a22b; & b2 2¢; 2 te22a.
a b c

Cong theo vé ba BPT trén va riit gon, ta dugc:
2 2 AR
S= -l-7—+c—+a—>a+b+c
a b c

Do d6 S2>(a+b+c)’ 23(ab+bc+ca)=3=>S523.
Déu déng thirc xay ra khi va chi khi

1
a=b=c=—ox= =Z=\/§-
% y
Vay minS=v/3, gia trj d6 dat duoe khi va chi khi
x:y:zz\/g_
Nhén xét. 1) Taco: (a+b+c) 23(ab+be+ca)
<a?+b2 42 —(ab+bc+ca)20
<:>2(a2 +b?% +¢2 )—2(ab+bc+ca)20
< (a-b)’ +(b-c)’ +(c-a)? 20, dng.
Dau déng thirc xay ra khi v4 chi khi a=b=c.

2) Mot sb ban ap dung BDT
2’ o 2
L0 08 frpsay
a b ¢ a+b+c
2
aé suy ra S——b—+c2 2M—a+b+c
S c a+b+c :
€ bay 16 giai bing o : ;
cach khac nhu sau:
Ap dung BDT Cauchy, ta c4. g ik
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2. ); +l
y Z Ly
Cong theo vé cac BDT trén, suy ra:

X
Foreaw Z=j s

>3212
z x2 z x

L3
x

2
5 Z(ng) >3(L+L+_] o
Xy z

F Xy yz zx
Céc ban sau day c6 bai giai tot:
TP. Hd Chi Minh: Lé Nguyén Tuyét Minh, 8A6,
Mai Phii Khang, 9A12, THPT chuyén Trin Pai
Nghia; Ngh¢ An: Lé Vii Quynh Nhw, 9A, THCS
Phing Chi Kién; Ninh Binh: Trinh Gia Huy, 9A,
THCS Truong Han Siéu, P. Hoa Lu; Ha Ngi:
Nguyén Phwong Linh, THCS My Hung, Thanh Oai,
Ha Sy An, 8A3, THCS Nguyén Trii A, Thuong Tin,
Nguyén Thanh Nam, 8A1, THCS Linh Pam, Hoang
Li¢t, Hoang Mai; Kién Giang: Dao Dirc Phic
Nguyén, 10T1, THPT chuyén Huynh Mén Pat, Rach
Gia; Lam Dong: Trdn Pic Hiéu, 10 Toan, THPT
chuyén Thing Long; Cin Tho: Nguyén Tdn Phat,
10A2, THPT chuyén Nguyén Thi Minh Khai, TP.
Can Tho; Ha Tinh: Nguyén Mai Tram, 9A6, THCS
Lé Vian Thiém, P. Thanh Sen; Thanh Hoa: Nguyén
Ba Pirc Anh, 8A, TH&THCS Luong Chi, Tinh Gia;
Cong hoa Ao: Lé Bach Hai Pang, 3B, trudng Qudc
té Song ngi cap 2, 3, GIBS, TP. Graz.

NGUYEN ANH DUNG
Bai T6/577. Giai hé phwong trinh

\/;—3\/;+\/2—x+ 2-y=0 (1)
(I).
('\‘H)(—y+4\“fx_}'3)=x3 +x+4 (2
Léi gidi. (Cta Ha S7An va nhiéu ban khac)

bK.: {((; e (II) Véi diéu kién (I1) ta co:
<y

\/—X_+\j 2—x =\[X7+ (Z—X)l Sx—;—l-f-(—z_—;lﬂzz.

Vay Vx+J2-x<2.

Néu 22 y>1 thi 3/y>3 va 0<{2-y<I nén
SJ;—E>2.

Viy (1) khong c6 nghiém véi y>1.

Vai 0<y<I va 0<x<2 xét:

x+3y=x+y+y+yzaixy’.

Suy ra:

44 xp3 —y<x+3y-y=x+2y<x+2 (vi 0sy<l).

Vay: r+1( y+4\/;y_) (x+1)(x+2)

=x2+3x+2<x3+x2+4.
That vay, vdi moi 0<x<2 ta cé:

(3 +x2 +4)—(x2 +3x+2)=x> ~3x+2

= (x+2)(x2 = 2x+1)=(x+2)(x-1)" 20
Suy ra: x3+x2+42x2+3x+2.
Do d6 (2) xay ra khi va chi khi x=y=1.
Vay hé di cho c6 duy nhat mot cip nghiém 1a
x=1;y=1. Thir lai (I) nghi¢m ding.

Nhin xét. 1) Tit ca cac ban déu sir dung bét ding
thirc. Tuy nhién, ngudi ra dé dé nghj cach sir dung
dao ham, khéng phu hgp vdi hoc sinh 16p dudi.

2) Mot ban di ding cach dit an phu: Vi
0<x<2,0<y<2 nén dat x=2cos?t, y=2sin’t.
Khong thé dit nhu trén x va y la hai 4n déc lap,
dit vay 1a vo hinh chung ta da rang bufc x va y
théa min thém mdt phuong trinh x+y=2, miac du
“may mén” 1a dap sb dang.

3) Bai nay quen thuc nén nhiéu ban tham gia giai va
giai ding. An Giang: Pdo Duc Phic Nguyén 11T1,
THPT chuyén Huynh Man Pat; Pa Ning: Lé
Nguyén Khanh Triéu, 11/5, THPT Thai Phién, TP.
Pa Ning; Ha N@i: Ha S7 An, 8A3, THCS Nguyén
Trii A, x3 Thuong Tin, Nguyén Thanh Nam, 8Al,
THCS Linh Pam, Hoang Liét, Hoang Mai; Nguyén
Kim Thanh, 11 Toan 2, THPT chuyén PHSP Ha
Noi; Ha Tinh: Nguyén Mai Trim, 9A6, THCS Lé
Vin Thiém, phudng Thanh Sen; Nguyén Trung Hai
11T1, Phan Viét Lé Huy, 10 Toan 2, Bii Ting Lim
10 Toan 1, THPT chuyén Ha Tinh; Hung Yén: Trdn
Gia Phu, 10 Toan 1, THPT chuyén Hung Yén; Lim
Pdng: Huynh Nguyén Lé Minh, 10T, THPT chuyén
Thiang Long, TP. Da Lat; Ngh¢ An: Lé Vii Quynh
Nhu, 9A, THCS Phung Chi Kién, xd Hung Dién;
Nguyén Thu Thiy, 8D, THCS Djing Thai Mai;
Nguyén Van Pirc Thdng, 10A3, THPT Hoang Mai,
TX. Hoang Mai; Phi Tho: NguyénViét Cuomg,
10A1, THPT Ha Hoa; Quing Trj: Lé Anh Dwong,
12 Toan 2, Nguyén Vin Hop, 11 Toén 2, THPT
chuyén V& Nguyén Giap; Nguvén Hiru Vinh Thinh,

TOAN HOC
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12A1, THPT Vinh Linh; TP. Hd Chf Minh: Phan
Duy Nguyén, 11TNI, THPT Trung Pha, Cu Chi;
Nguyén Chdnh Thién, 10CT1, THPT chuyén Lé
Hong Phong: Vinh Long: Lé Duy Minh, 11TI,
THPT chuyén Nguyén Binh Khiém; Pdng Thap: Hé
Thanh Dat, 11T1, THPT chuyén Nguyén Quang
Di¢u. C6 mdt ban khéng ghi tén.

TA DUY PHUQNG
Bai T7/577. Chimg minh ing voi moi so dwong
a. b, c.da luén co:

abc +bed +cda+dab

J*h-‘f-rd

i 3
S:l-\‘.’!a-*hi(u’*"(‘)ln-—d (b +c)b+d)c+d)

_(a+b+ec+dy
< = :
Léi gigi. Dit A=abc+bed +cda+dab, ta co:
A=ab(c+d)+cd(a+b)

S%(a«kb)z(c+d)+%(c+d)2(a+b)
=%(a+b)(c+d)(a+b+c+d).
Tuong ty ta co: Asi(a+c)(b+d)(a+b+c+d)

va AS%(a+d)(b+c)(a+b+c+d).
Nhin theo vé cac bat dang thirc trén ta thu dugc:

A3 Sglz(a+b)(c+d)(a+c}(b+d)(a+d)(b+c)(a+b+c+d)3.

Tir 46 suy ra:
abc+bed +cda+dab 2 A
a+b+c+d a+b+c+d

Si—{/(a+b)(c+d)(a+c)(b+d)(a+d)(b+c)'
Lai co: (a+b)(c+d).(a+c)(b+d){(a+d)(b+c)

[(a+b+e+d i [a+c+b+d)2 (a+d+b+c 3
- 2 ' 2 ' 2

hay
. (7
jarb)cid )‘<a+c)(b+dJ.(a+d)(b+c)5('a—”%ﬂ) .

Suy ra:

i—%[(a+b)(r.-+d)(a+c)(b+d)(a+d)(b+c) glatbtetdy

6
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, inh hoan lél.

s « 14 mot bai toan bét déng thirc ¢6 vg
Nhgn xét. Diy la mo ; i & R

: A5 kénh nhung lai tuong doi de. Bj
ngodi kha cong ; § st iR ngfin g0 Lo
ddng thirc thir hai co ‘thc ;c lt]; Baichty S A
bing cach sir dung lb":.lt fifliﬂt% tl. ue $0.

: au déy c6 lo1 gai tot:
chuyén Ha Tinh; Pdng Thip: Huynh Phiic Vi
Nguyén, 12T1, THPT chuyén Nguyén Quang Digy;
An Giang: Pdao Pirc Phic Ngt:yen,, “Tlv THPT
chuyén Huynh Mén Dat; TP. Ho Chi meh:‘ Pha.n
Duy Nguyén, 11TN1, THPT Trung Phi, Cu Chi;
Phi Yén: Hupnh Tran Gia Huy, 12 Ton 1,~THPT
chuyén Luong Vin Chanh; Quéng Tri: Nguyen Hiry
Vinh Thinh, 12A1, THPT Vinh Linh; Hung Yén:
Trdn Gia Phii, 10 Toan 1, THPT chuyén Hung Yén;
Tién Giang: P Nhdt Huy, 10 Toan 1, THPT
chuyén Tién Giang; Pa Ning: Lé Nguyeén Khdnh
Triéu, 11/5, THPT Thai Phién; Cong hoa Ao: Lé
Bach Hi Ding, 3B, trutmg Quéc té Song ngit cp 2,
3 GIBS, TP. Graz;
Ngodi ra ¢on c6 ban Vi Pirc Duy, cong ty TNHH
Thué va Tu vin PWC Viét Nam ciing tham gia giai
bai va c6 101 giai ding.
HOANG NGQC MINH

Bai T8/577. Ky hi¢u a, b, ¢ Ia dé dai cac canh
va § la di¢n tich tam gidc ABC, Hay chirng minh
rang: o’ cos—fdrb: cosg+c2 cos% 26S.

s

Lévi gidi. Cdch 1. Do sin2+C

>0 nén

Ccos

Ad_. B+C_ . BsC p-
cos;-sm—i—zsm C:é(sinB+sinC)-

Tuong ty ta thy duge:

A
a?.cos= 442 .cos£+02_cosg_
az bz
=& (ol : : 2
2 2 '(MnB+Slnc)+“2‘-(SlnA+sinC)+i.(sin A+sinB)
2

I
=—8inA.(h2 42 l : y \ 9 12
754 (D% +e )+28mB.(a-+c2)+-isinC.(a-+b')

am gidc ABC déu.
10i giaj

" s A \ b n N v?l Chdnh

Thi¢n 11CT] THP cua ban Nguyé
s ' T A A A <

HO Chi Minn) chuyén L& Hyng Phong, TP.
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Goi 1o+ ha 1an lugt 12 ¢ dai dudmg phén gidc va
dudmg cao img vai dinh 4. Theo cong thirc tinh 46
dai dudng phin giac va dudmg cao, ta co:

2bc A 28

e
ab+C02 b a

2bc S
Ma /,2h; nén —cos—=>—
bic = Suy ra:
- ﬁ > S (b+c).
2 abce

Tuong tu: cos— S(a+c) osgzs(a+b) nén bai
2 abc 2 abc

toan dwa vé chimg minh:
a? (b+c)+b*(a+c)+c?(a+b)=6abc.
Két qua nay hién nhién dang theo BDT Cauchy.
Déu déng thirc xay ra khi gide 4BC déu.
Nhén xét. Hau hét cac 16 giai giri vé toa soan déu
ding. Ngoai hai 141 giai trén, c6 thé st dung hé qua
caa dinh 1y césin, cong thirc Hérong dé dua vé BDT
dai s6. Ngoai ban Thién, cac ban sau day ciing c6 1&i
giai tdt: Vinh Long: Lé Hoang Khang, 11T1, THPT
chuyén Nguyén Binh Khiém; Quéng Tri: Hoang Ha
Uyén Nhi, 10T1; Lé Anh Duong, 12T2, THPT
chuyén V& Nguyén Giap; Nguyén Hitu Vinh Thinh,
12A1, THPT Vinh Linh; Ha Tinh: Bui Tung Ldm,
10T1; Nguyén Trung Hai, Nguyén Viét Thé Tai,
11T1, THPT chuyén Ha Tinh; Pa Ning: Lé Nguyén
Khénh Triéu, 11/5, THPT Thai Phién; TP. Ho Chi
Minh: Pudmg Minh Bang, 11A1, TH, THCS&THPT
Lé Thanh TérS, Phan Duy Nguyén, THPT Trung
Pha, Cu Chi; Gia Lai: Lwong Xudn Nghia, 10A7,
THPT Chi Lang; Hung Yén: Trdan Gia Phi, 10T,
THPT chuyén Hung Yén, Ngh¢ An: L¢ Vi Quynh
Nhu, 9A, THCS Phung Chi Kién, xd Hung Chau;
Nguyén Vin Dirc Thang, 10A3, THPT Hoang Mai;
thj xi Hoang Mai; pik Lik: Hupnh Tran Gia Huy,
12T1, THPT chuyén Luong Vian Chanh; Pha The:
Nguyén Viét Cuimg, 11A1, THPT Ha Héa.
NGUYEN VAN LINH

Bai T9/577. Tim tat ca cde §6 nguvén x, v thoa

man  11x2=3xy+y2 =9, dong thoi x? =3xy+ y

. - A - i
la mot so nguyén lo.

Loi gigi. Dat x? -3xy+y? =p véi p 14 s6 nguyén
td. Ta c6: 11x2 =3xy+y? =9 10x2 + p=9 (*).

Néu x=0 thitir (*)suyrap=9,volyvipla 56
nguyén to.

Néu x#0 thi VT(*)>10>9.

Vay khong tdn tai cdc s6 nguyén x, y théa man dé
bai.

Nhgn xét. 1) Bai toan trén kha don gian nén hiu hét
cac ban déu co 10i giai ding. Cac ban c6 thé tiép tuc
khai thac bai toan sau (bal toan gbc cua tc gia dé
toan): Tim 1dt ca cdc sé nguyén x, y théa man
11x2 —xy+y? =9, dong thoi x*=3xy+y* la mot 50
nguyén to.

2) Cac ban c6 1di giai dang la: Ha Ngi: Ha Si An,
8A3, THCS Nguyén Trai, xd Thuong Tin; Nguyén
Thanh Nam, 8A1, THCS Linh DBam, Hoang Liét,
Hoang Mai; Nguyén Kim Thanh, 11 Toén 2, THPT
chuyén DPHSP Ha Noi; Hung Yén: Tran Gia Phu,
10 Toan 1, THPT chuyén Hung Yén; Phid The:
Nguyén Thanh Mai, 9A, THCS Nguyén Quang Bich;
xd Van Xuén; Nguyén Viét Cuomg, 11A1, THPT Ha
Hoa; Thanh Héa: Lé Phi Pat, 9B, THCS Thj tran
Canh Nang, B4 Thudc; Nghé An: Nguyén Pirc Van,
11A1, THPT Yén Thanh 2; Nguyén Thai Diing, 7B,
THCS Ly Nhat Quang, D6 Luong; Lé Vi Quynh
Nhir, 9A, THCS Phung Chi Kién, xa Hiung Chiu; Ha
Tinh: Nguyén Anh Diing, Nguyén Trung Hai,
Nguyén Viét Thé Tai, Ngo Bui Anh Khoa, 11 Todn 1,
THPT chuyén Ha Tinh; Nguyén Mai Trdm, 9A6,
THCS Lé Vin Thiém, phuong Thanh Sen; Quang
Tri: Nguyén Chinh Qudn, 8%, THCS Dong Hai;
Hoang Ha Uyén Nhi, 10 Todn 1, THPT chuyén Vo
Nguyén Gidp; DA Ning: Lé Nguyén Khdnh Triéu,
11/5, THPT Thai Phién, TP. DA Ning; LAm Dong:
Hupnh Nguyén Lé Minh, Pham Quang Minh, 10T,
THPT chuyén Thing Long; An Giang: Ddo Bwc
Phiic Nguyén, 11T, Nguyén Hoai Nhanh, Nguyén
Dirc Manh, 11T2, THPT chuyén Huynh Min Dat;
Long An: Lé Nguyén Anh Thie, 10T1, THPT chuyén
Trdn Vin Giau; Tién Giang: Vo Ding Quang Minh,
10 Toan 1, THPT chuyén Tién Giang; Ddng Thép:
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Hé Thanh Pat, 11T1, Nguvén Dire Phdt, Hupnh
Phiic Vinh Nguyén, 12T1, THPT chuyén Nguyén
Quang Diéu; TP. Hb Chi Minh: Phan Duy Nguyén,
I1TN1, THPT Trung Phu, Cu Chi; Cin Tho:
Nguyén Tan Phat, 10A2, THPT chuyén Nguyén Thi
Minh Khai, TP. Can Tho; Cong hoa Ao: Lé Bach
Hai Dang, 3B, trudng Qubc té Song ngir cdp 2, 3
GIBS, TP. Graz;

TRAN HUU NAM
Bai T10/577. Cho day 56 (x,) théa man

.\'] — §

x B
Xon = + Vll>]
_. X

n

Voi moi so nguyen dwong n, ta dat:

X, +yx:—16 X, —/Xx2—16

i O Sl

1) Chitng minh day so (a,) la day so giam va day

a, =

s6 (b,) la day so tang.

2) Tinh lima

n—+x

.. limb,.

Loi gigi (cua ban Bui Tung Ldm, 10 Toan 1,
THPT chuyén Ha Tinh, Ha Tinh)
1) Bing quy nap dé ching minh: x,>4,Vn=1.
Tir d6: xps—Xp=——<———=0. Do do (x,,)
x, 2 4
la ddy sb giam va bj chan dudi boi 4, do d6 ton tai
lim x,, =L. Chuyén qua gidi han trong h¢ thirc truy

n—ax

: L 8
hdi cia day (x,) tadugc: L=E+22L=4.

x+yx2-16

Xéthamsé: f(x)= ———2———.Tac(’):

>4,

driev->ri
Viy f(x) ddng bién trén [4;+ o). Tacbd a,=[(x,).
Vi x,24,(x,) 12 ddy s6 giam nén
S (xn1)SS (xn) > ani Say.
Viy (a,) la day sb giam.

x—Vx2-16

Tuong ty xét ham sb: g(x)= :

, taco:

26 T?g?uggec S& 581(11-2025)

<0,Vx24.

y (x)--———

4 2\/x2—l
Viy g(x) nghich bién trén [4; + ).
Ta c6 by=g(x,). Vi x,24,(x,)1a ddy s6 giam

nén g(xn+l )Zg(xn )@bn-f»l an .

Vay (bs) laday so tang.
2) Taco: lima,=1lim f(x,,)=f(lim xn)zf(4)=2;
n—»m n—w n—x

lim b, = 11m g(x,,)

(lim x,,)=g(4)=2.
n—m n—o
Nh{n xét. Bai nay dugc nhiéu ban tham gia giai v6i
mdt sé cach giai khac nhau. Céac ban c6 16 giai tot
la: Gia Lai: Lwong Xudn Nghia, 10, THPT Chi
Lang; Quang Tri: Nguyén Van Hop, 11T2, THPT
chuyén V& Nguyén Giap; Da Ning: Mac Vinh Léc,
10 Toan, THPT chuyén Lé Quy Do6n; Phi Yén:
Huynh Trén Gia Huy, 11T1, THPT Luong Vian
Chanh; TP. Hd Chi Minh: Phan Duy Nguyén,
11TN1, THPT Trung Pha, Ca Chi, Pwong Minh
Bang, 11A1, TH, THCS&THPT Lé Thanh Téng;
DPong Thap: H6 Thanh Pat, 11T1, THPT chuyén
Nguyén Quang Diéu.

PANG HUNG THANG
Bai T11/577. Cho ham s6 fix) xdc dinh va lién tuc
trén doan [0, 1] va cé dao ham trén khoang (0, 1)
théa mén diéu kién f0) = A1) > 0. Chirng minh

rang 1on @i so c e (0,1 sao cho
S+ 2/ () <21 ().
Lai giai. (Dya theo y cua da s cac ban)
gx)=f(x)e¥ 1a ham lién tuc trén doan [0,1],
¢6 dgo ham trén khoang (0; 1) va
8'()=e¥ (f'(x)+2xf (x)).
Theo djnh ly Lagrange, ton tai ce(0,1) sao cho:
g()-g(0)
1-0
e (f(€)+26f ()= £ (1)(e-1)

—

hay
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@f’(C)+2Cf(C):.f‘(l+f—l)_ (2)
Do e-1<2 va ¢’ >1 nén tir (2) suy ra:
fr(c)+2(‘f(c):—'(-(1§:2il)<f(l)(e_])<2f(1).

Viy (1) dugce ching minh.
Nh{n xét. Diy la dang toan don gian vé img dung
dinh ly Lagrange dé chimg minh BDT. Da s cac
ban giai theo cach da trinh bay ¢ trén. Cac ban sau
day c6 161 giai dang:
Binh Phwéc: Ho Duong Puc Pat, 11T11, THPT
chuyén Binh Long; Da Niing: Lé Nguyén Khdnh
Triéu, 11/5, THPT Thai Phién; Gia Lai: Lwong
Xudn Nghia, 10A7, THPT Chi Lang; Ha Tinh:
Nguyén Ting Duy, Nguyén Viét Thé Tai, Ngé Biru
Anh Khoa, \1T1, Phan Viét Lé Huy, 10T2, THPT
chuyén Ha Tinh; TP. Hd Chi Minh: Nguyén Chdnh
Thién, 10CT1, THPT chuyén Lé Hong Phong; Lim
Pdng: Huynh Nguyén Lé Minh, 10T, THPT chuyén
Thing Long, Pa Lat; An Giang: Nguyén Pirc Manh,
11T2, THPT chuyén Huynh Min Pat; Ngh¢ An:
Nguyén Véin Piec Thdng, 10A3, THPT Hoang Mai;
Phi Yén: Huynh Tran Gia Huy, 11T1, THPT
chuyén Luong Van Chanh.

NGUYEN VAN MAU
Bai T12/577. Cho tir dién OXYZ va so k > 0. Cdc
diem M. N. P theo thir te thuoc cac doan YZ, ZX,
XY, Cdc diem A, B, C theo thir tw chay trén cdc
doan OX, OY, OZ sao cho:

Vone +Varen +Veun =k.

Chirng minh rang tam mat cau ngogi tiép tir dién
OABC chay trén mot mat phang co dinh.
Léi gidi. Ta cén co hai bd dé.
B& dé 1. Trong khdng gian cho diém O, vecto a

va s6 k. Khi d6 tdp hop nhimg diém M sao cho

OM a=k la mot mat phang.

Phép chirng minh b dé 1, khong trinh bay ¢ day.
Bb a& 2. Cho cdc duong thang x'x, y'y, z'z khong
dong phdng va dong quy tai O, cho cdc séa,b,c
Cdc diém A, B, C theo thir tw chay trén x'x,y'y,z'z
sao cho aOA+bOB+cOC=1. Khi d6 tim mdt cdu
ngoai tiép tr dién OABC chay trén mgt mat
phng cé dinh.
Chirng minh. Goi 1 1a tim mat ciu OABC, goi
e,e2,e; theo thir ty 1a vecto don vi dinh hudng
céc dudmg thing x'Ox, 'Oy, 2°0z, goi H, K, L
theo thir ty 1a hinh chiéu cua /7 trén x’Ox, y'Oy,
2’0z Theo dinh li hinh chiéu, dé thay:

a!.(aa+b;2. +c'a)=aa7.e| +ba.e3 +c(_)7.e3

a0 +b0K +¢0L=1(a0A+b.08+¢0C)=3.
Do dé, theo bé dé 1, / chay trén mdt mit phing c6
dinh.
Tro lai giai bai toan T12.
Trong l&i giai nay, ki hiéu Voyyw chi thé tich cua
tir dién QUVW.

Dé thiy: k=V e +Vayem +Vezmn

v v o
oy L o VBIPM L CEMN
OXNP Voypum Vozmn
AX BY czZ
=Voxnp——+V —+V —
oxve 5+ Vorem oo+ Vonn oo

0OA OB ocC
=Voune| 1-— |+7, 2=y, =L |
o.:avp( OX} oym[ OYJ OZMN( OZ)

Voxne Voyem Vozmn
OA+ OB+ ~0
(0),¢ (0)4 =

Do do:

=1.

Voxne +Voyem +Vozun —k
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Viy, theo bd dé 2, tim mat cAu ngoai tiép 7 clia tir
dién OABC chay trén mét mit phing c6 dinh.
Nhin xét. Bai toan ndy kho, khong ¢ ban ndo tham
gia giai.
NGUYEN MINH HA
Bai L1/577. C6 hai binh, moi binh ding mot chat
léng nao dé. Mot hoc sinh lan leot mic ting ca
chat long o binh 2 trut vao binh 1 va ghi lai nhiét
do khi can bang o binh | sau moi lan trit: 20°C,
35°C., roi bo s6t mat mot lan khéng ghi, roi 50°C.
Hay tinh nhiét do khi co can hﬁng nhiét o lan bj
bo sot khong ghi, va nhiét do cua maéi ca chat
long lav tr binh 2 trit vao. Coi nhiét dg va khoi
licomg ciia moi ca chat long lay tir binh 2 déu nhu
nhau. Bo qua sir trao doi nhiét voi moi trieong.
Loi gigi. Theo d& bai, nhiét 46 & binh 1 ting
dan ching t6 nhiét d6 mdi ca chit long trit vao
cao hon nhiét d6 binh 1 va mdi ca chat long
trat vao lai truyén cho binh 1 mét nhiét lugng.
Goi ¢ 13 nhiét dung tong cong cla binh 1 va
cac chat long sau lan triat thir nhét (& 20°C), ¢»
14 nhiét dung ctia mdi ca chét 16ng triit vao, 7, 1
nhiét d6 mbi ca chét 16ng dé va ¢, 1a nhiét do bi
b s6t khong ghi.
Ta c6 cac phuong trinh cin bang nhiét tng véi
3 14n trt cubi:
@35 -20)=q:(: -35)  (1);
(g1 tg)(t=35)=q(ta— 1) (2);
(g1 +2g2)(50 — 1) = qa(12 = 50) (3).

t, — 35
Tu(l): q =292 @

Thay (4) vao (2) va (3) tasé ditdi hé :
(t, = 20)(#, — 35)=15( - 1)  (5);
(t2 — 5)(50 — £) = 15(t - 50)  (6).

TOAN HOC
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Giai hé (5) va (6) ta sé dugc:
1, = 80°C; t, = 44°C.

Nhén xét. Chic mimg cic ban sau dd co loi giai
dlng cho d& ra ki ndy: Lé Khanh Ha, Truong Khdnh
Toan, Dinh Vin Truong, 11 1y, Dang Van Manh, 11
Toan 1, THPT chuyén Ha Tinh, Ha Tinh.

PINH TH] THAI QUYNH
Bai L2/577. Hat préton cé dong nang Wy = 2
MeV bdn vao hat nhan Z Li dang dirng yén, sau
phan ieng thu duoc hai hat o cé cing dong nang
Wie = 82 MeV. Cho hoi leong hat nhan
my, = 1,007 amu; my; = 7,014 amu; my, = 4,002
amu. Tinh goc hop boi hwong chuyéh dong cua
hai hat o

Léi gidi. Phuong trinh phan (mg hat nhan:

ip+gLi—>2§He 2
a

Gian db vecto mé ta mdi lién hé
vé dong cia cac hat tham gia O
phan umg hat nhan va céc hat san
phim nhu hinh duéi:
Tir hinh vé ta co:

P, =P, +Du Py =Pus (p,, ;p;J =@

= p, =2p} +2plcosp

=2p2(1+cosp)
= mdep =2m,W,,(1+cosp)
mWe ___10072

2m,W,, 2.4,002.8,2

= cosp =-0,9693,

=>cosp=

Viy ¢ ~ 165°46".

Nhin xét. Chic mimg cic ban sau di cé loi gidi
dung: Pang Van Manh, 11 Toan 1; Triwong Khanh
Toan, Dinh Van Truomg, 11 Ly, THPT chuyén Ha
Tinh, Ha Tinh.

NGUYEN XUAN QUANG

sl
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\ UNG DUNG MOT SO TiNK CHAT CUA BUUNG mn
K G S| pE GHUNG MINH GAC DIEM DONG VIEN, THANG ms
4T VA CAC DUONG THANG DONG QUY

NGUYEN CUU HUY |
(Hi¢u truemg Triecmg THPT Tran Phi, Da N@ ,

Trong bai viét ndy, ching toi s& trinh bay mdt vai
tinh chat thi vi cua dudng tron va mdi quan hé cia
né dé chimg minh cic diém dong vién, cic diém
thing hang va cac dudng thing ddng quy dbi voi
mot s6 bai toan thuong xudt hién tai cac ki thi hoc
sinh gidi qudc gia, quic té. Viée chimg minh céc
dinh 1i, b5 d¢ sir dung dudi day danh cho ban doc.
1. PHUONG TICH CUA MQT DIEM DO1 VOI
DUONG TRON, CUC VA POI CUC
Dinh li 1.1 (dinh li vé moi twong giao diy cung).
Cho (C) la mét dwong tron va P la mgt diém
khéng nam trén (C). Néu (d) la mgt duong
thang qua P va cat duong tron (C) tai hai diém
A va B, thi dai lwong PA-PB chi phu thugc vao
(C) va diéem P ma khéng phu thuéc vao duong
thang (d). Néi cach khdc, néu cé6 mot diromg
thdng khac qua P ma cdt (C) tai A" va B' thi
PA-PB=PA'-PB'.
Trong truong hgp P nam ngoai dudng tron, thi
PA-PB=PT* =0FP -R*,
luot 12 tAm va ban kinh ciia dudng tron, PT 14 tiép
tuyén cua dudmg tron tai diém T. Trudng hogp P
nim trong dudng tron thi PA-PB=R'-OF’.

trong d6 O va R lan

Pinh li 1.2 (dinh li dédo vé moi twong giao ddy
cung). Néu cdc duong thang AB, CD cdt nhau tqi
P va PA-PB=PC-PD, thi
A, B, C, D ndm trén duong tron.

cac  diém
Dinh nghia 1.1 (phwong tich ciia mt diém abi
véi dudg tron). Cho duémg tron (C) tdm O va
ban kinh R. Phuong tich cua diém P doi vdi
dung tron (C) ld s6 OP* =R

Phuong tich ctia P la am néu P ¢ trong (C),
bang khong néu P nam trén (C), va duong néu
P 6 bén ngoai (C). Trong trucmg hop nay, ta co:
oP* —R*| = PA-PB.
Pinh nghia 1.2. Cho duong tron (C,) tim O,,
ban kinh R, va duong tron (C,) tam O,, bdn
kinh R,. Truc ddng phuong ciia hai dwong tron
(C) va (C,) la ducng thing vuéng géc véi
0,0,. Truc ding phuwong ciia ba dudng tron phdn
biét la dong quy hodc song song véi nhau. Néu

dong quy, thi giao diém ctia ba truc d6 duwoc goi la
tam ddng phuong.

Pinh nghia 1.3. Cho dwong tron (C) tam O va
mét diém P khic O, cho P' la diém nghich dao
ciia P déi véi duong tron (C), nghia la, P’ la
mét diém trén tia OP sao cho OP-OP =R’,
trong d6 R la ban kinh cia (C). Duong thing 1
vuéng géc véi OP va di qua P' duwoc goi la doi
cuc cua diém P doi voi (C), va diém P dwoc
goi la cyc ciia | doi véi (C).

Pinh li 1.3 (dinh li La Hire). Cho x,y ldn leot
la cac doi cwe cia X va Y. Khido X ndm trén
dwong thang v khi va chi khi Y ndm trén dwong
thang x.

B6 d& 1.1 (dinh i 4 diém). Cho 4, B, P,Q la
bon diém phdn bi¢t wén mdt phang. Khi @6
AB L PQ khiva chi khi PA* - PB* = Q4" - QB".
BO d& 1.2. Cho (C) la mgt dwong tron va P,Q la

5 ik AR } s e %
cdc diém khac tam cua (C). Néu doi cuc cia P
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doi véi (C) di qua Q thi d6i cye ciia Q doi véi
(C) diquaP.

Bo dé 1.3. Cho (C) la mgt dwong tron va P la
mot diém ndm ngoai (C). Ttr P vé cde ticp tuyén
PX va PY cua dwong tron (C), X va Y ld cdc
tiép diém. Goi P' la giao diém cia OP véi XY,
OP L XY. Khi dé d6i cyc | cia P la dwong
thang XY.

Bo d& 1.4. Cho X,y 2z lan heot la cde ddi cue cia
cac diém phan biét XY, Z. Khidé Z=xny khi
va chi khi z = XY,

Bé dé 1.5. Cho bon diém W,X.Y,Z nam trén
dwong tron. Khi do, doi cwc | ciia P=XY "WZ
la dwong thing di Q=WXNZY va
R=XZ YW,

2. MQT VAI THIi DY

qua

Thi du 2.1. Cho BD la phan gidc ciia goc B trong
tam gigc ABC v6i D nam trén canh AC. Puong
tron ngoai tiép tam giac BDC cat AB tai E, dwong
tron ngoai tiép tam giac ABD cat BC tai F. Chimg
minh rang AE = CF.

Loi giai.

Theo dinh 1.1, taco AE-AB = AD: AC , hay

AD- AC
AE =————— (1).
B (1
Tuong ty, tacé CF-CB=CD-CA vado do
CDxCA
F =——=— (2).
C CB (2)

30 T?g?uggcé S& 581 (11-2025)

"Chia (1) cho (2), ta nhin dugc:

AE _AD-CB _

CF AB-CD

: D AB YN
diing thirc ndy 1a ding vi —_SEE theo dinh li

cD
duomg phén gide (dpem).

Thi dy 2.2 (IMO 1995-1). Cho A. B.C, D la

Ini'n’ diem phan bi¢t theo thir e ndam trén mot
dwong thang. Cac duong tron vor dwong kinh AC
va BD cat nhau tai cac diem X, Y. Puong thang
XY cdat BC tai diem 7. Goi P la mot diém trén
duong thang XY khdc diém Z. Puwong thang CP
cat direng tron dwong kinh AC tai cac diém C va
M. dwong thang BP cat dwuong tron dwong kinh
BD tai cic diém B va N. Chirng minh rang cac

dwong thang AM, DN va XY la dong quy.

Lai gidi.
E=E'
H
N
X, 7
4 B Z C | D

Vé DE song song véi CM cit XY tai £, vé
AE' song song véi BN cit XY tai E'. Takhing
dinh ring E = E'. That vy, ta co:

ZE' ZE"E_E_A_.E- 3).

ZE zP ZE ZB ZD
Theodinhli 1.1, Z4.ZC=2ZX -ZY =ZB-ZD . Do
do, tir (3) ¢6 ZE =ZE'va nhu viy E=E'. Do
AM, DN, XY 1A cic dudng cao cla tam gidc

ADE nén ching déng quy (dpem).
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. r 2 v ) . - A \ - Ly 3 - > . 3 ) . ) ., ) ‘
Thi dy 2.3. Cho AB la mot ddy cung ciia duong tron ma khong phai la duong kinh. Cac day cung AB,

3 . cat nhau tai tr % s B oy g o . ‘ ) ‘ v ‘
vi 4B, ar trung diem P ciia AB. Goi cac tiép tuyeén cua duong tron tai A, va B, cat nhau tai

(. Twong v, Qo1 cac 1iép tuyén cua dwong tron tai A, va B, cdt nhau tai Cy. Chimg minh rang GC,

song song voi AB.

Lot gidi.

Goi O la tim cia duong tron, OC, cit AB, tai
M, OC, cit A,B, tai N, OC, cit AB tai K.
RO rang, OM va ON lan luot la cic dudmg trung
AB, . va AB. Vi
Wﬂ’=5]—\f7’=90°, nén cic diém O,M,P,N
ndm trén dudmng tron. Diéu nay kéo theo:
ONM = OPM =90° - MOP = OKA..

Tiép theo, ta khing dinh ring cic diém
M E 6N nam trén duong tron. Trudce hét, ta
gia st khang dinh I3
OC,C, = ONM = OKA va do d6 CiC; // 4B. Ta

tryc cua vily,

dGng, suy ra
chi ra cac diém M, C,, C,, N nim trén duong
tron. Dé y ring AOAC, va AOB,C, 1a hai tam
gidc vudng, nén

OM -OC, = O4} = OB; =ON - 0C,.
Do dé, theo dinh li 1.2, cac diém M, G, C;, N
nam trén dudmg tron (dpem).

Thi dy 2.4 (USAMO 1997). Cho tam gidc ABC,
vé bén ngoai tam gidc ABC cdc tam giac can
BCD, CAE. ABF véi cdc canh ddy twong ung
BC, CA, AB. Chimg minh cac dwong thang di

Cy
qua A, B.C lan lugt vuong goc vdi cac duong
thang EF, FD, DE la dong quy.

Loi gidi.

Goi (C,) 1 dudmg tron véi tdm D, ban kinh DB;
(C,) 1a dudng tron véi tam E, ban kinh EC; (C,)
1a dudng tron véi tim F, ban kinh FA. Ta khing
dinh ring ba dudng thing can chimg minh la déng
quy chinh 1a cic truc ding phuong cua ba cip
duong tron ((Q),(G)),((Q),(G)) va ((C,)(Q))

Vi 4 1a mjt trong s6 cic giao diém cua cdc
dudmg tron (C,) va (C,), nén tryc ding phuong
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cia (C,) va (C,) 1a mdt dudmg thing di qua A
vudng goc véi dudng thing ndi cic tim E va F.
Tuwong ty, truc dang phuong cua (C,) va (C,) 1a
dudng thing di qua B vudng goc FD, va tryc
ding phuong cia (C,) va (C,) la dudng thang di
qua C vudng goc véi DE. Ba tryc dang phuong
nay dong quy tai tim ding phuong cla ba dudng
tron (dpcm).

Thi du 2.5 (CMO 1997). Cho ur giac ABCD noi
ticp rong mor dwong tron. Gia sw cac duong
thang AB va DC cat nhau tai P va cdc duong
thang AD va BC car nhau tai Q. Tir Q ké hai tiép
tuvén QE va QF dén duomg tron, trong d6 E, F
la cac tiép diém. Chimg minh ring cdc diém

P. E. F la thang hdng.

Lai gidi.

P
Goi (C,) la duong tron ngoai tiép tr gidc gidc
ABCD va O, 1a tam cia nd. Gia sir dudong tron
ngoai tiép (C,) cua tam gide QCD cit duong
thing PQ tai Q vi R. Khi d6 céc diém

P,R,C,B nim trén dudmg trdon bai vi
PRC=QDC=ABC. Ta chimg to ring

OR L PQ theo bd dé 1.1 néu trén. Thjt viy, ép
dung dinh li 1.1, ta co:

OP* Rl =PC-PD=PR-PQ (l)
va 0Q'-R}=QC-0B=QR-QP (2),
trong d6 R, 12 ban kinh cua dudng tron (C, ). Liy
(1) trir cho (2), ta nhén dugc:

TOANH
32 oo

S6 581(11-2025)

0,P' -0Q° = PR-PQ - OR-QP

= PQ-(PR-QR)

=(PR+ OR)(PR - OR)

= PR’ - QR".
Do d6, theo bé dé 1.1 suy ra O,R L PO, nghia la
cic diém O, F, O, E, R cing ndm trén dudng
tron. Goi (C,) 1a dudng tron di qua 5 diém nay.
Truc déng phuong cia (C,) va (C,) la dudng
thing CD, truc ding phuong cia (C,) va (G;)
la duong thing QR . Hai truc ding phuong nay
cit nhau tai P. Khi d6, P nim trén truc ding
phuong cua (C,;) va (C,), tic 12 EF . Viy cac
diém P, E, F thing hang (dpcm).
Thi du 2.6 IMO 1990-1). Cac day cung AB va

CD cua mot dirong tron cat nhau tai mét diem E &
bén trong duong tron. Goi M la mor diém nam
bén trong doan thang EB. Puong thang tiép xiic
tai E ciia dwomg tron di qua D, E va M lan heot
cat cac dieong thang BC va AC tai F va G. Néu
AM

. . EG
=1, hay tim — theo t.
EF

Léi gidi.

G
Pé y ring MAD = ECF va /TA-/II_)=51::&=C"E?'
suy ra: AAMD ~ ACEF va ¢6 Ef—=@
CE AM
Dods: BF 2255 1y,
AM
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Tuong tyr, vi GCE = DBM

va CEG =CEA+ AEG = DEM + BEF

= DEM + MDE = BMD
nén ACEG ~ ABMD. Suy ra:

2.2 hayGE=m——DM'CE ).
CE BM BM
Chia (2) cho (1), ta nhin dugc:
GE_AM _ 1
EF BM 1-t

Thi du 2.7. Mot dwong thang | khéng cat dwong
tron @ voi tam O. Cho E la mét diém trén | sao
cho OE vuéng géc voi I. Cho M la mét diém bat
k¥ trén | khdc diém E. Cac tiép tuyén ké tic M dén
duomg tron o tiép xiic tai cac diém A va B. Goi C
la mot diém trén MA sao cho EC vuong goc voi
MA. Goi D la mét diém trén MB sao cho ED
vuéng goc vai MB. Buomg thang CD cat OE tai F.
Chimg minh rang vi tri ciia diém F khéng phu
thude vao M.

Loi gidi.

Do MA, MB 14 céc tiép tuyén cia dudng tron o
ai A via B, ta nhin
OAM = OBM =90° vi OM L AB. Goi N, P lin
lugt 14 cac giao diem cia AB véi OM va OE. Vi
M,E,P,N nim trén dudng tron dudng kinh MP
nén OP.OE =ON-OM =0B’ =r’, trong d6 r 1
bén kinh ciia ». Do d6 P 1 mdt diém c6 dinh (
P la cuc cual).

Goi G 1a chin dudng vubng goc ké tir £ 1én 4B,

Do OBM = OAM = OEM =90°

nén dugc

nén

O,B,M,E,A nim trén dudng tron, vi vy theo
dinh i Simson, c4c diém C,D,G thing hang.
Vi A,C,E,G nim trén dudng tron dudng kinh
AE nén nhén dugc:

EGF =EGC=EAC=EAM (1).
Lai do O,M,E, A nim trén duéng tron vd OM

song song EG nén ta co:

EAM = EOM = OEG = FEG (2).
Tir (1) va (2) c6: EGF = FEG (3).
Vi EGP=90" nén c6: FGP=FPG (4).
T (3)va(4)tacd EF =FG=FP.Nhuvay F 1a
trung diém cia EP. Do d6 F 1a mét diém co
dinh (dpcm).
Thi du 2.8 (IMOSL-2006). Cho ABCD la mdt
hinh thang véi cdac canh song song AB > CD.

Cac diem K va L lan lheot nam trén cdc doan

: DL
thang AB va CD sao cho E=-—-. Gia s co

B0
cdc diém P va Q ndam trén doan thang KL théa
méan APB=BCD va @zzﬁ Chirng minh

rang cac diém P,Q,B,C nam trén dwong tron.

Loi gidi.
A
: TOAN HQC
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Vi AB // CD va do o
KB LC

cic duong thing AD, BC va KL c6 mét diém

nén dé dang suy ra

chung S. Xét cac giao diém thir hai X va Y cua
duing thing SK véi cic dudng tron ngoai tiép
tam gidc ABP va CDQ tuong img. Vi APBX la
tir giac ndi tiép va AB // CD nén ta co:

AXB =180° — APB =180" — BCD = ABC.
Diéu nay chimg t0 BC la tiép tuyén cua dudng
tron ngoai tiép tam giac ABP tai B. Tuong tu,
BC 1a tiép tuyén cta dudmg tron ngoai tiép tam
giac CDQ tai C. Do do:

SP-SX = SB® va SQ-SY =SC°.
Goi h 1a phép vi tu véi tim § va ti s6 ‘;—E Vi
h(B)=C,nén h bién dudng tron ngoai tiép tam
gisc ABP thanh duong tron ngoai tiép tam gidc
CDQ. Ciing viy, h bién AB thanh CD, va dé
dang suy ra rang h(P)=Y, h(X)=Q, ta nhén
SP _SB _SX

dugc — = = ;
SY S8C §0

; St
Déng thirc SP-SX = SB* va —§=%% kéo theo

SP.SQ=SB-SC, diéu nay tuong duong véi
P,0,B va C la nim trén dudng tron (dpem).

Thi du 2.9 (IMOSL-2013). Cho ABC la mgt tam
oidc nhon voi tricc tam H va W la mét diem trén
canh BC. Goi M va N lan luot la chan cdc duong
cao ké tir Bva C. Goi @, la dwong tron ngogi tiép
tam gigc BWN va X la mgt diém wrén @, sao cho
WX la dwong kinh. Twong tw, goi @ la duong
tron ngoai tiép tam giac CWM va Y la diém trén
®, sao cho WY la dwong kinh. Chieng minh nfmg
cac diém X.Y,H thang hang.

Léi gidi. Goi L 12 chan duong cao kétr A va Z
l1a giao diém thir hai ciia duong trdon @, va @,

TOAN HOC ,
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khac . Ta chimg t6 ring X,Y¥,Z va H cung
ndm trén mdt duong thing.

Vi m‘=m=90° nén cac diém B,C,N va
M nim trén duong tron va ky hi¢u dudng tron
ndy la ®,. Nhan thiy ring dudng thdng WZ la
truc ddng phuong cia @ va @, CM la truc
ding phuong cua dudng tron @, va w,. Do do
A=BNNCM I3 tam ding phuong cua ba dudng
tron, nén WZ di qua diém 4.

A

Vi WX v& WY lan lugt 1d cic dudng kinh cta
@ VA @, ta c6 WZX =WZY¥ =90°, nén cac
diém X va Y nim trén dudng thing di qua Z,
vudng goc voi WZ.

T gisc BLHN 12 ndi tiép bdi vi n6 co hai goc
d6i vudng. Theo phuong tich cia diém A i vai
cac dudmg trdn @ va BLHN ta tim dugc
AL-AH = AB- AN = AW - AZ . Néu H nidm trén
dudng thing AW thi ddn dén H = Z . Mit khac,

0 AL g
Py cac tam gidc AHZ va AWL 1A
dong dang. Khi dé, @:WEA:%O, vi vy

diem H cing nim trén duong thing XYZ
(dpcm).
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Thi dy 2.10 (IMOSL-2009). Cho ABC ld m¢t tam
grac vot tam diamg tron ngoai ticp O. Cac diém P
va O ldn heot ndm bén trong cac canh CA va AB.
Paeomg tron k di qua cac trung diém ciia cde doan
thang BP.CQ va PQ. Chimg minh rang néu
dwomg thang PO la u'(*ﬁ tyen cua dwong tron k
thi OP = 0Q.

Léi gidi.

Goi K,L,M lian lugt 1a cic trung diém cua
BP,CQ,PQ. Vi CA // LM, ta c6 LMP = QPA. Vi
k tiép xtc doan thang PQ tai M nén ta tim dugc
LMP = LKM . Nhu vay @:TM Tuong ty
tir AB // MK ¢6 POA = KLM. Do d6, chc tam gidc
APQ va MKL 14 dong dang, nén ta cé:

o8
AP MK 5 QB

AQ ML PC pPC
Z

hay AP-PC=AQ-0OB, diéu nay c6 nghia la
phuong tich cia cic diém P vi Q d6i véi dudng
trdn ngoai tiép tam gidc 4ABC 12 bing nhau, tirc 13
OP = 0Q (dpcm).

Thi du 2.11 (APMO-2009). Cho ba diromg tron
r.r,.I, duge cho trong mat phing ma khéng

phai lén nhau va nam bén ngoai lan nhan. Vai mai
mot diém P trong mat phang, nam bén ngoai ba

dwong trén, ta chon 6 diem A,B,A,.B,, 4,8,

nhie sau: Véi moi i=1,2.3, A.B la cdc diém
phan bi¢t trén duong non T, sao cho cac dwong
thang PA va PB, déu la tiép tuyén cua T,. Diém
P duwgc goi la ngoai I¢ néu trong cdch vé ¢6 ba
dwong thang AB L AB, AB, la dong quy. Chieng

minh rang moi diém ngoai l¢ cua mat phang, néu

ton t@i, deu nam trén cung mot dieong tron.
Loi giai.
I

4,

ry

Véimdi i=1,2,3,g0i O, 14 tdm va r, 1a ban kinh
cia dudmg tron T, Goi P 1a mot diém ngoai 18,
vi goi ba dudng thing tuong (mg la
AB,, A,B,, 4B, dong quy tai diém Q. V& dudng
tron ' dudmg kinh PQ. Goi O va r lan lugt 1a
tdm va ban kinh ciia T, Ta khing dinh ring tit ca
cdc diém ngoai 1€ nim trén T

Thit vdy, v& PO, cit AB tai X,. Do
PO, L AB, néntacd X, nimtrén T. Do P4 la
tiép tuyén cta T, nén tam gidc PAO, 1a tam
gidc vudng va dong dang véi tam gidc A4X,0,.

0X, 04 )
Suy ra; —cﬁ=6’7};' hay 0,X,-OP =04} =+,

Mit khac, O, X, -O,P ciing 1 phuong tich cia O,

dbi véi dudng tron T, vi viy:
=0X,-0P=(00-r)(00+r)=00" -7

vado dé: r’ =00} -r? =(00,-1)(00, +1,).
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Nhu vy, r® 12 phuong tich cia O déi véi dudmg
tron T, Béing cich tuong ty, #? ciing 13 phuong
tich cia O d6i voi T, va T,. Khi d6 O phai la
tdm déing phuong cua ba dudmg tron di cho. Vi r
1a cdn bic hai cba phuong tich ciaQ déi véi ba
dudmg tron da cho, khéng phy thudc vao diém P,

nén suy ra tat ca cic diém ngoai 1 nim trén
dudng tron T

Thi du 2.12. Cho ABC la m¢t tam giac nhon. Mot
dieong thang di qua B vudng goc voi AC cit
ducng tron duong kinh AC tgi diém P va Q, mot
duong thang khac di qua C vudng gée véi AB cat
ducong tron duong kinh AB tai diém R va S. C hirng
minh rang cdac diém P, O,R.S nam trén dwong

tron.

Loi giai.

Goi D la chan dudng vudng goc ké tir 4 1én BC
va goi H la tryc tAm cua tam giac ABC.

Vi ADB=90", nén duong tron duong kinh AB
di qua diém D, vi viy HS-HR=HA-HD theo
phuong tich cua mdt diém. Tuong tw, dudng tron
duomg kinh AC d& qua D va ¢b
HP-HQ=HA-HD. Do 46 HP-HQ =HR-HS
theo dinh li dao vé phuong tich cua diém, thi cac

diém P,Q,R,S nim trén dudmg tron (dpem).

TOAN HOC ,.
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Thi du 2.13. Cho ABC la mgt tam gidc nhon véi
triee tam H. Cac diém M va N lan legrt nam trén
cac canh AB va AC. Cac dwong tron duong kinh
BN va CM cat nhau tai cic diém P vd Q. Ching
minh rang cdc diem P, Q, H thiang hang.

Léi gidi. Ta chi cin chimg t6 H nim trén truc
dang phuong cia hai dudng tron, vi vdy chi cin
chi ra ring H ¢6 cac phuong tich bing nhau déi
voi hai dudng tron.

Goi BE va CF 1a hai dudng cao cua tam giac
ABC. Vi BEN =90nén E nm trén dudmg tron
dudng kinh BN. Do d6 phuong tich cia H déi
voi duong tron dudng kinh BN 13 HB-HE.

Tuong ty, phuong tich cia H d6i véi dudng tron
dudng kinh CM 1a HC - HF.

Vi BEC=BFC=90° nén cic diém B.C,E F
nim  trén mét dudng ton, do dé
HB-HE=HC-HF. T diy suy ra H cé cac
phuong tich bang nhau dbi véi haj dudng tron
dudng kinh 4B va BC (dpcm).

Thi dy 2.14 (IMO-1995). Cho 4, B, C va D theo
thir tw la bon diém phan bi¢t nam trén mér duong
thang. Cdc dwong tron dudng kinh AC va BD cét
nhau tai X va Y. Dudng thang XY cdt BC 1qi 7,
Cho P la mét diém trén dwong thang XY khdc Z.

Buong thang CP ct duong tron dwong kinh AC
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S

wi C va M, duong thing BP cdr dicong tron
diwong kinh BD tai B va N. Chitg minh rang céc
duong thaing AM,DN va XY dong quy.
Lo gidi.

N

P

Z C D

77
3

Theo phuong tich cia mot diém, ta co

PM-PC=PX-PY=PN-PB nén cac diém

B,C,M,N nim trén dudng tron. Dé y ring
A/MTZ' = BX/E =90° nén

MND =90° + MNB = 90° + MCA =180° — MAD.

Vay cac diém A4,D,N,M nim trén dudng tron.
Vi AM,DN,XY 13 ba truc ding phuong cua cic
dudng tron ngoai tiép cac tir gidc AMXC, BXND
vi AMND nén ching ddng quy tai tim dang
phuong.

Thi du 2.15 (HKMO-2006). Mot ni gidc 16
ABCD véi AC = BD néi tiép trong mgt dwong
tron tam Q. Cho E la giao diém cua hai duong
chéo AC va BD. Néu P la mot diem bén trong
ABCD sao cho @+1ﬁ = PBC + PDC =90,

chimg minh rang cac diém 0,P va E thang hang.

Léi gidgi. Goi T,T,,T, 1an luot 1a cdc dudmg tron

ABCD, cac tam gidc

ngoai tiép ta gidc
PAC,PBD véi cac tam 0,0, va 0,. Truoe hét,

Z: : 2
ta chimg t6 rang doi cuc cua O, 86i voi T 1Ia

duémg thing AC . Vi OO, vubng goc v6i AC,
nén theo bé dé 1.3, ta chi cAn chi ra ring

AOC + AO,C =180°.

0

That vay, ta co:
APC =360° - (F,TB + PCB + ABC)

=270° - 4BC =90°+ADC.
va A0,C=2(180°—4PC) =2(90° - 4DC)
=180° —24DC =180° - 40C.

Twong tu, d6i cuc cia O, ddi véi T' la dudng
thing BD. Theo bd &é 1.4, vi E=ACNBD, nén
dbi cuc cia E dbi véi I 1a dudmg thing O,0,. Vi
viy OE 1 00,.

Trong s6 I',T,,T,, ¢6 hai truc dang phuong déi
mot 14 cac dudng thing AC va BD. Diéu nay suy
ra E 1a tim déng phuong. Vi T,,T, giao nhau tai
P, nén PE la tryc déng phuong cua I',,T,, suy
ra PE L 0,0,. Kéthgp véi OE L 0,0, (do chimg
minh trén), nén O,P va E thang hang (dpcm).
Thi du 2.16 (Au-PoMO-1998). Cho cdc diém
phan biét theo thir ne A,B,C,D,E,F nam trén

mét duomg tron. Cdc tiép tuyén ciia dwomg tron tqi
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cdac diem A va D. cac dwong thang BF va CE déng
quy. Ching minh rang cac duong thang
AD.BC.EF hoac song song hode dong quy.

Loi gidi.

Goi O 1a tam dudng tron; X 1a giao diém cua hai
tiép tuyén Au, Dv va cic dudng thing BF, CE.
Néu BC // EF thi do tinh ddi xtng, cac dudong
thing BC vi EF 1a vudng gbc véi dudng thing
OX. Vi AD 1 OX , nén ta nhan dugc:
BC /| EF /| AD.
Néu dudng thing BC va EF ciét nhau, thi theo
bd d& 1.5, d6i cuc cia X =CENBF di qua
BCNEF. Vi céac tiép tuyén tai 4 va D giao
nhau tai X , nén theo bd dé 1.3, ddi cuc ciia X 1a
dudng thing AD. Do d6 AD,BC va EF 1
ddng quy trong tnromg hop nay.

Thi du 2.17 (CWMO-2006). Cho AB la duong
kinh cua dwong tron tam Q. Cho C la mét diém

nam trén canh kéo dai AB. Mot duong lhdng qua

TOANHOC
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C cdt dwuong tron tam O tai D va E. Cho OF la
dwong kinh cua dirong (ron ngodai Iic':p tam gidc
BOD voi tam O,. Dudng thing CF cdt duong
tron ngoai tiép mot lan nita tai G. Chieng minh
rang cac diem O,A.E.G nam trén duong tron.

Léi gidi. Goi P=AE A BD, theo bd & 1.5, d6i
cuc cia P ddi véi dudng tron c6 tdm O 1a dudng
thing di qua BANDE=C va ADNEB=H .
Thé thi OP L CH. Goi Q=O0PNCH. Ta khing

dinh 0=G.

Tacé P=BDNOG. Khi d6:
PE-PA=PD-PB=PG- PO,
nén suy ra O,4,E,G nim trén duong tron. Pé
chimg to 0 =G, ta thiy:
POH = PDH = PEH = 90°,
suyra P,E,Q,H,D nim trén duong tron. Khi dé:
POD = PED = DBO,

suy ra O,D,B,0 nam trén dudng tron. Do d6,
Q=G vi ca hai déu 14 giao diém (khdc O) cia

dudng tron ngoai tiép tam gidc BOD véi dudng

tron dudng kinh OC (dpem).
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Thi du 2.18 (IMOSL
neodt fl'ti/’ w. Cho D
crng DFE cat AC tai di

-2011): Cho ABC Jq mot fam
va I /(il) /lr(T/ la cac Liao diem
em Fva BO fai diem G. Cho P
i AD va duong thang di qua G yong

dicm K. Chimg minh rang ba dwong thang AE, Bp

S ——

gidac vai tam dwong tron noi tiep | va dwong tron
' . e ok s - . 0
thir hai ciia o voi cac duong thang Al va Bl Day

la giao diem cua dwong thang di qua I song song

Song voi BE. Gia sw cac ticy tuyén cua w tai A va B cat nhau tai

a KP hoac song song hoac dong quy.

Vi EF:@=§4\D=§E)=@ nén tr giac
AIFE ndi tiép va ky hiéu duong tron ngoai tiép
cuand la @, . Tuong tu, tr gidc BDGI ndi tiép va
ky hiéu duong tron ngoai tiép ciandla @,.

Puong thing AE la truc déng phuong clia w va
@, va duomg thang BD la truc déng phuong cua
® vad @. Goi r la truc ddng phuong cia @, va
@ . Ba duong thing nay cit nhau tai tim déng
phuong ciia ba dudmg tron, hodc ching song song
v0i nhau. Ta s& chi ra ring ¢ chinh 1a duong
thing PK .

Goi L 1a giao diém thir hai cha @, va @, vi vy
t=IL (néu hai dudng tron tiép xic véi nhau thi
L=1 va ¢ la tiép tuyén chung). 3
Goi duong thing ¢ cét cac duong tron ngoai ticp
¢ic tam gisc ABL va FGL tai K'#L va P#L
twong tmg. Sir dung g6c dinh hudng ta co:

e —

(4B,BK") = (4L, LK) = (AL, LI) = (AE,EI)

e ——e

= (4E,EB) = (4B, BK),

Loi giai.

O)I',‘
/ )

A-'_ “‘

I\ P\o

o R, Pl
J 2 = 2oL ST e

‘. s \:“ 7 p=p

Bll ------ G-‘ C
W, D

vi vdy BK'//BK. Tuong tu ta c6 AK'// AK , va
do d6 K'=K. Tiép theo, ta co:

(PF.FG)=(PL,LG)=(IL,LG)=(ID,DG)

= (4D, DE)= (PF, FG)

do d6 P'F//PF va tuong ty P'G//PG. Vi vay
P'=P. Diéu ndy c6 nghia 1a ¢ di qua K va P
(dpcm).
3. MOT SO BAI TAP AP DUNG
Bai 1. Cho ABC 13 mét tam gidc va D, E 1in lugt
1a cic diém trén cic canh AB via AC sao cho
DE song song v6i BC. Cho P 1a mot didm bit
ky bén trong tam gidc ADE, F va G lin lugt 1a
cdc giao diém ciia DE véi cic duong thing BP
va CP. Cho Q 1a giao diém thit hai ctia cac dudng
tron ngoai tidp cic tam gidc PDG va PFE.
Chimg minh ring cdc diém 4,P,Q thing hang,
Bai 2. Cho D va E lin lrot 13 hai diém trén céc
canh AB va AC cua tam giic ABC sao cho
DB=BC=CE, va cho F 1a giao diém cua cac
duong thing CD va BE . Chimg minh r?mg tim
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dudng tron ndi tiép 7 cua tam giac ABC, tryc
tim H cla tam gidgc DEF va trung diém M cua
cung BAC cua dudng trdn ngoai tiép tam gidc
ABC 1a thing hang. .
Bai 3. Cho tr gidfc ABCD ndi tiép trong mot
dudmg tron, Gia sir cac duong thing AB va DC
cit nhau tai P va cic dudmg thing AD va BC
cit nhau tai Q. Céc tiép tuyén ké tr Q cét duomg
tron ngoai tiép ABCD tai E va F. Chimg minh
rang cac diém P,E.F l1a thing hang.
Bai 4. Cho ABC la mjt tam giac va D,E,F lin
lugt 12 cdc tiép diém cua dudng tron ndi tiép
¥(7) cua tam giac véi cac canh BC,CA va AB.
Cho X, va X, la céc giao diém cta dwong thing
EF vé&i dudng tron ngoai tiép T'(0) cia tam giac
ABC. Dinh nghia tuong ty d6i véi ¥,¥, va véi
Z,,Z,. Chimg minh ring tim ding phuong cia
cac dudng tron DX, X,, EYY, va FZ Z, ndm trén
dudng thang O
Bai 5. Cho ABC 1a mét tam gidc vdi dudng tron
ngoai tiép I' va P la mot diém bén trong tam
giac. Cho M la trung diém cia canh BC va cac
duomg thing AP, BP,CP lin luot cit BC,CA, AB
tai X,Y,Z. Duong thing YZ cit T tai cic diém
U va V. Chimg minh ring M,X,U,V nim trén
dudmg tron.
Bai 6. Cho ABC la mét tam gidc va X,Y la cac
diém trong mjt phang cia tam gidc sao cho
AX :BX :CX = AY : BY :CY. Chimg minh ring
tam dudng tron ngoai tiép tam gisc ABC nim
trén dudng thing XY.
Bai 7. Cho ABCD a ti giac ni tiép va P 1a giao
diém cia hai duong chéo. Xét cic duong phin
gidc cua cac goc APB,BPC,CPD,DPA. Cic
duong phian gidc nay lin lugt cit cic canh
AB,BC,CD,DA tai cic diém P,,B, ,P,,P, vA
phin kéo dai cling cic canh lin luot tai céc diém
04:0,»Q.y»Qy - Ching minh ring céc trung

TOANHOC |
¥ CTusilpé_S6 58101-2026)

40

diém cua céc canh PahQuh’Pl‘:(Qhr’Pchrd’%an la
thing hang.

Bii 8. Cho O va H lan luot 1a tam duong tron
ngoai tiép va tryc tam cua tam gidc ABC. Cho D
1 chan dudng vudng goc ké tr C l1én AB. Cho E
la mot diém trén duong thing BC sao .C}.l(’) ED
vuédng goc vai OD. Néu dudng tron ngoai tiép tam
gidc BCH cét duong thing AB tai F, thi chimg
minh ring cac diém E,F,H la thang hang.

Bai 9. Cho ABC 1a mdt tam gidc va D, E lan lugt
1a cic diém trén cac canh AB va AC sao cho
DE song song véi BC. Cho P 1a mjt diém bat
ky bén trong tam gidc ADE, va cho F,G lan lugt
la céc giao diém cia DE véi cic duong thing
BP va CP. Cho Q la giao diém thir hai cua céc
duomg tron ngoai tiép cic tam gidc PDG va PFE

. Chirng minh ring céc diém 4,P va Q nam trén
mdt duong thfmg.

Bai 10. Cho ABC la mét tam gidc va @ la dudmg
tron noi tiép ctia né. Ky hiéu D,E,F lan lugt 14
cac giao diém cia w v&i cac canh BC,CA,AB.
Cho TeADnwo,M eBTnw, NeCTNnw.
Cho p, 1a mdt dudng tron tiép xic véi o tai T,
Vi p, 12 mdt dudng tron tiép xic véi o tai D

sao cho p, vd p, giao nhau trén day cung (XY ).

Chimg minh ring X,¥,M,N nim trén cing mét
duodng tron.

TAI LIEU THAM KHAO
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cudc thi tiép theo trong niim hoc 2025 - 2026, Sau day 1 danh sach 60 ban doat gidi Toan va 6 ban doat gidi Vat ly

 RAqudases: GIAI TOAN va VAT LY
TREN TAP CHI TOAN HOC VA TUGI TRE nam hoc 2024 - 2025

LTS. Cube thi gidi Todn va Vit 1y nim hoc 2024 - 2025 trén Tap chi TH&TT duge khoi dong tir théng 9 ndm 2024
4én thing 8 ndm 2025. Cude thi ndy duoc nhidu ban tré yéu Toan va Vat Iy cdp THCS va THPT trén cd nudc tham
gia gidi bai rit sdi ndi. Gidi Xuét sic v& mén Ton thudc vé ban: Nguyén Chdnh Thi¢n, 10 chuyén Toén, THPT
chuyén Lé Hong Phong, TP. HS Chi Minh. Giai Nhit mén V3t Iy thujc vé ban: Truwong Minh Phiic, 12 LY 2,
THPT chuyén Quoc hoc Hué, Thira Thién Hué. Chic mimg tit ci cic ban doat gidi cude thi. Hen gap cdc ban &

nim hoc 2024 - 2025.

MON TOAN

% Giai Xuit sic (1 giai)

Nguyén Chdnh Thi¢n, 10CT, THPT chuyén Lé
Hong Phong, TP. Hd Chi Minh.

# Giai Nhit (7 giai)

1.

W

Nguyén Lé Minh, 9A7, THCS Phan Chu Trinh, TP.
paLat, LAm Dﬁng.

. Lé Bach Hai Pang, 3B, truémg Qudc té Song ngit

cip 2, 3 GIBS, TP. Graz, Cfng héa Ao.

Huynh Tran Gia Huy, 11 Toan 1, THPT chuyén
Luong Van Chanh, Phi Yén.

Vwong Khanh Toan, 11 Toan 1, THPT chuyén Vo
Nguyén Gidp, Quing Binh.

Nguyén Thanh Nam, 8A1, THCS Linh Dam, Hoang
Liét, Hoang Mai, Ha N¢i.

Nguyén Kim Thanh, 10 Toén 2, THPT chuyén Dai
hoc Su pham, Ha Ngi.

Nguyén Vin Pirc Thang, 10A3, THPT Hodng Mai,
Nghé An.

% Gii Nhi (13 giai)

L.

Nguyén Tén Phdt, 10A2, THPT chuyén Nguyén Thi
Minh Khai, Séc Trang.

Phan Trung Hiéu, 10A1, THPT Tay Tién Hai, Tién
Hii, Théi Binh.

Lé Vi Qupnh Nhu, 8A, THCS Phing Chi Kién,
Dién Chau, Nghé An.

Trieomg Khanh Chi, 7A8, THCS Vinh Yén, Vinh
Phiic,

Hodng Vin Duy, 8D, THCS Ly Nhit Quang, B0
Luong, Ngh¢ An. ‘
Nguyén Duy Phiic, 11 Toan 1, THPT chuyén Quoc
hoc Hué, Thira Thién Hué.

7. Trin Gia Phi, 10 Toan 1, THPT chuyén Hung Yén,
Hung Yén.

8. Trdan Pirc Phat, 11 Toan 1, THPT chuyén Vo
Nguyén Giap, Quing Binh.

9. Trdn Véan Phung, 6C, THCS Nguyén Kim Vang, xi
Hanh Pirc, Quing Ngii.

10. Ding Pinh Minh Tri, 8CT, THCS Lac Vién, Ngo
Quyén, Hai Phong.

11. Nguyén Hoai Nhanh, 10 Toin 2, THPT chuyén
Huynh Mén Dat, Kién Giang.

12. D6 Quang Anh, 10 Toan 1, THPT chuyén Hung
Yén, Hung Yén.

13. Nguyén Gia Bdo, 10 Toan 1, THPT chuyén Trin
Vin Giau, Long An.

# Gidi Ba (19 giai)

1. Nguyén Tt Han, 9C, THCS Ly Nhit Quang, Do
Luong, Nghé An.

2. Nguyén Tat Hoang Anh, 9C, THCS Ly Nhit Quang,
D6 Luong, Nghg An.

3. Hupnh Phan Kim Ngdn, 10 Toin 2, THPT chuyén
Tran Vin Giu, Long An.

4. Thai Dirc Huy, 10 Todn 2, THPT chuyén Huymh
Min Dat, Kién Giang. ‘

5. Nguyén Hitu Chién Thing, 11C3A, THPT chuyén |
Hing Vuong, Gia Lai. ‘

6. Nguyén Thai Diing, 7B, THCS Ly Nhit Quang, D6 i
Luong, Ngh¢ An. ‘

7. Nguyén Céng Linh, 9C, THCS Ly Nhit Quang, D6 1
Luong, Ngh¢ An. {

8. Nguyén Bdo Chdu, TA6, THCS Yén Lac, Vinh ,
Phiic. |
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9. Cai Hodng Quoc Khanh, 10 Toan 1, THPT chuyén
Huynh Min Dat, Kién Giang.

10. Bui Hiru Anh Qudn, 6E, THCS Ly Nhat Quang, D
Luong, Nghé An.

LL. Trdn Khiew Nhdt Anh, 10 Todn 1, THPT chuyén
Huynh Min Pat, Kién Giang.

12. Tran Lé Trong Phuc, 10 Toan 1, THPT chuyén
Tran Vin Giau, Long An.

13. Nguyén Pham Minh Phi, 10E1, TH, THCS&THPT
Lé Thanh Téng, Q. Tan Pha, TP. Hd Chi Minh.

14. Hoang Van Nhdn, 8C, THCS Ly Nhit Quang, D6
Luong, Nghé¢ An.

15. Pham Nguvén Nguyét Linh, 7B, THCS Ly Nhat
Quang, D6 Luong, Nghé An.

16. Nguyén Thi Bang Tdm, 9C, THCS Ly Nhat Quang,
D06 Luong, Nghé An.

17. Tran Nhdt Nguyén, 10E1, TH, THCS&THPT Lé
Thanh Téng, Q. Tan Phi, TP. Hd Chi Minh.

18. Dang Thanh Trung, 11 Toan 1, THPT chuyén
Nguyén Binh Khiém, Vinh Long.

19. Tran Viét Tung, 10 Toan A, THPT chuyén Hing
Vuong, Phi Thy.

¥ Giai Khuyén khich (20 giai)
1. Lwu Diép Chi, 6AS, THCS Ky B4, TP. Thai Binh,
Thai Binh.

2. Chu Pirc Bdo, 10 Toan, THPT chuyén Hung Yén,
Hung Yén.

3. Nguyén Quang Anh, 11A1, THPT chuyén Vinh
Phic, Vinh Phic.
4. Nguyén Trong Nhdn, 11 Toan 1, THPT chuyén

Long An, Long An.
5. Nguyén Thanh Mai, 8A, THCS Nguyén Quang Bich,
Tam Nong, Phii The.

6. Dé Tidn Ding, 11 Ton 1, THPT chuyén L& Quy
Dén, Ba Rja - Viing Tau.

7. Nguyén Minh Hiéu, 10A7, THPT Chi Lang, Gia
Lai.

8. Truong Dinh Qudc Anh, 6E, THCS Ly Nhét Quang,
D6 Luong Nghé An.

9. Nguyén Phuong Hoa, 6A2, THCS Linh Dam,
Hoang Mai, Ha N§i.

10. VG Tién Phdt, 10A1, THPT Nguyén Thong, Long
An.

11. Nguyén Tdt Thugn, 7B, THCS Ly Nhit Quang, D6
Luong, Nghé An.

12. Ngé Vin Truong, 10A1, THPT Hoang Mai, Nghé
An.

13. Nguyén Tri Hién, 10 Toan, THPT chuyén Nguyén
Binh Khiém, Quing Nam.

14. Lé Khdc Tri Nguyén, 10E2, TH, THCS&THPT Lé
Thénh Téng, Q. Tan Phu, TP. Hd Chi Minh.

15. Nguyén Minh Tién, 10 Toan 1, THPT chuyén Trén
Vin Giau, Long An.

16. Tran Hodng Bdach, 10 Toan 2, THPT chuyén
Huynh Min Pat, Kién Giang.

17. Nguyén Tudn Khai, 10A2, THPT Hoang Mai, TX.
Hoang Mai, Nghé An.

18. Nguyén Pirc Manh, 10 Toin 2, THPT chuyén
Huynh Man Pat, Kién Giang.

19. Pinh Tri Diing, 6E, THCS Ly Nhit Quang, D
Luong, Nghé An.

20. Luong Xudn Nghia, 10A7, THPT Chi Ling, Gia
Lai.

MON VAT LY

A Giai Nhat (1 gidi)
Truong Minh Phie, 12 Ly 2, THPT chuyén Quéc
hoc Hué, Thira Thién Hué,

# Giai Nhi (2 gidi)

I. Lé Thi Hong Nga, 12H, THPT chuyén Nguyén
Quang Diéu, Podng Thap.

2. Lé Khdnh Duy, 10ES, TH, THCS&THPT Lé Thanh
tong, Q. Tan Phu, TP. Hd Chi Minh.

Y Giii Ba (3 giai)

I. Pham Xudn Khanh, 12A2, THPT Tam Phudc, Bién
Hoa, Dong Nai.

2. Dang Hodng Lwong, 12A1, THPT Yén Thanh 2,
Ngh¢ An.

3. Ngé Bdo Long, 10 Ly, THPT chuyén Nguyén Quang
Diéu, Ddng Thép.

Cic ban dogt gidi Todn va Vat Iy nhé gii gap dja chi méi ctia minh vé Toa sogn hogc lién hé tryc tiép qua so

di¢n thogi (024) 35121607 dé nhin Gidy Chirng nhin va ting plllf:n cua Tap chi.
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TIENG ANH QUA CAC BAI TOAN
BAI SO 122

Problem. Consider the Pascal triangle

If we push the numbers in each line together for
form the new numbers, what will we get and why?
Solution. If we push the numbers in each line

together we will get the sequence 1, 11, 121,

1331, 14641,...

This is the power sequence of 11: 11°% 11!, 112,
115, 11°,

We know that the Pascal triangle consists of the
coefficients of Newton binomial expansions.

Consider the concrete expansion

(10+1)’ =1.10° +3.10% +3.10' +1.10° =1331.

s . th
Hence we can see the numbers in the line n™ 1n
the Pascal triangle correspond to the coefficient of

10° in the expansion of (10+1)". Therefore we

will get the power sequence of 11.

Remark: This problem is proposed by teacher
Nghiém Xudn Luc, Thang Long High School, 44
Ta Quang Buu, Bach Mai, Hanoi.

TU VUNG/Ki HIEU

Pascal triangle : tam giac Pascal
(tam gidc 50, c6 quy ludt)
power sequence - day liy thira
coefficient . hé 50
Newton binomial expansion - khai trién nhj

thiec Newton
: twong ung

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

correspond

BAI DICH SO 120

BAI TOAN. Moi hoc sinh cua lop 12A la ban
cua ding 7 hoc sinh lop 12B, va moi hoc sinh lop
12B la ban cua ding 6 hoc sinh lop 12A. Bict
ra;ng Jc?ng s6 hoc sinh cua hai lop la 65, hay tinh
s0 hoc sinh ctia moi lop.
Léi gigi. Gia sir 16p 12A ¢6 m hoc sinh va lép
12B ¢6 n hoc sinh. Xét ma trin M kich thuéc
m * n (mt bang hinh chir nhit gom m hang va n
¢dt). Ky hi¢u a 1a phin tir & hang thr / va ¢t thir
J- Ta quy uéc:
1 néuhocsinh thit i cia 16p 12A va hoc sinh
thr j clia 16p 12 B 12 ban cua nhau,
0 néu ngugc lai
Theo gia thiét, trong mbi hang cua m
ding 7 s 1 (vi mdi hoc sinh 16p 12A 14 ban cua
dling 7 hoc sinh 16p 12B), va trong mdi ¢t c6

L

a trin co

ding 6 sé 1 (vi mdi hoc sinh cta 16p 12B la ban
cua ding 6 hoc sinh cua lop 16p 12A).

Vi vay: Tm =6n (1).

Mt khac, téng sb hoc sinh 1a: m + n = 65 (2).

Tir (1) va (2), ta tim dugc: m = 30 va n = 35.

Chit thich. Bii todn ndy dugc d& xudt bai thiy
Nguyén Manh Quyén, Trubmg THPT chuyén
Nguyén Chi Thanh, Dik Néong. Céch giai diu tién
dugc gidi thigu trong s trude.

Nhgn xé. Chc ban: Bui Ting Ldm, 11 Todn 1,
THPT chuyén HA Tinh, HA Tinh; Lé Bach Mai
Ddng, 3B, trudmg Qude t¢ Song ngit cdp 2, 3 GIBS,
TP. Graz, Cing hoa Ao; Nguyén Hing Cwong,
phutng An Nhon, Gia Lal ¢6 bdi dich tét. Xin hoan

nghénh céc ban.
NHU HOANG (Ha Ngi)
TOAN HOC
S 581(1-2025) & crumma_. 43
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BAI TOAN 101.
P +ay=-2y+1=0.

Giai phwong trinh nghié¢m
nguyven:
Léi gigi. Cach 1. Puwa vé phiwong trinh uéc sé
Vai xeZ,yeZ taco:
x2+xy-2y+1=0

o x2-4+y(x-2)=-5

S (x=2)(x+y+2)==5 (*).
Voi xeZ,yeZ ta ¢6 x-2eZ,x+y+2eZ. Két
hop véi (*) ta thiy chi xay ra 4 truémg hgp sau:

x-2=-1 x-2=1 _
x+y+2=5" x+y+2=-5"

Xsd=<b x=2=5
x+y+2=1" x+y+2=-1
Suy ra tat ca cac nghiém nguyén cua phuong trinh
di cho la: (1;2), (-3;2), (3;-10),(7;-10).
Cich 2. Pua vé phurong trinh woc s6
Voi xeZ,yeZ taco:
x2+xy-2y+1=0
& (4x2 +4xy+y?)~(y2 +8y+16)=—20
& (2x+y)2 -(y+4)2=-20
<::>(x—2)(x+y+2)=-5.

Cdch 3. Sir dung diéu kign chinh phuong ciia bi¢t
thiec A

Xét phuong trinh: x2+xy-2y+1=0 (1)

Véi xeZ,yeZ , xem phuong trinh (1) la phuong
trinh bac hai theo 4n x. Ta c6: A=y?+8y-4,
Phuong trinh (1) c6 nghi¢gm nguyén khi va chi khi
A=y? +8y-4 12 56 chinh phuong, tirc 1a:

44 T?g{-quggg S3 581(11-2025)

y2+8y_4=k2 (V(’)'l kEN)

e (y+4)P-k*=20
e (y-k+a)(y+k+4)=20 (7).

Vi yeZ,keN nén y-k+4€eZ, y+k+4€Z. Do

(y_k+4)+(y+k+4)=2(y+4) la s6 nguyén chin
va do (*) nén y—-k+4 va y+k+4 cung 12 sb
nguyén chin. Hon nira y—k+4<y+k+4 nén chi

x4y ra cac truong hop sau:

gy, [Pl L=
| y+k+4=-2 k=4

Véi y=-10 phuong trinh (1) tro thanh:

x
x2-10x+21=0& (x—3)(x—-7)=0¢>[x

y—k+4=2 y=2
TH2: o .
y+k+4=10 (k=4

Véi y=2 phuong trinh (1) tré thanh:

x=1
x2+2x—3=0c>(x—l)(x+3)=0¢::>|:

Viy tit ca cdc nghiém nguyén cia phuong trinh
da cho la: (1;2),(-3;2),(3;-10),(7;-10).
Cdch 4. Biéu dién dn nay theo an kia
Véi xeZ,yeZ taco:

4+xy-2y+1=0 y(2-x)=x2+1 (*).
V@i x=2, phuong trinh (*) trg thanh;

x2+1=0 (vo nghi¢m).

Vi x#2, phuong trinh (%) twong dwong voi:

x2 41

< y=—-x—2——5—.

ol 2—." x...2

DoxeZ nén -x-2eZ. Vi viy yeZ khi va chi

i
khi ;_—2;-:2 »dodé x-2 14 udc cia S.

Do d6 xe{-3;1; 3; 7}. Suy ra tit ca cdc nghiém
nguyén cla phuong trinh da cho 1a:
(li2)'(—3;2),(3;~10),(7;—10).

S
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Cich 3. Van dung dinh li Viéte

xét phuong trinh: x2+xy-2y+1=0 (.

voi xeZ,yeZ , xem phuong trinh (1) 1 phuong
irinh bic hai theo an x. Gia sir phuong trinh (1) ¢6
hai nghiém x1,X2. Khi d6, theo dinh 1i Viéte ta c6:

{xl .y
Xp.X2==2y+1
Do yeZ va(*)néntasuyra xjeZ,x,eZ.
Tu (*) suy ra:

xX2—2x+x2)=1 < (x-2)(x;-2)=5.

Do do chi xay ra hai trudng hop sau:
i T ST )
: = . Suyra y=2,
X2 —2="5 X2 =-3 y Y

x-2=1 x%=3
TH2: o -_ Suyra y=-10.

Thay lai phuong trinh ta thiy tit ca cac cip sb
(1;2), (-3;2), (3;-10), (7;-10) déu théoa man
phuong trinh (1). Vay tit ca cac nghiém nguyén
cua phuong trinh da cho la:
(1;2), (-3;2), (3;-10), (7;-10).
NGUYEN TRI PHUONG
(GV THCS Nhon My, An Nhon, Binh Dinh)

Nhén xét. Ban Trdn Gia Phi, 10 Toan, THPT
chuyén Hung Yén, Hung Yén déng gop 5 cach giai;
hai ban: Lé Phucc Quy, 11 Toan 2, THPT chuyén
V& Nguyén Giap, Quang Tri, Vi Pirc Duy, CTy
TNHH Thué va Tu vin PWC Vigt Nam mdi ban
déng gop 2 cach giai; ba ban: Pham Dinh Minh
Long, 11A1, Pham Trin Hiéu Pan, Huynh Quoc
Trong Tin, 11E1, TH, THCS&THPT Lé Thanh Tong
mdi ban déng gop 1 cach gidi; ban Nguyén Hing
Cuong, phudmg An Nhon, Gia Lai dong gop 3 cach
giai. Céc cach giai déu tuong ty nhu nhimg cach giai
trén cia ban Trdn Vin Hanh, nguoi gioi thigu bai
toan. Xin hoan nghénh tat ca cic ban.
NHU HOANG (Ha Ngi)

Mui céc ban guri 16 giai BAI TOAN 103 dudi ddy
vé Toa soan Tap chi TH&TT trudc ngay
31/12/2025.
BAI TOAN 103. Giai phuwong trinh:

A o %

x' -2

A
=

=0.

TRAN VAN HANH
(GV Bai hoc Pham Vian Pong, Quang Ngai)

s e g e e e e e e e ok ok e o o o e e e ke o ke o e sk ok oo e o vl ol e o e e e el o el o e ok B R e R R e o R Rk R

PROBLEMS .. (Tiép theo trang 19)
Problem T9/581. Denote aj the coefficient of x
(0< k< 4n -1) in the polynomial expansion of

P(x)=(lxx2 4.2 )(bxba + ")
Find all positive integers 7 such that a, is a prime
power.

Problem T10/581. Let a be a positive real number
and the sequence (x,) is determined by the
following recurrence formula

withneN".

X1=1and x,41=x,+

g=1"k

Prove that sequence (V)

]-tel yn=J-11;ln__
h

converges and find the limit of this sequence.

Problem T11/581. Find all functions f:R*—>R*

satisfying

f(xy)+f(§j]=f(x)-f(}’)+y2f(xy),Vx,y>O.

Problem T12/581. Given a tetrahedron ABCD and
point M moving inside the tetrahedron. Let N, P,
Q be the intersection points of BM, CM, DM and
the planes (ACD), (4BD), (ABC) respectively,
Find the position of M so that the volume of the
tetrahedron MNPQ is the maximal.

NGUYEN PHU HOANG LAN

(University of Education, VNU, Hanoi)

OAN HOC
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BAI TOAN 109 (Kvant). Gidi hé phuong trinh:

3x-y
X+ — }2=3
L
x+3y '
e B Bl
X%y

Léi gidi. Cich 1. Nhan hai vé cia phuong trinh
thir hai voi i va cdng vao phuong trinh thir nhét ta
3x—y—(x+3y)i
x?+p?
(x ty) l(f—lyz) i3 m
rEy X+ y

duge: x+iy+

=3

S x+iy+

1
bat z=x+iy, thi: —= . 4
z Ry

. Khi d6 phuong

trinh (*) tr& thanh:
3—

z+7 =32 —32+(3-i) =0,
Z

3V 344 3(1+2i)
2

2

Vivay: z=

z=2+i__ [(xy)=(Z))
hay = i

z=1-i (xy)=(1-1)
Vay hé phuong trinh c6 hai nghiém:

(5»)=(2;1) va (x;)=(1; -1).
Cich 2. Nhan phuong trinh tht nhét véi y va
phuong trinh thit hai véi x va cfng lai ta dugc:
Bx—y)y-(x+3y)x
2xy + Xty

=3y¢?2.xy—l=3y

3y+1

Suyray#0va x= = Thay vao phuong trinh

3y+

); 1+3y
thithai ciahé taco: y——=2  _

3y+1 s

2y &

46 Tc?g%g& S48 581(1-2025)

3y+1

-3y=0

2
3p+1 2 |
@y[( };y ) +J’]
e A —————6y2+3y+1=0
e £ 4y2 2y

4y* +9y? +6y+1 6y  +3y+1
< 4y 2y
odyt -3y -1=0ey' =l y=11
3.1+1
21
3.(-D)+1 _
2.(-1)
Vay hé phuong trinh c6 hai nghi¢m:

() =(2;1) va (x;y)=(1; -1).

=0

=2,

Véi y=1tacd: x=

Voi y=-1taco: x=

Nhin xét. St dyng sé phirc ¢é giai hé phuong trinh
da cho 12 mét cich giai doc dao. Y tuong nay xuht
phét tir chinh cu triic cac phuong trinh trong hé.
Cic 4n x, y dimg riéng va & tir s6 c6 tinh “ddi
ximg”, va & miu s6 cia phan thirc déu 13 £ + ¥, 1a
binh phuong médun ciia sé phirc z = x + iy. Hoan
nghénh cic ban: Lé Phuse Quy, 11 Toén 2, THPT
chuyén V& Nguyén Giap, Quing Trj; Nguyén Phic
Thién An, 11E1, Nguyén Quéc An, 11A1, TH,
THCS&THPT L& Thanh Tong, TP. Hd Chi Minh;

Nguyén Hing Cuong, phudmg An Nhon, Gia Lai da
co loi giai dung cho bai toan nay,

NHU HOANG (Ha Néi)
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GIAI DAP: KET QUA DA PUNG CHUA?
(Dé dang trén TH&TT 56 577, thing 7 nim 2025)
Phén tich sai lam. Két quéa Minh chon chura dung.
Ban Minh d3d Kkhong dit didu  kién
(42+m)(42 +m)=0 va do @6 khong kiém tra didu
kién sau khi tim dwgc m=12.

4° +
L g ding, B {7 7Y

4 +m=0
Taco:a+b=1<b=1-a. Khi do:

4a 4b

+ =1
4a-2 4b-2

49 +m.49 +4+m.41-a

=Y =lom?=4cm=12.
4+m.4% +m.A4% +m?

Véi m=2 bai toan dugc thod man.
a

422

=1 khéng dugc

Voim=-2, khi do

+
4b-2

thoa man véi a=b=%. Két qua ding: Chen C.

Nhin xét. Hoan nghénh céc ban: Tran Gia Phi, 10
chuyén Toan, THPT chuyén Hung Yén, Hung Yén,
Nguyén Hing Cuwong, phudng An Nhon, Gia Lai di
phat hi¢n duoc sai lam va dua ra loi gidi ding.

KIHIVI

SALGDAUNHI?

I

BAI TOAN. Trong bai kiém tra co cz?u hmh t;‘circ'
. g o o 5 thé thanh lap

no ) 20 AR 1, 2 co the

ghiém: Tir cac c{1z{ 50 U ikt i B o

duge bao nhiéu so tw nhién co ) chir

cua 3 vg bé hon 2.10¥%,

A. 2961 B. 2187

C. 2916 D. 2178.
Ban Huy chon ddip dn C va gidi nhw sau:

Xét cac s6 thoa man yéu cau bai toan c6 dang:

A=aiayayazasagaragdy
trong d6 cic a;e{0;1;2} va cic a; khong dong
thi bing 0.
Vi 4<2.108nén a€{0;1}=> g, c6 2 cach chon.
Céc sb tir a; dén agmdi s6 déu co 3 cach chon.

Chir sé ao chi ¢ 1 cach chon (Vi néu ay+..+ag
chia cho 3 du O thi chon ag=0,du 1 thi chon

ag=2 va du 2 thi chon ag=1).

Suy ra c6 tit ca 1a 2.37=4374 s0.

Xét céac sb dang Oayazasasacaragzas :
C6 2 cach chon a; €{1;2};

Céc chir sb tir a3 dén ag mdi sé déu c6 3 cach
chon;

Chit s6 ag chi co 1 cach chon (vi néu a»+..+as
chia cho 3 du 0 thi chon ag=0,dw 1 thi chon
ag=2 vadu 2 thi chon ag=1).

Céc sb dang ndy co: 2. 3% =1458.

Do d6 sé cac sb 1ip duge thoa min yéu cau bai
todn la: 4374 — 1458 = 2916.

Khi thu bai thiy gido nhin két qua cia Huy va
bio két qud ciia Huy khing diing. Huy xem 16
gidi ma khang phdt hign ra ché sai. Theo ban 1oi
gidi ciia Huy sai ¢ déu?

NGUYEN THANH GIANG
(GV THPT chuyén Hing Yén)

TOAN H
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YUAT BAN TU 1964

Tap chi TOAN HOC va TUO! TRE ST S

DT Bibn tdp: 02635121607

Mﬂhemﬂﬁ“ ﬂﬂd Yﬂ“ﬂi Mﬂgﬂlille D1 Phit nanh: 026.35142849, 02435092791

Emall: loanhocmoltrmemam@qmll.um

BAN CO VAN KHOA HOC CHIU TRACH NHILM XUAT BAN
GS. TSKH. TRAN VAN NHUNG Téng Gidm d6c NXBGD Viét Nam
TS. NGUYEN VAN VONG NGUYEN TIEN THANH
PGS.TS. TRAN VAN HAO Téng Bien 19p NXBGD Viét Nam
' PHAM VINH THAI
Vién truéng Vién nghién ctu Séch va HLGD
LE HONG SON

HOI PONG BIEN TAP
Téng bién tap : TS. TRAN HUU NAM Thu ki Toa soan: CN. VO THI HONG THU

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DONG, TS. NGUYEN MINH DT, TS. NGUYEN MINH HA,
7S, NGUYEN VIET HAL PGS. 7S. LE QUGC HAN, Ths. PHAM VAN HUNG, PGS. TS. VU THANH KHIET.
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, 75. PHAM TH] BACH NGOC, PGS. TS. TA DUY PHUONG.
TKS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU KIM THUY, PGS.TS. VU
DUONG THUY. GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY
@ Dpanh cho Trung hoc Cou sé € Giai bai i trwéc
For Lower Secondary School Solutions to Previous Problems
Bui Minh Trung — Khai thac ba tinh chit quen T1/577, ..., T12/577, L1/577, L2/577

?:(;c:e giai phuong trinh nghiém nguyén & bac Q Phu'm-lg phip gidi todn
Nguyén Cuu Huy — Ung dung tinh chit cia
dudng tron dé chimg minh céc diém ddng
vién, thing hing va cic duémg thing ddng
(@ ot i vao 16p 10 THPT chuyén TP. Ha Noi, mdn e

thi Toén (chuyén Tin), ndm hoc 2025 - 2026. Két qui Cugc thi gidi Todn va Vit Iy trén
To#n hoc va Tudi tré nim hge 2024 - 2025.

@ Huomg din gidi 6é thi vio 16p 10 THPT chuyén
Hung Yén, nim hoc 2025 — 2026.

m Dién dan day hgc toan
Pham Viét Bic — Ung dyng vecto trong khong
gian dé giai bai toén thyc té vé mé hinh hinh chop
tam gidc déu rong sich gigo khoa Toén 12 biing
nhiéu céch.

o Ban dgc tim tol
Hoang Ngoc Minh ~ Cong thire biéu din a" + "

qua tong a + b va tichab.

Tiéng Anh qua céic bii todn - Bai s6 122 -
Bai djch sd 120.

Nhidu cich gidi cho m{t bai todn - Gidi bdi
twin 101 - D& bi todan 103.

Du ljch thé giéi qua cdc bl todn hay - Gidi
bai todn 109, D& bai todn 111.

© 6 &6 © ©

0 Dé ra ky nay Problems in This Issue Sal lm & ddu?

T1/581, ..., T12/581, L1/581, L2/581,
Bién tdp: KIM THANH, NHU HOANG Mithit: QUOC HIEP, THANH L ONG
Trj s, phdt hanh: TRAN THIMINHHIEN Thiét ké, ché ban: MINH HOA
e T T il
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TRUGNG THPT PO LUGNG 2...

CHONGHIAVIET NAM MUGN NAMI

Gdc thdy, cd t6 Todn - Tin

Véi sy nd Ilyc hét minh clia thdy Hiéu trubng Nguyén Cinh
Lugng cing cac thdy gido cd gido va han 800 hoc sinh, phong
rao day va hoc clia trubng ngay cang dudc nang cao trén moi
dién. Céc thdy gido cd gido tich cuc trong hoat dong
mon nhy nghién clu sang tao d6 dung day hoc, dic rit
kién kinh nghiém, t§ chiic va tham gia thi gido vién gidi
Cip trubng, gido vién gidi cdp tinh, hoc sinh thi hoc sinh gioi
cip finh dat két qué cao, s8 hoc sinh gidi todn dién, hoc sinh
tien ti€n ting IEn nhanh chéng, .. da khing dinh chdt lugng
a0 duc cla Nha tnading.

mudi ndm chuyén minh clng ddt nudc, Trudng THPT DO
Luong 2 d2 bit nhip clng nganh gido duc clia tinh nha vuon
¢20, vuon xa trén hanh trinh v& vang sy nghiép tréng ngudi &
ving d4t hoc Bach Ngoc - DO Ludng.

TOA SANG

Tt ndm hoc 1996 - 1997 dén nay, trai qua gdn ba muci ndm
vi céc thé hé hidu trubing ndi ti€p 12 thdy Nguyén Canh Ludng
(1992 - 1999), thdy Nguyén Duy Pao (1999 - 2003), thdy
Nouyén Thanh Long (2003 - 2014), thdy Nguyén Pinh Vy
(2014 - 2023) va nay la thdy Trdn Vin Trung, tridng khong
nging phat trién manh mé vé s6 lugng va chat Iugng, quy mo
tring 16p ngay cang ting, sy nghiép gido dyc khdi sic, dia
ban tuyén sinh ngay cang.md rong. Quy md clia nha truting thas
di€m dinh cao t6i 51 op 'vao cac nim 2003 - 2005. TU nhiing
nha tranh vach a4t dé&n nay trubing dugc Xy dyng khang trang.
Khudn vién ctia trubng rong rai, bing phdng vai dién tich hon
36231 m?, tong c6 41 phdng hoc kién cf, trong dé 36 phong
hoc vdn hoa phuc vu t6t cho cong téc gidng day va 5 phong
hQC chiic ndng. C6 14 phong 1am viéc clia Hiéu vy, nhan vién
Va.céc t6 chitc doan thé, c6 mot nha da chic ning hién dai, c6
i trung, khu nha 08 xe cho gido vién va hoc sinh. Thi vién
%én mot van ddu sich gido khoa va s4ch tham khdo, c6 hai
E:bng Vi-tinh d& thyc hanh, s4n bong d4, sdn cdu 16ng, béng

Wen, bong ban, bong 16...

h_u_.; el Tk

(Tiép theo bia 4)

Ndm hoc 2024 - 2025 trung c6 36 Iop véi tong 6 1582 hoc
sinh, ¢6 90 can bd, vién chic, nguti lao dong. Chi bd gbm 69
dang vién gém 5 t8 Dang Iudn 1am t6t vai tro dinh huong, cf
vén cho moi hoat ddng clia nha trudng, nhiéu ndm lién dat
danh hiéu Chi b trong sach viing manh, ¢6 5 dang vién dugc
BTV Tinh uj Nghe An ting Bang khen hodn thanh xudt sic
nhiém vy tiéu bigu. Cac 8 chic doan thé nhu Cong doan, Boan
thanh nién hoat dong déu va rét hiéu qua, gop phdn quan trong
vao thanh tich chung cla nha trutng. Dip Ky niém 50 ndm
thanh 13p, truting don nhan Bing khen clia Thi tuGng Chinh phil
(thdng 11/2015) va Quyét dinh cong nhan Trudng dat chuén
Quéc gia (thang 11/2022).

Voi bé day lich sl va nhiing thanh tich dat duoc trong sy
nghiép gido duc hutng toi L& ky niém 60 nim ngay thanh Idp
trung ngay 8/8/2025 Chil tich nutic d c6 QD s6 1536/QD-CTN
vé viéc tAng thubng Hudn chudng Lao déng hang Ba cho tap
thé Trudng THPT DO Luong 2, ddy I3 mdt phdn thuing vé clng
cao quy, 1a dong luc to I6n dé tap thé can bb gido vién, nhdn
vién va hoc sinh nd luc phdn déu trong ching dudng ndi tiép
xdy ddp thém bé day su nghidp gido duc clia nha trudng.

Gdn 60 nim xdy dyng va trudng thanh, truong DO Luong 2 da
ba I4n ddi tén va ghi danh Truong THPT DO Luong 2 ti ndm
1996 cho dén bay giv. Cac thé hé thdy c ndi tiép nhau 6 Hidu
trung, 11 Bi thu chi bd, 10 Chl tich Cong doan... va gdn 300
luot thdy ¢6 gido da nd lyc hét minh bing tri tug, tdm huyst va
niém tin da va dang nudi dudng, dao tao 59 th& hé hoc sinh vdi
hang van hoc sinh trudng thanh trén khdp moi mién T8 quic
qop stic x4y dung qué huong dt nuc. Trong s6 do nhiéu nguoi
da gir nhiing vai trd trong tréch cao cla nuéc nha nhu: nguyén
Thir trubng BA Thuong mai Lé Danh Vinf, nguyén Thu trubng BO
TT&TT Nguyén Minh Hdng, nquyén Cuc trudng Cuc Khoa hoc -
Qudn su, Bd Qudc phong, pho GS.TS Cao Tién Hinh, nguyén Vy
trubng Vu gido dyc M&m non, BO GD&BT Nguyén Ba Minn,
nguyén Phé Cuc trudng Cuc Théng tin va va DO ngoai, BO
TT&TT Bui Sf Hoa va rdt nhi€u ngudi thanh cong trén nhidu
finh vyc khdc...

Trong hanh trinh phat trin clia minh, truong nhu dong séng
Lam viia hién hoa viia manh liét, biét cach vuot qua nhing thic
ghénh d& vuon minh ra bién 16n hoa minh vao dai duong ménh
mo6ng. Nhiing thanh cong cla cdc thé hé hoc sinh trén mo
mién T8 quc di ching minh cho thé va Iyc cla nha trutng
ngay cang di 1&n. Vai thé tya ndi nhin s6ng vang chii, hdm nay
ching ta tin tubng thé ha thdy va tro Triong THPT DA Luong 2
s& viét tifp nhing trang vang dep nko cla nhd trubng, tao be
phang cho cac em hoc sinh vuon tai 1, cio clia uoc mo, chip
cénh cho cdc em bay cao, bay xa (1~ 1t trinh hoi nhdp cla
dat nudc, trong sy phét trifn trén |
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Thay Trdn Vidn Trung
BI thu chi b6 — Hiéu trudng nha trudng

TRUONG THPT DO LUONG 2
BO'NAM XAY DUNG v' PHA

T TRIEN (1965 - 2025)

A XA NI CHO NGHTA VIET HAM MUOR

Wk

—g

Hei déng Gido duc nha trudng nam hoc 2025-2026

C6 m6t dong séng chiy qua thdi gian, chdy qua hoai niém, chdy qua nhing thang trdm d€ gdp sdc xdy ddi - dd I ching duong
60 ndm rét ddi ty hao cua tip the can b6, gido vién, cong nhan vién va hoc sinh Truong THPT £0 Ludng 2. Trén hanh trinh 3y

KHOI NGUON

rudng trung hoc phd thong Do Ludng 2 duge thanh Iap thang
9.1965; dong trén dia ban xom 2 xa Bach Ngoc, tinh Nghé An.
Noi ddy thudc lang Bach Bubng c6 tir thoi Ly, ndm phia ta ngan
dng Lam, c4ch trung tdm tinh Ngh& An khodng 70 km, 1a mot

nguoi dan ndi tiéng vai truyén thong trung tin va hi€u hoc. HOI
déng nha truting ban d4u gdm 15 thdy gido trong do thdy Trén
Canh 1am Pho Higu trudng phu trach phan hiu, thdy Cao Tién
Pang 1a Bi thu Chi bd.~Hoc sinh chil yéu la con em céc xa
Ngoc, Lam, BGi, Nam, Bic, Dang, Giang, Hing, Trang, Bai...
Trudng co ba khdi 8, 9, 10 gbm 6 16p. Trong nhiing ndm thang
chién tranh thdy trd cing nhdn dén dao hdo sdu bao quanh,
dyng l4n tranh tre dé hoc va co khi hoc trong nha tho clia dan.

Nim hoc 1966 - 1967, chién tranh ngay cang &c liét, dé c6 dia
thé an toan va trung tdm, trutng chuyén vé chom Hy Sinh va
chom Ding Cim xa Lam Son. Thdy Trdn Cudng 1am higy
tribng d4u tién clia truong, they Cao Tién Pdng la Pho higu
trubng va BI thu chi bd. Nhiing ndm hoc tir 1967 dén nim
1974, cac 16p “Todn dac biét” clia tinh vé hoc tap tai ddy gbm
6 khoa, do cdc thdy gido: Nguyén Khdc Tué, Nguyén Duy Tinh,
Nguyén Tién L& dim nhan day chuyén Todn, cdc mon khac do
gido vién cha truong tryc ti€p gidng day.

Hoa chung khong khi clia c& nuc ra tedn, tif thang 2/1968 trd
di c6 hang trim hoc sinh va mot s thdy gido cla trung da

Glay phép XB s6 534/GP-BTTTT cép ngay 19.11.2020; Ma s&: 8BT11M25

In tal Xi nghlép Ban d6 1 - BQP
In xong va nop luu chléu thang 11 nam 2025

| L Y L

ng dia linh, phong canh hdu tinh, co nén vin minh som,

iéu thé hé can b6, gido vign, cdng nhan vién da gén bd va céng hién tam huyét ca cudc ddi minh, da di qua bao nhiéu bén
3/ dau moc thdi gian dé gdp phdn lam nén “ky tich 60 ndm” hém nay ...

x&p bit nghién 1&n dudng chién déu gop phdn khoing nhd trong
cudc khang chién chéng M§ cdu nudc cing nhu su nghiép
théng nhat va bio vé hoa binh ddt nutc sau nay. BAc bigt co
80 liét s7 (gém 1 thdy gido va 79 HS) trong do co ba ngudi
duge Dang va Nha nudc phong tang danh hiéu Anh hing céc
Ic lugng vii trang nhan ddn, do 13 anh hing Nguyén Quét
Thit (qué & Da Son), anh hing Hodng Hiu Thanh (qué BOi
Son), anh hing Lé HiJu Hoe (qué Lam Son). Su cng hién va
hy sinh anh diing cla céc anh da to dam thém truyén thing
yéu nudc v& vang clia dan toc, 12 niém ty hao clia qué huong va
mai truing THPT D6 Luong 2 yéu dédu.
VUGN LEN

Tt ndm 1975 dén ndm 1996, ganh chiu hdu qud ning né cla
chién tranh va thdi kI qua do, doi séng nhdn din hét sic kho
khin. Nganh Gido duc Nghé Tinh néi chung, Truong cdp 3 B0
Luong 2 n6i riéng khong ndm ngoai thir thach dy. N&m hoc
1991 - 1992, s hoc sinh gidm sat, tir chd truting co 18 16p da
thu hep dén va trb v& con s8 xudt phat ban ddu la 6 lop. Tuy
nhién, thyc hin [ day clia Béc HE: “Du khd khin gian khd
dén may cing phai day tét, hoc tét", ti nim hoc 1991 - 1992
dén ndm hoc 1995 - 1996, truang sap nhap voi truzng cdp 2
BGi Son va truting cép 2 Lam Son 4y tén chung 1 Tru 70 PTTH

cdp 2, 3 DO Luong 2. D&N nim hoc 1996 - 1997, = t&ng
I&n dénh ddu budc khdi sdc, vuon minh clia nganh « -
('- i 3)
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