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AR TRUONG A SACHUA TIET B TRUGNG HOC NEUYEN Th Py
MO HINH MGI TIEP NOI DONG CHAY TRI TH{Cc

Ngay 16/9, Cong ty CP. Sach va Thiét
bi trudng hoc TP. H6 Chi Minh (don vi
thanh vién cia NXBGDVN - STB) tung
biung t6 chic khai triong Nha sach va
thi€t bi trudng hoc Nguyén Tri Phuong
(mé hinh madi) tai dia chi 223 Nguyén Tri
Phuong, Phudng An Dong, Thanh pho
H6 Chi Minh - tié€p budc st ménh phat
hanh sach gidao khoa day di, dong bo,
kip thai: ddm bao d6é dung day hoc chat
lugng, phuc vu hiéu qua chuong trinh
d6i méi gido duc hién nay.

Lé cat bang khai truong Nha sach va thiét bj
truong hoc Nguyén Tri Phuong (mé hinh mdi)

Tham dy budi 1é c6 sy hién dién clia
ban lanh dao Nha xuit ban Giio duc
Viét Nam (NXBGDVN): ong Nguyén Tién
Thanh - Chi tich HPTV, Téng Giam
déc; 6ng Pham Vian Thing - Thanh vién
HDTV: cac Phé Téng Glam d6c: ong
bang Thanh Hai, ba Phing Ngoc Hong
va dai dién mot s6 phong, ban chuyén
mon.

Vé phia STB c6 0ng T Trung Pan -
Chﬁ’tgch HDTV; ong Nguyén Cong Diing
- Téng Gfam d6c cing toan thé lanh
dao cdc phong ban, can bo, nhan vien

cia cong ty va déng ddo khach may
tham dy.

Phat biéu tai budi 1€, Chi tich Hpy
NXBGDVN Nguyén Tién Thanh chia g.
“Su kien ngay hom nay la mét sy tiép naq
truyén thong, dong thoi ciing thé hign mg;
khat vong déi mdi clda STB trong thoi dqq
cong nghé hién nay. Chiing téi rdt ty hgo
vé nhitng thanh tuu cda cong ty, vi STB
co6 mot diéu rdt dac biét la nhiéu thé he
can by cong nhdn vién cung gdn bé, mat
tdp thé rdt doan két, dong long vugt qua
kho khan, thach thitc di t6i tuong lai”.

Ciing trong budi 1&, dai dién lanh dao
NXBGDVN va STB da cung nhan nat
trién khai trang thudng mai dién tu
stbbook.vn — website cung cdp da dang
sdn phdm sach gido khoa, sach tham
khdo, van phong phdm, dbé chdi, qua
tang, thi€t bj trudng hoc,... voi thong tin
r6 rang, hinh dnh minh hga chan thuc
va nhiéu tinh niang hé trg ngudi ding.

Qua nhiéu nam khéng ngitng nang
cao chiat lugng sdn pham va dich vu,
STB ty hao trd thanh dia chi tin cay.
nhan dugc sy yéu mén clia dong ddo
khach hang, tit ciac bac phu huynh
muén tim nhing tai liéu hitu ich cho con
tré, cac ban tré yéu sach, dén cac nhan
vien van phong can tim tai liéu, van
Phong pham phyc vy cong viéc,...

Trong dip khai truong, nhiéu san
phdm nhu sach giao dyc, van phoné
phdm. thi€t b} gido dyc mAm non dWC
gldm gia 10% cho dén hét thang 9. C3
bi¢t c6 mot s§ sdn phdm duge gidm tal
20% dén hét nam 2025 hodc mot s 40
chdl mdm non duge gidm tét 50% eho
161 khi hét hang, : ONG

BAN TRUYEN THZ"
(Nha xudt bdn Gido duye Viet N
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TRUNG HOC €O 8¢\

| Ncuv!az
(rr'rm‘moang‘?uﬂn tin 1a Tinh)

Trong cdc ki thi hoc sinh gioi, thi vao 16p 10
THPT chuyén, ching ta gip rat nhiéu bai toan néu
chung ta gidi hay chimg minh theo phwong phap
thong thudmg thi rat kho khan va phie tap, khi d6
rit c6 thé phuong phdp quy nap toin hoc lai la
cong cu dic ye gitp ching ta gidi bai toan do.
Nguyén 1y quy nap todn hoc cho ta mot phuong
phép kiém tra khing dinh P(n) ding hay sai véi
moi neN. Vi méi sb ty nhién n, khing dinh
P(n) 12 mdt ménh dé toan hoc (ménh d¢). Ta néi
ménh dé nay phu thudc sé tu nhién .

Nguyén 1y quy nap toén hoc cho ta mdt phuong
phap suy ludn manh mé va hi¢u qua dé chimg
minh nhiéu ménh dé phu thuc sé tu nhién.

Nguyén li quy nap todn hoc
Gia str véi moi s6 e nhién n > 1, P(n) la mét
ménh dé. Gia sir hai diéu kién sau thod man:

1) P(1) dung.

i) Véi moi s6 tie nhién k = 1, néu P(k) dung thi
P(k + 1) dung.
Khi do, P(n) dung voi moi s6 twnhiénn> 1.
Dé chimg minh mot ménh dé phu thudc sb tu
nhién ding véi moi neN" bing phuong phap quy
nap toan hoc, ta can thyc hién hai budc:

Buée 1. Chi ra ménh dé ding véin = 1.

Bude 2. Gia sit ménh dé ding véoi sb tu nhién
n=k=1(goila gia thiét quy nap), chimg minh
ménh dé dang véin=k+ 1.
Tir d6, theo nguyén Ii quy nap todn hoc, ta két
luén ménh dé dung véi moi sb tir nhién neN".
Chii y. Di khi, ta cin chimg minh ménh dé P(n)
dung voi moi $6 tu nhién n2ng v6i ny la sb tr
nhién nao d6. Khi do, trong chimg minh bing
phuong phép quy nap todn hoc, & budc 1 ta chira

ménh dé ding v&i n=ny va & budc 2 ta gia thiét
ménh dé ding vai n=k=ny.
Phuong phép quy nap toédn hoc duge s dung
trong nhiéu linh vyc khic nhau (sb hoc, dai sd,
hinh hgc, giai tich, ...). Trong bai viét nay, ching
toi giGi thiéu mot sb (mg dung trong chuong trinh
mon Toén bic Trung hoc co s6.
1. Chirng minh dang thirc
Thidu 1. Cho

11 i, 1

= —t—t +...4 voi nelN”.

-5 59 9.3 (4n-3)(4n+1)’

Chitng minh ring S,= s
4n+1

Loi giai. Vé6i n = 1 thi §= 115 . va
L ~——L—=l nén cong thic S,= L
4n+l 41+1 5 4n+l1

voin=1.

'Jl

dang

Gia sir cong thirc S,,=4” ding véin=k> 1,

n+l

toc 1a S;= k . Ta s€ chimg minh cong thirc
4k+1

trén ding vi n =k + 1, nghia la: Sgy =L.
4(k+1)+1

That vay:

Lo Lo 1

15 59 7 [4(k+1)=3][4(k+1)+1]

1
=Sk +
[4(k+1)=3][4(k+1)+1]

Sk+l =

k 1
T Akt @k DAk )]
_ K@K+S)H _ (@k+D(k+D)
(@k+D)[AG+D)+1]  (@k+D[a(k+1)+1]
ik
4(k+1)+1
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Theo nguyén I quy nap toan hoc, céng thirc
Sp=

ding véi moi neN",

4n+1
Thi dy 2. e
u 2. Cho S, -§+3—2+3~3+ +3', voi nelN”*.
C’lnmqmmlnang Sp= 3 2
4 430
Loi gidi. Vé&in=1 thi 3 2033
S = S o
=% 15 nén cong
3 2n+3
thic §,== ] i
1 a5 ding véin = 1.
Gia s cong thic §,=>-2"3 4 5i
W dung véi
3 2k+3

n=kx1,tacla S, —4 Ta s€ chirng minh

) 4.3k "
cong thic trén ding véi n =
_3_2(k+1)+3

k + 1, nghia la:

- That vay, ta cé:

4 4.3k+1
1 3 k  k+1 k+1
Sk =—+—+— } =S; 4
k1 g 992 +33+ 3k 3k K " 3k+
_3 2k+3 k+1 3 3(2k+3)-4(k+1)
T4 43k 3k 4 4.3k
_3 2(k+1)+3
T4 43k
Theo nguyén li quy nap toin hoc, cong thirc
3 2n+3

dling v&i moi neN°.

n T e——

4 43n

2. Chirng minh chia hét

Thi du 3. Cho n ld s tir nhién. Ching minh rang
25m+3 4513042 chig hét cho 17.
Loi gigi. Véi mdi neN,
25n+3.157.3m2 chia hét cho 17. Ta cn chimg
minh ménh dé nay ding véi neN.

Véin =0 thi 23+59-32=17 chia hét cho 17. Vy
ménh dé ding véin = 0.
Gia sit ménh dé ding voi n = k
25k+3 4 5k .3k+2 chia hét cho 17. Ta s& chimg minh
ménh dé ding véi n =k + 1, nghia la:

S(kHH3  5h+l 3h41+2 = 25k+8 4 5k+1.3k+3

ta xét ménh dé

> 0, trc la

chia hét cho 17. That vy, ta c6:
25k+8 =95k+3.25 —25k+3 ,(34_2)=25k+3 .34-25k+3.2:

5k+l ,3k+3 =5k ,3k+2 .15=5k .3k+2 .17_5k 3k+2.9.

TOAN HOg Sé 580(10-2025)

N

25k+8+5k+‘ 3443 =25k+3.344-5k .3k+2 17

Do d6:
0 _2(25k+3+5k 3/“2)

t cho 17. Viy ménh dé ding véip = .

chia hé toan hoc, ménh

theo nguyén 1i quy nap d¢ du ng
véi moi neN.

Thi du 4. Cho n la 56 nguyén duwong. C hing SUTY

rang (4n)! chia hét cho 24"

Loi giai. Vi méi neN’,
chia hét cho 24". Ta can chimg minh ménh d

ta xét ménh dé (4’1),

nay ding v6i moi neN".
Véin = 1 thi 41=24 chia hét cho 241=24 Viy

ménh dé ding véin=1.
Gia sir ménh dé ding voi n =k 2 1, tic la (4),
chia hét cho 24k, Ta sé chimg minh ménh g}
diing véi n = k + 1, nghia 13 (4(k+1))! chia héy
cho 24+, That véy, ta co:
(4(k+l))!=(4k+4)!=(4k)!(4k+1)(4k+2)(4k+3)(4k+4)

va 24K+ =24k .24,
Vi (4k+1)(4k+2)(4k+3)(4k+4) Ia tich 4 s§ ty

nhién lién tiép nén chia hét cho 3 va 8, do d¢
(4k+1)(4k+2)(4k+3)(4k-+4) chia het cho 24. Suy
ra (4(k+1))! chia hét cho 24%*..

Viy ménh dé dang véi n = k + 1, theo nguyén i
quy nap toan hoc, ménh dé ding véi moi neN’.

3. Chirng minh bit ding thirc

du 5. Cho A,=l+—= Vi
f f f n

neN". Chimg minh rang Jn<a,<24n.

Léi gidgi. Véin=1thi 4=1,khidé V1=4<2V1
nén bit ding thirc dung véi n = 1. Gia sir bit ding
thitc diing v6i n = k > 1, tirc 13 vk <4, <2vk.Ta
s& chimg minh bt ding thic dung véin=k+ 1,
nghia la: Vk+1 SAM ska_+— Thit vdy, ta co:

\/l?%ls +.t—=
Jei ff fw: o =i

1
Vk+ >0,
\/k+ VE+vk+1

Thi

Mit khéc: Jic+
J_

A
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: B 2 1
2Vk+1-2vk - o >0.
Vk+1 \/;+\/k+l Jk+1
Do 46 Vk+1< 43, <24kl Viy bit ding thirc

ding v6i n =k + 1. Theo nguyén li quy nap toan
hoc, bat ding thirc ding véi moi neN*.

Thidu 6. Cho '
B, =(a +ax+..+a, )(L+L++L) voi nelN";
a as day

ay, az, .., ay >0, Ching minh rﬁng B, =n?.

Léi gidi. Véin =1 thi B =a, --al—=1, khi d6 1=12
1

nén bat ding thirc ding véin = 1.

Gié sir bt dang thirc dang véi n = k > 1, tirc 1a:

By 2k2. Ta s& chimg minh bét dang thirc dting véi

n=k+1,nghia 1a: By 2(k+1)2. Thit vy, ta co:

o 1
(a1+a2+...+ak+l)( } : )

a a i+l

:(a1+...+ak)(—1—+...+L]+(a1+...+ak) 1
aQ ar Afe]

( 1 : )
+ap| —+..+— |+
a ar

a a a a a a
2k2+( LEWw k+1]+( = "”)+...+( k_, "“]H
(27 3% BN | eyl a2 gyl Qg

>k2+2k+1=(k+1)2. Vay By, >(k+1)2. Do do bét
déng thirc dang v6i n = k + 1. Theo nguyén li quy

nap toan hoc, bt d?mg thirc diing véi moi neN”.

4. Chirng minh hinh hoc

Thi du 7. Trong mat phang, cho da gidc
A Ay As... Ay co ncanh (n 2 3). Goi S, la tong so
do cdc goc trong cua da gidc da cho. Chirng minh
rang S,=(n-2)-180°.

Loi gigi. V6i n = 3, ta c6 tong ba goc trong mét
tam gidc bang S;=(3-2)-180°=180°. Vay cong
thirc S, =(n-2)-180° ding véi n = 3. Gia st cong
thic S, =(n-2)-180° dung voi n =k 2 3, tirc 13
Sy =(k—2)-180°. Ta s& chimg minh céng thirc
ding véin=k+1,nghiala Sk, =(k=1)-180°.

Thit vy, xét da giac k + | canh AjAx Ay...Ap A
ndi hai dinh A, va A ta duge da gidc k canh
MMyAy.. A . Theo gia thiét A,
quy nap, téng cic goc ciia da M
gidkc k canh nay bing 7 4
Se=(k-2)180°. Téng cic " )
goc trong tam giac Ay, Ax A At
bang 180° nén tdng cac goc trong da giac
A|A2A3...Ak/1k+1 bing:

Si=(k—-2)180°+180° =(k-1)-180°.
Vay cong thiae ding véin=k+ 1.
Theo nguyén li quy nap toan hoc, cong thirc diing
voimoi neN,n23.
Thi du 8. Trong mat plldng, cho n (n = 2) duong
thing, trong do khéng co hai dwong thing nao
song song va khong co ba dwong thang nao dong

quy. Goi S, la so giao diem cua n dwong thang

. -1
da cho. Chung minh rang S S )

"= .

2

L gl Vo= 2, 406 Sp=1 va Dy nan

cong thirc S, =M dang vin=2.

Gia sir cong thirc S, ="("2—1) ding véin=k > 2,

tic la Sy =M. Ta s€ ching minh cong thirc

trén dung véin=k+ 1, nghiala Sp, =(k+l)k

That vy, goi dudng thing thir k + 1 12 d. Theo gia
thiet quy nap, k dudng thing da cho cit nhau tai
k(k-1) . ‘
KED  giém. Mat khac, do khong c6 hai duong
thing ndo song song va khong c6 ba dudng thing
nao dong quy nén dudng thing d cit k dudmg
thing do tai k diém khac nhau va khic véi S
diém kia. Do d6, s giao diém cua k + 1 dudmg
théng nay la:

o g . 9 ’
Sk+1=Sk+k=k(k2 Dy pafikr2k (erlk

2 2
Viy cong thic dang véin=Fk + 1.

TOAN HOC
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Theo nguyén 1i quy ngp todn hoc, cong thirc dung
voi moi neN, n22.
5. Mot 56 ving dung khsc

Thi du 9. Cho so nguyén dwong n va so thuc x

. -~ 1 N F § M
thoa man x+— la s6 nguyén. Chirng minh rang
X

e . ;
Ay =x" ¥ 55 la mgt 50 nguyén.
X

I YUY 1 \
Loi gigi. Voi moi neN*, xeR va x+—eZ, ta xét
X

" ; 1 A .
ménh de A,,:x"+—neZ. Ta can ching minh
X
ménh dé nay dung véi moi neN*,

1 thi A1=x1+ilez, voi n = 2 thi
x

Va1 n =

2
1 1 X i
X X

n=1,n=2. Gii sir ménh dé ding véin=rk> 2,

tirc 14 Ay =xk +ikez. Ta chimg minh ménh d&
X

: eZ.

dung voi n=k+1, nghia 1a A, =x1+
xk+1

Thaét vay, ta co:

1 1 1 1
e et B 2 e g s
xk x x*t e

Suy ra:

: 1 1 1 1
=kl 4 =| xk 4 st LN (e o) B
Apy =x*+ el —(x i xk)(x+x) (x +x"‘1)'

theo gia thiét quy nap thi

x+leZ,
x

Ma

1 ey | :
xk+—eZ, x¥1+——eZ,suyra 4, €Z.
xk gl

Vay ménh dé ding v6i n=k+1. Theo nguyén li
quy nap toan hoc, ménh dé ding véi mei neN*.

Thi du 10. Mot nguoi giri $6 tién A (d@ong) vao
ngdn hang véi 1ai sudt r%/nam. Biét rang, néu
khéng rif tién ra khoi ngdn hang thi cir sau 'méi
ndm, sé tién ldi sé dwgc nhdp vao vén ban dau.
Chirng minh_rdng sé tién nhdn dugc (bao gom cd

L\
vén ldn 1Gi) sau n (nam) la T,,=A(1+Té-6)

TOANHOQC |
& c'l'uélh_:é So6 580(10-2025)

4

khodng thoi gian nay ngue; ik

A . 7
eu trong : .
) 1 Jai suat khong thay doi

én rava
2ok A A 1Ay L
| pim, so tién von va lai thu duge 3.

r A
—— | (dong).
(HIOOJ

(dong
khong rtit 1i
Laoi gidi. Sau
y
vl o

A+A 100

I
{ th Ti= A[1+—r—) , tirc 1a cong thy

Véi n = 100

n
# , 5i n = 1. Gia sir cong thie
T A( 100)

7

Y
rén ding voi n = k=1, tacla Tk=A(l+mJ .Ta

chimg minh cong thic trén ding véi n=k+]

" k+l
Ta 13 = +— .
nghia 1a Ti4 A( 100)

Thit viy, s tién von va 1di c6 duoc sau k + 1
i) Ly - o] 1 k+A 1+-r—)k-—’-
{adm)la 100 100/ 100

, k = > k+1
Al 14— | [ 14— |=4| 1+—]| ,
A(HIOO) ( 100) ( 100]

(d6ng). Vay cong thirc

ding véi n=k+1. Theo nguyén li quy nap toan
hoc, cong thirc diing véi moi neN*.

Thi du 11. Cho ddy s6 chia thanh tung nhom nhu
sau: (1), (2; 3), (4; 5; 6), (7; 8; 9; 10), (11; 12; 13;
14; 15), ...

Tinh tong S)+83+Ss +ot 8o, VoI Sp la téng
nhitng s6 ciia nhém thir k.

Loi gidgi. S6 dau tién cha nhém thir k bang:

k(k-1)
2

[l+2+...+(k—1)]+1= +1.

Tong clia k s6 & nhém thir & bang: .

5, = k _[k(k—l)+1+(k+l)k i K3 +k

‘ o 2 2
Bang quy nap toan hoc, ta chirng minh;
Si+83+85+... 485, =n (*), voi neN".

Véin=1, 860 Si=1=1* nén céng thirc (*) ding
v’m n = 1. Gia sir cong thire (*) ding véin=121,
trcla S +83 +8s +ot Sy =4

4
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Ta chimg minh céng thirc (*) ding v&in =1+ 1,
nghia 13 8;+83+8s+...4+8y,, =(t+1)%.
That vay, ta co:

S1+83+85 4.+ 82041 =(S) + 83 +85 +...+ 5211 )+ 2041
(2t+1)3 +(2t+1)
2
=t4+413 4612 +41+1=(r+1)%.

=144

=t44+(2+1)(212 +2t+1)

Vdy cong thirc (*) dung véi n=r+1.

Theo nguyén li quy nap toan hoc, cong thirc (*)

ding véi moi neN*.

Thi du 12. Tim tdt ca cdc nghiém nguyén duong

ciia phwong trinh x¥ +y* +z*=2(x+y+z).

Loi gidi. « Néu ba sb x, y, z ddu khong nhé hon 2

thi x¥+y7+z52x2+y2+2222(x+y+z).

Diu “="xdyrakhi x=y=2z=2.

o Néu ton tai it nhat mot sd nho hon 2, ching han

z=1khi dé x¥=2x+y+1 (¥).

+ Néu c6 it nhat mot sé nhod hon 4:
Voiy=2thix=3vakhix=3thiy=2.
Voiy=3thix=2vakhix=2thiy=3.

+ Néu ca hai s6 x, y déu khong nhé hon 4.

Tur (x—4)(y—4)=0, suyra:
xy22x+2y+2(x+y—8) >2x+2y>2x+y+1 (**).
Ta s& chimg minh bing quy nap ring x¥>xy thi

x¥ >2x+y+1 s€ vo nghiém

Véiy = 4 thi x*=x-x3>4x. Gid sit x¥>xy dung

v6imoi y = k > 4, tirc 12 x* >xk. Ta co:

Xkt = x.xk > xex-ke > x-4k=x(k+3k)> x(k+1).

Viy x?>xy dungvdiy=k+ 1.
Theo nguyén li quy nap toan hoc, thi x? >xy dung

vGimoix >4,y =>4.

Do d6 phuong trinh c6 nghiém nguyén dwong
O y; 2) 1a: (25 2, 2), (1; 2; 3), (15 35 2), (25 15 3),
(2;3;1),(3; 1, 2), (3; 2; 1).

Thi du 13. Chitrng minh rang sé dwoc thanh lgp
béi 3" chir s6 giong nhau thi chia hét cho 3" voi

n la so nguyén duong.

¢) 1+449+...+n

Loi gigi. V&i mdi neN®, ta xét ménh dé
aaa..aa : 3" . Ta cin ching minh ménh d& nay
356 a

ding v&i moi neN*.

Véin=1tacd aaa=111a :3' nén ménh dé ding
véi n = 1. Gia st ménh dé dang v&in =k = 1, tic
1a aaa...aa ' 3%. V&i n=k+1,ta co:

3k 56 a

adad...ad=adada...adadaa...aaaad...ad
— —
3+ 56 a 3ks6a 3ksGa 3IFsGa
k k .
=gaa...aq(107% +10% +1) | 3k 3=3k+1,
et b i
3k s6 a

Vay ménh d& ding voi n=k+1.Theo nguyén li
quy nap toan hoc, ménh dé ding v6i moi neN".

BAI TAP PE NGHI

1. Cho 7 1a s nguyén duong. Ching minh rang:

n2(n+1)?

a) B+23+¥+. 4nd=——";

4

b) a"-b"=(a—b)(a"+a"2b+..+ab" 2 +b"1);

B e n(n+1)(2n+1)
____——-—6 ;

d) 142422 +23 424 +..42m1 =2 1.

2. Cho n 14 sé nguyén duong. Chimg minh rang:
a) 4"+15n-1 chia hét cho 9;
b) 1371 chia hét cho 6;

¢) (n2)! chia hét cho (n!)".

d) 32*1 12 chia hét cho 11.
3.Cho neN, n> 2. Chimg minh ring

( ‘111)( '%)..,(1_ L )2%1 .

4. Cho sb thuc a théa man |a|#1. Chimg minh ring

9 g ol oy 9R T g

"T1—a? 14a? l+a* . 1+a g
véi neN*,
5. Cho s nguyén duong n. Chimg minh rang:

T L P

a) 1< '

ntl n+2 ni3 " 3n+l
135-..2n-1) 1

2.4.6-.-(2n) 2n+1

(Xem »tié'p trang 45)

TOAN HOC
F cTusilge D
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HUONG DAN GIAI P THI VAO LOP 10
THPT CHUYEN BAC NINH

Céu 1.1) Khong ding may tinh, chieng minh rang

bieu thire 4=

1 1
= 6 gid tri la
423 Jaop5 O F

2) Tinh gig tri cua biéu thize

Mot 50 nguyén.

(7 +4x2 23x4.2)20%8
khi x=3.3-2.
HD-Dip sé. 1) A=-1. 2) 22025

Cau2. 1) Giai phwong trinh

\/:\:—\/E:ZZ.\'—S.

X2 4xy+y2=7
2) Giai hé phuong trinh y24yz+z2=19,
22 +zx+x2 =13
HD-Pdp sé. 1) x=4.
x2+xy+y2=7" (1)
2) Xét hé phuong trinh { y2+yz+22=19 (2).
22 +zx+x2=13 (3)
Liy PT(3) trix cho PT(1) theo timg vé, ta dugc:
22 +zx+x2—x2 —xp—-y2=13-7
& 22 +zx—xy—y? =6 (2—y)(x+ y+2)=6 (4).
LAy PT(3) trir cho PT(2) theo vé, ta dugc:
22+ zx+x2—y2 —yz—z2=13-19
& zx+x2—y? —yz=—6 (x—y)(x+y+2)=—6 (5).
T (4) va (5) suy ra: x+y+z#0,x—y#0,z—y+0
E=Nxtyt+z) 6 _z=y_
(x-y)(x+y+z) -6 x—y
o z—y=y—x<z=2y-x (6).

va

Bay gio, ta thé z=2y—x vao (2) ta thu duoc:
x2-5xy+7y*=19 (7).
Tir (1) va (7) suy ra:
7(x2-5xp+7y?)=19(x? +xy+y?)
<> —12x2-54xp+30y? =0 (2x—y)(x+5)=0.

TOAN HOC
 clusitze

S6 580(10-2025)
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Nam hoc 2025-2026

e THI: 2x-y=0 & y=2x. Thay y=2x viq (5
ta c6: 19x2=19 hay x==x1. Tir diy ta tim duq,.

© (xwys2)=(52:3) hode (xy32)=(=1-2-3),
e TH2: x+5y=0 < x=-5y. Thay x=-5y

1 .
(7) ta dugc: 57y2=19 hay y=i—5. Ta tim duge.

S 1 7 < v S =l =7
(e B e ""””‘(ﬁﬁ*ﬂ-
Vay HPT da cho cé bén nghi¢m:

B B L - Wn ()
62323 F g 55 )
Céu 3. 1) Cho tam giac nhon MAB ngi “'él)
dwong tron (O) duong cao MH. Goi E va F lan
lwet la hinh chiéu vuéng géc cia H trén MA, MB.

Qua M ké dwong thang vuéng goc voi EF va cat
AB tai D.

a) Ching minh rang EMD=BHF va ba diém M,

O, D thang hang.
MA  |AH AD
MB \BH BD’

2. Cho tam giéc nhon ABC néi tiép duwcng tron
(0) va c6 cic dawong cao AD,BE,CF. Tim moi

b) Chitng minh rang

lién hé gitta cdc canh ciia tam gidc ABC dé biéu
AB+BC+CA

thire —Soese s d ezi . 5 z
AD+ BE+ Cp 99! 81a tri nhé nhat.

3) Ban Nga ding mgr day vai mau dé bugc mot
g0i qua co dang hinh tru (nhu hinh vé). Hinh tru
o ban kinh day Sem vg dién tich xung quanh

376,8cm?. Biét rang cdn 10em dady vai ding dé
thdt no, giao diém ciig hai vong

day vdi la tam cgc duong tron

dc%y cua goi qua. Hgj ban Nga

can phai chon day vdi c6 chiéy

dai it nhdt 1a bao nhig, (lay

7=3,14)?

DPugc quét bang CamScanner
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HD-Ddp sb. 1.a) T gidc MEHF ni tiép dudng
con dudmg kinh MH (vi MEH =MFH =90°).

Suy ra MHF=MEF (hai goc ni tiép cung chiin
cung MF'). Lai c6:

MHE + FIB=90°=MEF + EMD=> FHB=EMD (1).
Ta c6: AMB=180°-EHF = EHA+FHB,

suyra: EMD+DMB=FHB+EHA (2).

Tir (1) va (2) ta dugc: EHA=DMB.

Goi N la giao diém cia MD véi (0) (N=M).
Ta c6 DMB=NAB (hai goéc noi tiép cing chin
cung NB), suy ra: EHA=NAB, do d6: AN//HE.
Ma HELMA nén NALMA, hay MAN=90°.
Suy ra AN 1a dudng kinh ctia dudng tron, vi vay
MD di qua diém O. Vay ba diém M, O, D thing
hang.

M
o
E
/ K
F
NI
N

b) Ké DI LMA, DK L MB . Ta cb:
AH Sy _AM-HE AD _Sayap _ AM-DI
BD Smmp BM-DK’ BH Sy BM-HF'

. AH AD MA? HE-DI
Viy = (3).

BD BH MB? DK-HF
Ta lai ¢c6 HMB=FHB (cing phy v6i goc MHF )
FHB=EMD
HMB=EMD , suyra AMH =DMB.
T giac MEHF nbi tiép dudng tron nén
AMH =EFH vi EHF=180°-AMB .
Tt giac MIDK néi tiép dudng tron nén
DMB=DIK , IDK =180°~AMB .

Suy ra: EFH=DIK, EHF=IDK.

va (chtng minh trén), nén

Ta c6: ADIK 2 AHFE (g.g), suy ra:

D _DK
HF HE’

a6: ID-HE=DK-HF hay Z211E _
DK -HI

1 (4)
Tir (3) va (4) suy ra:

MA> _AH AD - MA:\[W.

MB? BD BH MB BH BD
2) V& CxLCF . Goi N la diém ddi xing cua A
qua Cx. Khi d6 BAN=90°,CN=AC, AN=2CF.
Ta luén c6: BN<BC+CN.
AABN vubng tai A nén:

AB?+ AN2=BN2=> AB2 +4CF2 <(BC+CN)?

—4CF2<(BC+AC)2—AB2 (1).
Ding thicc & (1) xay ra khi B,C,N thing hang,
hay BC=AC.

Tuong tu: 44D2<(4AB+AC)*—BC?
VA  4BE2<(AB+BC)2-AC2.

Suy ra: 4(4D?+BE?+CF?)<(4B+BC+AC)?
st o
(AB+BC+CA)? g (AB+BC+CA4)?
(AD+BE+CFY 3(4D?+ BE?+CF?)
AB+BC+C4 _ 2.
AD+BE+CF 3
(2) xay ra khi va chi khi AB=4C=BC.
Vi viy biéu thirc di cho dat gia tri nho nhét khi va
chikhi 4B=AC=BC.

3) 98cm.

Ciud. 1) Cho p la so nguyén to khac 2, hai so tw
nhién lé a, b thoa mdan a+b chia het cho p, va

hay

4
22—
3

Chimg o (2). Ping thic &

a-b chia hét cho p-1. Chitg minh rang a®+b°

chia hét cho 2p.

TOAN HOC
' STudilpe
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2) Ch ic 56 ‘
) Cho cdc s6 thiee a, b Iém hon ¥ va thoa man
3

g 1
o (31’_l)+m2\/“ ab. Chitng minh rang

l+a+b>3ap.

HD-Dap 54, 1) Khéng mat tinh t
S a2b .

THI:

ong quat, gia

a chia hét cho p. Theo diu bai a+bip

Suy ra bip. Ma a, b 1a cac sé Je nén ab+be

13 6 chin. Tir d6 suy ra ab+ba:(2p).

TH2: a khéng chia hét cho p.

Goi r 1a du trong phép chia « cho 4

(O<r<p-1) thia = (mod p).Do (a+b):p nén
=—r(mod p). Suy ra: ab+ha=pb_,a

hay a”+b"Erb(l—r“‘b) (mod p) (1).

Mait khac: (a=b):(p~1)nén (a=b)=k(p-1).

Vi r khéng chia hét cho p nén r

(mod p)

va p
A A \ .
nguyen to cung nhau. Theo dinh li Fermat nho

ta c6: rP1=1(mod p) =rk(r)=](mod P)

=ra =] (mod p) (2).
T (1) va (2) suy ra a®+b%=0(mod p) tirc la

(ab +b")5p. Ngoai ra a®,b% 1a cic sé nguyén 1é

nén (ab+b):2. Ma (2,p)=1. Vay (ab+b)2p.

2) Gia sir 1+a+b<3ab. Ta co:
3ab>1+a+b21+2Jab .

Suy ra: 3ab-2/ab-1>0

:(3\/;5+1)(s/;5—1)>0:>ab>1.

Vi a>%, b>—31—, l1+a+b<3ab nén

1 1
{0<l+a <3ab—b: i+—a> 3ab—b.
0<l+b<3ab—a __l___> 1
1+b 3ab-a
1 1 1 1

x Pl + = 3
Dan téi: 02(3b——1) b2(3a-1) a(l+b) b(1+a)

Sl (1-ab)(a+b+ab) s <Yab.
ab(1+a)(1+b)

8 ”» T?ﬁmgce 'S4 580(10-2025)

Diéu ndy mau thudn vai gi.z'\ thiét. Do d¢ didy i
oif & trén 12 sai. V@y, ta phai ¢6 1+a+b23ap |y
Ding thirc & (1) xdy ra khi a=b=1.

Céu 5. 1) Hai ban Minh)'d Huy choi m‘(}r tro Koy
nhie sau: Minh chon ngau nhién I1~1(5! SO trong tip
hop {7;8;9:!0;12}; Huy chon ngau nhién mét gé N
trong tdp hop {5;6:8:9:1 3:14}. Ban ndo chon hegre
sé Ion hon thi sé la ngudi thang cuéc. Néu hai g¢
chon dwoc bang nhau thi két qua la hoa. Tinj, Xdc
sudt dé ban Minh khong thua cugc.

3) Cho hinh thoi ABCD ¢6 A=60° vi AC=6cm,
Chirng minh rang, voi 25 dié.m' bat ki trong hinj
thoi nay thi luon ton tai hai diem co khoang cach

khong vieot qua lem.
17
HD-DPip sé. 1) —.
ap ) 30

2) Ta chia hinh thoi thanh 24 phan béng nhau theo
cic budc sau:
- Ké duong chéo BD, chia hinh thoi thanh hai tam
gidc déu bing nhau, canh 2/3. Mdi tam giac ddy
ABD va CBD, ta ké ba dudmg trung binh dé chia
mdi tam giac thanh 4 tam giac déu bing nhau.
- Trong mdi tam giac déu nho nhét vira chia ra, ta
liy tim cua tam giac va ndi véi trung diém cua ba
canh dé chia mdi tam giac déu nay thanh 3 tir giac
bing nhau.
Nhu vay hinh thoi da dugc chia thanh 2.4.3=24
ti gidc bing nhau. Xét 24 tir gisc bing nhau noi
trén, moi tr gide noi tiép duong tron dudmg kinh
d, véi d —5-—-7=1 (cm).
Nhu vay khoang cach giira hai diém bt ki trong
mdi tir gidc d6 khong vugt qua lem. Véi 25 diém
bat ki trong hinh thoi ABCD, theo nguyén ly
Dirichlet, s€ c6 hai diém cing thuoc mot tir gidc,
nghia 13 c6 hai diém ma khoang cach giira chiing
khong vugt qua 1cm .
NGUYEN VAN XA

(GV THPT Yén Phong sé 2, Béic Ninh)
Gidi thigu
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DE THI TUYEN SINH VAO LOP 10 THPT CHUYEN TINH HUNG YN
Nam hoe 2025 - 2026
Modn thi Todn (Chuyén Todn)
Thoi gian lam bai: 150 phiit

Céu 1 (2,0 diém)

Cho biéu thire

v L 3x+10 xtdx+d
x=4 xJfx-2x-4x+8 )| 4Vx '

1) Tim diéu kién xdc dinh va rat gon biéu thirc M.
2) Dt N=A1.(9x—2J.¥+4). Tim gid tri nho nhét
cua biéu thirc N .
Cau I (2,0 diém)
1) Trong mat phfmg toa d6 Oxy, cho duong théng
(d):y=x+m va parabol (P):y=2x2. Tim tit ca
gid trj cia tham s6 m sao cho dudng thing (d)
cét parabol (P) tai hai diém phan biét c6 hoanh
d06 x1;x; thoa man

(2):12 -X2 —m)2 +(2x_% -x --m)2 =4,

2) Giai hé phuong trinh

x3+x2—xy?=2 (x— y? )3

56x2+20(x2 - y2 )= YAx(Br+1) -2

Cau ITI (2,0 diém) |

1) Tim tit c4 nghiém nguyén (x; y) cﬁarphuong
trinh

(x2+3)p2 ~(x=2y)(x+2y+1)=25x+2y+169.

2) Mot thiing c6 40 qud bong c6 kich thude va
lchéi lugng nhu nhau, trong d6 co mot s6 qua bong
mau d6, mot s6 qua bong mau xanh,, cc‘?n lai la
nhimg qua l?()ng mau khac. Lay ngéu nhién mot
qué bong trong thing. Xac suat ¢é lay dugc qua

bong mau do 13 %, xac 'sudt dé ldy dwgc qua

) g 9 Lo g P
bong mau xanh la & Tim s0 qua bong c6 mau

khac mau do va mau xanh.
Cau IV (1,0 diém)
Cho hinh chir nhit ABCD,

BC=6cm. Goi K la trung diém cia AD. Trén

co0 AB=9cm,

canh AB liy diém H sao cho AH=2cm. Tinh
cosHCK .

Cau V (2 diém)

Cho duong tron (O;R) va diém I cé dinh nam
trén duong tron  (O;R). Goi 4,B la cic giao
diém cua hai duong tron (O;R) va (I;R), P 1a
diém thay d6i trén cung nho AB cia dudng tron
(I;R) . Duong théing qua P va vudng goc voi IP
cit duong tron (O;R) tai M,N.Ké PH vudng
goc voi IM tai H, PK vudng goc voi IN tai
K.

1) Chimng minh rﬁng boén diém I,H,P.K cung
thudc mot dudng tron va HK vudng goc vai Ol .
2) Khi P thay dbi trén cung nho AB cia dwong
ton (I;R), tim gia trj 16n nhit cia dién tich tam
giac IHK .

Céu VI (1,0 diém)

Cho cac s6 thuc ducng X,y,z. Tim gi tri nho

nhit cia biéu thire

B \/2x2 +2xy+y? LJ2y2 +2yz+z2
x+2y : y+2z

V2z24+2zx+x?
Z+2x '
PHAM TRUNG KIEN
(GV.THCS Pham Huy Théng, An Thi, Hung Yén)
Gidi thigu
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MEO CHU TONG TRi\H\ A SG I\\I()I L

pHAT TRIEN NANG LUC GHO HOC Siiy
TG QT T T AT mﬁu MR BA OBty

NCUYENI1F

Trong qua trinh day hoc néi chung, bdi dudng hoc
sinh gi6i hojc 6n luyén tuyén sinh vio 16p 10 néi
riéng, viéc lyra chon dugc nhimg bai tip dién hinh
c6 nhiéu huéng giai va théng qua d6 khai théc,
phat trién hoic mg rdng bai toan la viéc 1am cén
thiét, g6p phan phat trién nang luc tu duy cho hoc
sinh. Bai viét nay s€ gidi thiéu véi cac thy, c6 va
cic em hoc sinh mdt bai tdp nhu vay.

L. BAI TOAN MO DAU

C}n’mg ta cing xuét phat tir mét bai todn vé bét
dang thirc trong dé thi tuyén sinh 16p 10 chuyén
Toéan cia S6¢ GD&PT Binh Djnh nim hoc 2021 —
2022:

Cho a,b.c la cdc sé thuc dwong théa man

1 1 1
' ; =2. Chimg minh abcsé.

l+a 1+b l+c

Bai toan nay dugc danh gia 1a quen thudc nhung
ciing c6 nhiéu co hoi dé khai thac va phat trién.
Bai viét nay gi6i thiéu vé6i ban doc vé viéc khai
thac va phat trién bai toan nay.

1 1 1
i giai 1. Ta cé: { + =
ek 1+a 1+b l+c

1 1 1 1 1 By
R —4 = = T 25
1+a 1+b 1+c¢/) 1+b 1+c

Ap dung BDT Cauchy, ta co:

: N bc
1+a 1+b l+c  \(+b)(I+c)
; , . B c ¢
Ping thirc xay ra khi T;B-:T'F_C-ﬁb_c.

Tuong ty, ta ciing co:

1 i ca 1 59 ab '
b A(+c)a+a) 1+c \/ (1+a)(1+b)

TOAN HOC
F clusilze
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(GV. THPT Gia Vién p, N":hflgp

e s SR iy

Nhan vé theo vé céc BDT trén, ta dugc
1 >3 abc " 1
e 2O N b)) Y Gbes
(1+a)(1+b)(1+¢) (1+a)(1+b)(1+c) ng'
; 1

Ping thirc xay ra khi a=b=c:§.

Loi gidi 2. Ta co:
I 1 +_1____2¢2abc+ab+bc+ca =,
l4+a 1+b l+c¢

Ap dung BDT Cauchy, ta co:

ab+be+ca=33a?b2c?.

Do dé: 2abe+33(abc)* £1
hay 203+312-1<0, véi t=3/abc>0.
Ta cé: 263 +32-1<0=(¢+1)? (2-1)<0

atﬁ% (do t>0).

1 1
Suy ra: 3abc SE hay abcsg.

; : 1
DPing thirc xay ra khi a=b:c=5.

Léi gii 3. Tir gia thiét, ta c6 ton tai céc sb thyc
duong x,y,z sao cho:

Wone Q) Al g2 gt 22
I+a x+y+z 14b x+y+z l4c x+y+z
S a=y+z—x,b=z+x—y,c=x+y—z.
2x 2y 2z

Vi a>0,b>0,c>0 nén x+y-z>0,y+z-x>0,
z+x-y>0 hay x,y,z 1a 45 dai ba canh cua mot
tam giac. Ta co:
b c=l. (x+y-2z)( y+z—x)(z+x—y).
8 T
Laico (x+y-z)( Y+z—x)=y2 —(x-z)*< y2.

il
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Tuong tu, ta cling c6: (x+y—z)(z+x—y)<x2;
(y+z—x)(z+x-y)<z2.
Suyra: (x+y—z)2(y+z—x)?(z+x—y)? <(xyz)?
hay  (x+y-z)(y+z—x)(z+x-y)<xyz.

Do d6 abcsl.
8
Déu béing xay ra khi x=y=z hay a=b=c=%.
Laoi gidi 4. Tu gia thiét, ta c6 ton tai cic sb thuc

duong m,n,p sao cho:

1_m+n'l

i _n+tp 1 ptm
1+a m+n+p’ 1+b m+n+p’ l+c m+n+p
Do dé: a=—L_p-_" e .
m+n  n+p  pim
va ab mp

c=(m+n)(n+p)(p+m)'

Ap dung BPT Cauchy, ta cé:
171+7122M,n+p22\/;5,p+m22\/%.

Nhan vé theo vé cac BPT nay ta dugc:

(m+n)(n+p)(p+m)28mnp.

mnp

<l. Déu bing xay

hay abc= <
ied (m+n)(n+p)(p+m) 8

rakhi m=n=p hay a=b=c=-;-.

II, KHAI THAC VA PHAT TRIEN BAI
TOAN

Viéc khai thac, phat trién bai toan dugc thé hién
thong qua viéc khai thac, phat trién tir 15i giai cia
bai toan hodc tir gia thiét va két luin cia bai toan
do.

1. Khai théc tir gia thiét va két luin cia bai
todn

Lai ban 1. Bai toan mé dau con co thé dugc phat
biéu duéi hinh thirc khac nhu sau: ;

Bai 1. Cho ba sé duong ab,c thoa man
—L—+L+—l—=2. Tim gid tri Iom nhat cia biéu
I4a 1+b l4c _

thirc P=abc.

(Piy 1a mét cau héi trong dé thi HSG Toan 9 nim
hoc 2015 — 2016 ciia S& GD&PT Dédng Thép va

dé thi HSG Toan 9 nim hoc 2020 — 2021 cia S&
GD&DT Tra Vinh).

Léi bin 2. Tacé: —— 4Ly !

l4a 1+b l+c
<>2abc+ab+bc+ca=1 nén bai toan md diu ciing
co thé dugc phat biéu dudi hinh thirc nhu sau:

Bai 2. Cho cac so thuc dwong a,b,c thoa mén

, _ 1
2abc+ab+bc+ca=1. Chimg minh abcs~,

«
Bai 3. Xét cdc so thuc dwong a.b.c thay doi va
thoa man 2abc+ab+bc+ca=1. Tim gid trj lon
nhat cua biéu thirc P=abc.

Léi ban 3. Néu thay gia thiét L+L+L--2

1+a 1+b l+c

thanh ——+——+—1 > thi twong tw nhu 19 gisi
l14a 1+b l4c

1, ching ta ciing chirng minh dugc abcs-:;. Do

do, ching ta c6 bai tap:
Bai 4. Cho ba so dirong a,b,c  thoa man
1

. . I
——+——+——22. Chimg minh abc<—.
l+a 1+b l+c

Ldi ban 4. Néu thay gia thiét B v et S

I+a 1+b l+c
bing gia thiét abc=% thi chiing ta c6 thé danh gia
1 1

B JEPTAL, NSO B
I+a 1+b l+c
Véi lwu ¥ réng:

1 1 1  342(a+b+c)+(ab+bec+ca)
l+a 1+b 1+c—l+(a+b+c)+(ab+bc+ca)+abc

nhu thé nao?

pr il by fd S 1 .
nén vdi gia thiét abc=§ ta co:

1 1 1 24+16(a+b+c)+8(ab+bc+ca)
l+a 14b l+¢  9+8(a+b+c)+8(ab+bc+ca)
_ 15+8(a+b+c)
. 9+8(a+b+c)+8(ab+bctca)’
Ap dung BDT Cauchy, ta c6:

ab+bc+ca>33/(abc)? =% hay 8(ab+bc+ca)>6.

Do do:
S& 580(10-2025) T?fé_l;_lug(ég 11
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+8(a+b+c)+8(ab+bc+ca) =

9+8(a+b+c)+6
Viviy,taco L, 1 1 : _
. 1+a+1+b+E32. Khi dg, ta c6 bai
tap:
Bii 5

« i Ch . £
ho ba 54 duong a.b,c théa mén abc=l

Chitng minh rc?nq gty <2

+—
. l+a 14p fhp
Loi ban 5. T, co:

1 1
+\+\=2¢>\+ 1

l+a 145" Tee 2+2a 242b 2420V
Bang cach déi bién § xX=2a,y=2b,z=2¢ ta cb
bai toan mé diy va bai 5 tr& thanh bai todn c6
hinh thirc “da thuong” hon nhyr sau:

1

Bai 6. Cho ba s thuc duong x,y.,z thod man

1
=

24+x 2+y 24z

1. Chimg minh rang xyz<1.

Bai 7. Chirng minh rang néu cdac sé thuc duong

X, ¥,z thod méan xyz=1 thi 1 + : } : <lI.
2+x 2+y 24z

2. Khai théc tir 1o gidi ciia bai todn

Chung ta cung thuc hanh ky thuat nhu trong 1o

gidi 1, 16i giai 2 d¢ giai mot s bai tap.

Bai 8. (Trich @& thi Olympic To#n Croatia
2005). Cho a,b,c la cédc sé thuc dwong thoa mén
1

l+Z4—1=1. Chimg minh rang (a-1)(b-1)(c-1)=8.
a c

. : 1-1 .
Loi gidgi 1. T gia thiét l+—+—=l suy. ra
a b c
1.1 1 c-1
a>1,b>1,c>1.Ta cd: —+—+—=1<
a b c c

il
a b

> 2

11
Ap dung BDT Cauchy, ta cé: —+= —

1, 2
c Jab
a—lZ Z;b—l2 2'
a +fbc’ b Jea

Nhan vé theo vé cac BDT trén, ta dugc:

Do dé: 1__ Tuong tu, ta co:

TOAN HOC
* cTugitze
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‘

-, 8 (b
Q:llz_l;cl_)(f__lZZ;; hay (a-1)(b 1)(0\1)58,

Ping thirc xdy ra khi a=b=c=3.

2 1,14
\ .2 —_— |
Loi giai 2. T gid thiet —dod=sl g s

a>1,b>1,c>1.Dit x=a-ly=b-lz=c—| t};

x>0;y>0;z>0.
1
W5 <A A _,_+_.+_\:
Tir gia thiet ta CO s R e 1 hay
_xyz._—_-x+y+Z+2. Ap dung BDT CHUChy, ta co.
x+y+z233xyz.
pat t=3xyz thi >0 va g 23145

o (t-2)(t+1)220<¢22. Suy ra 3fxyz>2 hay
xyz>8. Ding thirc xdy ra khi x=y=z=2
Vay (a-1)(b-1)(c-1)28 va dang thic xay ra khi

a=b=c=3.

1
Loi ban 6. Ta co: l+%+;=1¢>abc=ab+bc.|.Ca_
a

Vi vy bai todn nay c6 thé dugc phat bidu dug;

hinh thitc khac nhu sau: Xét cdc so thuc duong

a,b,c théa man abc=ab+bc+ca. Tim gia tri nhg

nhdt ciia biéu thirc P=(a—-1)(b-1)(c-1).

Day 1a mot cau hoi trong dé thi HSG Toan 11 nim

hoc 2008 — 2009 cua S¢ GD&DPT Vinh Phic.

Bai 9. (Trich d& TS 16p 10 chuyén Tosn nim

hoc 2005 — 2006, S¢ GDPT Thanh Héa).

Cho ba sé thiee x,y,z déu Iém hon 2 va thoa man
; 1 §

diéu kién —+l+-l—=l. Chieng minh rang

X Y-z
(x=2)(y-2)(z-2)<1.

Loi gidi 1. Ta co: :
l+_l.+l=1<;>l= l__l_ + 13k =y—2%z—2.
Xy .z X \2.9)\2 z) 2p 2z

Ap dung BDT Cauchy, ta cé:

¥22 22 ) [0=2G2)
2y 2z 4yz
8 / -2)(z—
Suy ra: ;2 w Chirng minh tuong t
yz

el
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s L> [(=2(z-2) vil 1, /(x—?.)(y—Z)‘
Yy Xz z xy

Nhén vé theo vé cic BT ta dugc:
1 -2)(y-2)(z-
B O A6 r-dNe el
xyz xyz
Ding thirc xay ra khi x=y=z=3.
a=x-2;b=y-2;c=z-2 thi

Loi giai 2. Dit
a>0;b>0;c>0.
1 |0

Tir gia thiét ta c6 f——+——=1 hay
a+2 b+2 c+2

abc+ab+bc+ca=4.

Ap dung BDT Cauchy, ta co:
ab+bc+ca>33(abc)?.

Dit 1=3abc thi £3+312<4

hay (1-1)(t+2)2<0=t<1 (do t>0).

Do d6 abc<1 hay abc<l.
Pang thirc xay ra khi a=b=c=l.
Vay (x-2)(y-2)(z-2)<] va dinig thirc xay ra khi

x=y=z=3. ‘

Loi ban 7. Ta co l+l+l=1©xyz=xy+yz+zx.
x y z

Vi viy bai toan nay c6 thé duoc phat biéu dudi
hinh thitc khéc nhu sau: Xét cde sé thuc x, Y,z
déu lén hon 2 va théa min xyz=xp+yz+zx. Tim
gid tri 16m nhdt ciia biéu thirc
O=(x-2)(y-2)(z-2).
Bai 10.. Cho x,y,z la cdc 56 th_u'c [a’n hon 1 va
théa man l-f-l+l>2. Tim gia tri lon nhdt ciia
%2

biéu thirc A (x—l)(y—l)(z 1)
Loi gidi 1. Ta cb;

l+l+l>2¢>l>(l-l} (l_lJ:
X Yz %o \i ¥ z)

Ap dung BPT Cauchy, ta co:

y—l{z——l22 (y—l)(z—l)_
v \} yz

11 B}

el 251,
i B

Suy ra: l22 ___(y—l)(z—l)‘
X yz

Tuong tur, ta co:

1y, [GDGD |, 1, [G=DO-D,
y xz z xy

Nhan vé theo vé cac BDT, ta dugc :

R LE, Ui Cial) DR S |
Xyz xXyz 8

w

Ding thirc xdy ra khi x= y=z=z. Viy biéu thirc

A dat gia tri 16n nhat bang é
a=x-l;b=y-l;c=z-1 thi

a>0;6>0;c>0 va L+L+L>2.
a+l b+l c+l

Loi gigi 2. Dit

Ta co: ——1-—+-!—+-l—2292abc+ab+bc+ca51.
a+l b+l c+l

Ap dung BDT Cauchy, ta cé:
‘ab+bc+ca>33(abc)?.

Pat  r=Yabc  thi = 283+3r<1  hay

(2t—1)(t+l)2S0¢tS% hay 3/abc S—;—cmch%.
Ping thirc xay ra khi a=b=c=%.

Vay'biéu thic 4 dat gia tri 16n nhit bing % khi

Bai 11. Cho ba. sé diwong ab,c--théa man

L+L+L—2 Chimg minh

l+a 1+b l+c
(2a+1)(2b+1)(2c+1)28.

Lm gtazI Ta cb: —+——+ L
R G I C 8 O

Lo b Ligpy 2a8 il ol o,
Tra  I#b i ltc o Lig o14b e
Ap dung BDT Cauchy, ta c6:
'2a+1=1=122 _l-.
l+a 14b l+c (1+b)(1+¢)
: TOAN HOC
S3580(10-2025) _* Cisdilré 13
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2b+1

o e

Tumlg W, ta co;

1+b (I+a)(1+c)
va 2cHl, /o SR
l+¢ (I+a)(1+b)

Nhén vé theo vé cic BPT trén, ta dugc:
(2a-+1)(2b+1)(2c+1)>8.

Ding thirc xdy ra khi q=p=c_]
2
Loi giai 2. Ta c6:
11

-

oS T }1+c =24:>2abc+ab+bc+ca=l;

(2a+1)(2b+1)(2c+1)>8
4:»4(2abc+ab+bc+ca)+2(a+b+c)27.
Tr gia thiét ta co:
(Za+1)(2b+l)(20+1)28¢a+b+czi.
2

Ap dung BPT Schwarz, ta co:
W S 9
l+a 1+b l+c 3+arb+e

hay a+b+c+32§¢>a+b+c2§.
2

Pang thic xdy ra khi a=b=c=l.
2

Loi ban 8. Ta c6: (2a+1)(2b+1)(2c+1)>8
=4(2abc+ab+bc+ca)+2(a+b+c)>7.

Do dé, bai todn niy c6 thé phat biéu dudi hinh

thirc khac nhur sau: Cho cdc sé thuc dvong a,b,c

1 1

l+a 1+b l+c
4(2abc+ab+bc+ca)+2(a+b+c)>7.

thoa man =2. Chitng minh rdang

3. Khai thac tir gia thiét cia bai toan
Trong phan nay, ching ta s& khai thac tir gia thiét
clia bai toan v6i nhitng hinh thitc khac nhau va 4p
dung cic bit ding thic quen thudéc dé tao ra
nhirng bai toan méi. Xin nhéc lai ré'mg:
1A sl

l+a 1+b l+c -

Loi ban 9. Néu ap dung BPT Cauchy cho ba sb

=2 2abe+ab+be+ca=l,

TOAN HQC |
& cruélbe S0 580(10-2025)
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1 1 1 changtaco:

dwong T mp 14+c

1
! ,_1..233/————\
o 1ve VA+a)(1+b)(1+c)

ching ta cé by; tap:

)

.
£ 1+a
27
£h
hay (1+a)(1+b)(1+€)27g

cdc s6 thue duong a.b,c thoy may,

Bai 12. Cho
2abc+a[)+bc+ca:l. Ching

27
(1+a)(1+b)(+e)Z=cm

minh rang

L&i ban 10. Néu ép dung BDT Cauchy, ta c¢.

2
1 L s .
Tra 140 J(+a)(1+b)
T A ST
Tuong ty, ta cung €0 17577, .= J+b)(1+c)
\ 1 ! ! > 2
va T - )
l+c l+a 1/(1+c)(1+a)

Cong vé theo vé cac BDT trén, ta duoc:
1 1

1 t + <2
J+a)(+b) (+b)(1+c) J+e)(1+a)
hay Vi+a+y1+b+V1+c$2(1+a)(1+b)(1+c).

Do d6, chiing ta c6 bai tép sau:

Bai 13. Cho cdc s6 thuc dwong a,b,c théa min
2abc+ab+bc+ca=1. Chirng minh rang
J+a+1+b +1+c 22 (1+a)(1+b)(1+c).
Loi ban 11. Ap dung BPT Bunyakovsky, ta co:
1 1 1

ATMeEie
l+a 1+b l+c) \J1+a 1+b l+e
1
1 1 <\/g

it JVl+a +m+m_
<:>\/(1+a)(1+b)+\/(1+b)(l+c)+\/(l+c)(l+a)
<\J6(1+a)(1+b)(1+c).

Do d6 ching ta c6 céc bai tap sau:
Bai 14. Cho cdc 56 thie dwong a,b,c théa man

2abc+ab+be+ca=1. Chimg minh rang

| e A | 1
+ + <4/6.
Ji+a J1+b \/_

l+¢

. g |
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Bai 15. Cho cdc 56 thire dwong ab,c thoa man

2abc+ab+be+ca=1 . Chimg minh rang

JU+a)140) +J(1+0)(1+¢) +J(1+e)(+a)
<J6(1+a)(1+b)(1+c).

Loi ban 12. Viét
e T I - I s <
l+a 14b l4c l4+a 1+b l+c
va 4p dung BDT Bunyakovsky, ta co:
b c

[(1+a)+(1+b)+(1+c)](1—:a—+-l+—b+m)2(\/; +b+c)?

= a+b+c+32(Va+Jb+Jc)?
<Jat+b+rct3zJa+Jb+e.

Do do6, chung ta c6 bai tap:

Bai 16. Cho ba so duong ab,c thoa man
11 1
l+a 1+b l+c
Ja+b+c+32Va+ b+e.

Bai tdp nay c¢6 mét hinh thire khac nhu sau:
Bai 17. (Trich dé thi Olympic Toan Iran, 1998)

Cho x,v,z la cac so thuc lém hon 1 va thoa man

=2. Chiing minh rang

: 1--1--1 3
dieu kién —+—+—=2. Chung minh rang
X ¥ =2

\/x+y+z Zx/x—1+\/y—1+\/z—1.
(Bii nay ciing 1a mot cau trong dé thi tuyén sinh
16p 10 chuyén Toan ndm hoc 2020 — 2021 cua S
GD&DT Binh Thuén).
Léi ban 13. Néu 4p dung bét ddng thitc Schwarz,
tacc'):l'l> A0 1:12 :
1+b l+c 2+b+c

l+a 1+b 2+a+b’
: } ! 2' i .
l4+¢ l1+a 24c+a
Cong vé theo vé cac BPT, ta dugc:
| s T |
2+a+b 2+bt+c 2+c+a
Do dé, ching ta c6 bai tép:

va

<1

Laoi ban 14. Ap dyng BDT Schwarz, ta co:

1 1 1 N 9 2 ; 1 9
t t 2 j —p—z
l4a 1+a 14b 342a+b" 1+bh l4c 3+2b+c
Py 2 1 % 9

l+c l+a 3+2c+a
Cong vé theo vé cac BDT, ta dugc:
1 [l 1 1 1 Pd

342a+b 3+2b+c 3+2c+a

2
3
Do d0, ching ta c6 bai tap:

Bai 19. Cho cdc so thuc duong a,b,c thoa mdan

2abc+ab+be+ca=1. Chimg minh ring
] . 1 1 1 <2‘..
2a+b+3 2b+c+3 2c+a+3” 3

Léi ban 15. Do 4a?+5=(4a%+1)+424(a+1) nén

111

4a2+5 414a
4b2+5 4 1+b
Mo ighly
4c2+5 4 1+c
Cong vé theo vé cac BDT trén ta dugc:
I rho) Ty VIR GO B
4a2+5 A4b2+5 4c2+5 2

Do d6, chiing ta c6 bai tap:

Tuong tu, ta ciing co:

Bai 20. Cho cdc s6 thuc dwong a,b,c thoa man

2abc+ab+be+ca=1. Chimg minh rang
LAy VLI U |
4a2+5 4b2+5 A4c2+57 2

Loi ban 16. Ta co6:

ab-+bc+ca233/(abc)? hay achu;Eb;TaI) ;
2t ’ﬂ/@ thi o gia thile

2abc+ab+bc+ca=], ching ta co:

. ri A . : [ ~ { ' i 1
Bai 18. Cho cdc so thyc duong a,b,c thoa man 1263 4312 e (t+1)2(2=1)20 hay r2—.

2abc+ab+be+ca=1. Chitng minh rang
L L 4 1 <1,
a+b+2  b+c+2 cta+2

Suy ra ab+bcﬂ-ca2%. Do d6, ching ta c6 bai tap:

TOAN HOC
: CTudiye
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Bai 21. Cho ba s6 dwong abc thoa Mt
—]—+-—l—+~l=2. Chneng minh ab+becrcaz—
I+a 14+b l4c ‘ 4

3
L) 5 3 X +b+c
Loi ban 17. Néu dé y ring abcs(a 3 ) v

ab+bc+casal-(a+b+c)2. Diit 1:-;;((r+b+c) thi tir

gid thiét 2abc+ab+bct+ca=l, ching ta co:

2t3+3!221<¢t2%. Suy ra a+b+02%. Do do,

chiing ta c6 bai tip:
Bdi 22. Cho ba s6 dwong ab.c théa man

3
2abc+ab+bc+ca=1. Chimg minh a+b+c2-5.
C6 thé con nhiéu cach nira dé khai théc va tiép can
bai toan m& ddu. R4t mong dugc su trao ddi tir cac

thay, ¢ va cic em hoc sinh.

III. BAI TAP TU LUYEN
Cac ban hay thuc hanh ky thudt nhu trong nhimng
16i gii, 101 ban trén dé giai quyét cac bai tap sau
day:
Bai 1. (Trich dé thi Olympic Todn Latvia 2002)
Cho a,b,c,d la cac s6 thuc duong théa mén

I 1 g odvs

1+a* 1+b* l4c? 1+d*

Chimg minh ring abed >3.
Bai 2. (Trich @ thi HSG quéc gia mén Todn nim

1998 cua Viét Nam) Cho x1,x3,...%, 14 céc sb

thuc duong va n 13 sé ti nhién 16n hon 2, théa
e DU W
x+1998 x,+1998  x,+1998 1998

n
NNX2-%n 51998,

n—

Chimg minh ring

Bai 3. (Trich dé TS Iop 10 ndm hoc 2021 — 2022,
Sé GD&PT Thanh Héa) Cho ba sb thuc x,y,z
thay d6i va thoa man céc diéu kién

1 1 4 3 2
x>—,y>—,z>=— Vi t } 22
4 3., 2 4x+3 3y+2 2z+1

TOANHOC .
& Cruﬁwé S6 580(10-2025)
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cia biéu thire

£
oo oia tri | n nhat ;
Tim gid ! Q:(4x—l)(3y_1)(2“l)'
a,b,c the,
\j 4. Cho cAc 56 thuc duong ‘ o g
s b+bc+ca:1. Chimg minh rang
c+d

2(1[7
+ + +,/ +1)(C 1 (C "l)(( | )2
((1 I)(b l) (b l)( + )_*,\/_T‘ |

o dé TS 1P 10 chuyén Todn nap, hoc
i 0

Bai 5. (Tr iy G
soa1 - 2022, S5 GD&DT Kién GIang) Cho .
la céc s6 thuc ln hon 2021, thoa Min
da v

1,1,1__2_ Chimgminh rang

Ty z 2021

Bai 6. Cho cac o thue duong a@,b,c thoa my,
abc+ab+bc+ca=4. Chirng minh rang

1 1
i A L
a+b+4 btct+4 c+a+4 2

Bai 7. Cho cdc s6 thuc duong a,bc théa min

abe+ab+be+ca=4. Ching minh ring
S B

2+2b+6 b+2c+6 c+2a+6

Bai 8. Cho cac sb thuc a,b,c 16m hon 2 va thoi

=
3

min abc=2(a+b+c). Chirng minh rang
(a=2)(b-2)(c—2)<18/6-44.

Bai 9. Xét cac sb thuc x,y,z 16m hon 1 va thoa

min 3xyz+xy+yz+zx=5(x+y+z+3). Tim gia ti

16m nhét cia biéu thirc A=(x—1)(y—1)(z-1).

Bai 10. Cho cic s6 thuc duong x,y,z thoa min

b :
—+——+——=2. Chimg minh rang

I4+x 1+y l+z

1.1.1
=—=2>I(rpiz)R3.
TRk y)

Bai 11. (Mircea Lascu, Marian Tetiva) Cho cic 50

thyc duong a,b,c thoa man

2abc+ab+bc+ca=1.

Chimg minh ring l+l~l~—l-24(a+b+c).
abc

‘ e
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Lﬂl GIAI CHU N i THUE

BUINGOC GIAD
GV THPT Quang Trung - Déng Giang, TP. Da Nanz)

Céch ddy 18 nam, trén Tap chi Todn hoc va Tudi
tré s6 361 thang 7 nim 2007, trong chuyén muc
Giai bai ky triede c6 bai T7/537 nhu sau:
Bai T7/537. Cho tam gigc ABC. Chimg minh
réng.'
W3
2c0Ss—C0S—COSs—
2 2 2

+85inﬁsin§sin£25 (1).
L4 k2

Pang thirc xay ra khi nao?

Bai todn trén di dugc giai bing cach sir dung

phuong phép dén bién (theo trung binh cong céac

goc). Ban doc ¢6 thé tham khao chi tiét 151 giai d6

& sb béo trén. Cudi 10i gidi, thdy gido chdm bai

do, TS. Nguyén Minh Pirc c6 nhan xét: “Cho dén

bdy gic vdn chuea c6 16i gidi thudn tuy luong gidc
cho BPT(1)”.

Bii viét nay dua ra 16i giai thun tuy luong gidc
cho BDT(1).

Loi gidgi. Trudc hét chiing ta cin 5 bd dé sau

Xét AABC v6i BC=a, CA=b, AB=c. Goi$, p,
R,  lan lugt 13 dién tich, nira chu vi, ban kinh
dudng tron ngoai tiép va ban kinh dudng tron ndi
tiép tam giac ABC. Khi dé ta c6:

P

Bodé1. cosﬁcos—licosg
2 2 2 4R

r

Bb dé 2. smismﬁsm£
D oD R AR

B6 dé 3 (BPT Euler). R22r

Bé dé 4 (B4t ding thirc Schur). Cho a, b cla

cde 56 thue khong am. Khi do:
a(a~b)(a—c)+b(b—c)(b-a)+c(c—a)(c-b)20.

Ddy “=” xdy ra < a=b=c hodc trong 3 s6 a, b, ¢

cd 2 56 bang nhau va 8 con lai béng 0,

B6 dé& 5 (BDT Gerretsen). p2<4R2+4Rr+3r2
Chitng minh bé dé 1. Ta cé:

b% +c%—a?
_ |(b+c)?-a?
4bc

1+cos4

cos—=
2

\/(b+c+a)(b+c Q) \/p(p a)

:cosA /p(p 4),
Tuong tu: cos£= ’M’ cos£: ’P(P_C).

C _pJp(p-a)p-b)p—)

Khi do: cosécos cos
2727 )

abc
_PS_p
st 4 Coem)

’a~ (b c)?

_ \/(a+b—c)(a—b+c)= J(p—c)(p—b)

(p- a)(P—C)
ac
(p—a)(p-b)
ab '
(p-a)(p—b)(p-c‘)
abc
_P(p-a)(p-b)(p—c)
pabc

S abc r

_-—.-—._—-—..'

Tuong tyr: sm 2

L

sin

Khi d6; sm-/—‘smBsmC
21089

TOAN HOC
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Chitng minh bé dé 3, Theo bd d2 2 ta co:

al-loc? | [02 a
4bc  “Nabe 2
C c

'Tuongtu;gﬁnzzs

|
SIN—=

; sin—< ;
2 2Jab

2Vac
Khi d6: sinﬁsingsin£<-l— Mic khéc ta c6 th
2 2 278 °F w0 e

bd dé 2 thi sinisingsin£=-r—.
2 2 2 4R

Suyra: <l ooy
4R "8

Diu “=> Xdyra <>a=b=c <AABC diu.
Chiing minh bé dé 4. Khong mét tinh tong quat,
gid st a>b>c. Ta cé:
a(a—b)(a-—c)+b(b—c)(b—a)+c(c—a)(c-b)20
¢>(a—b)[a(a—c)—b(b—c)]+c(c—a)(c—b)20
(BDT cubi luén ding vi a>b>c).
Chitng minh bé dé 5. Ta c6:
P?<4R2+4Rr+3r2
<4R2+4Rr+3r2—-p2>0
ale +4.“bc+3.§2—-p2 >0
1652 4p ~p?
- 4a2b2c? 2abe
(a+b+c)(b+c—-a)(a+c-b)(a+b—c) a+b+c
JIbte—a)ate-b)atb—c) (atbtel

<4

4(a+b+c) 4
(x+3)2(y+2)?(x+2)?
4(x+y+z)xyz
; (x+y)(y+2)(x+2)+3xyz (x+y+2)220
x+y+z

(voi g=x+yib=yHE =TTV XiYz0)
Vv =

p(yraftlaref ATz,

&(x+
S H2x2p2 22~ 4t y+z) n

&Y (y-2) 423y (y=y2) (X =x2)20
cyc

u6n ding theo BDT Schur).
—b=c <AABC déu.

cyc
(BDT cubi |
Déu tczvi xéy ra <:>a
Viy bb dé 5 dugc chimg minh
Tré lai bai todn T 7/537. ‘
Sir dung céc b dé 1, 2 BDT can chimg minh trg
thanh:
g@.*._z.izs
p
6J3R?—p(5R-2r)
= 2
pR
Z
- 108R*-p2(5R-2r)> _,
pR[aﬁRZ + p(5R—2r)]
<108R*-p?(SR-2r)*20.
Sir dung bd dé 5 ta dugc:

108R* - p?(5R—2r)>
>108R* —(SR—2r)2(4R2+4Rr+3r2).

Mit khic: 108R*—(5R—2r)?*(4R?*+4Rr+3r?)
=(R-2r)x

x[8(R-2r)3 +44r(R-2r)? +61r(R-2r)+16r3]20
(ludn ding theo bd dé 3).

Déu “="xdyra < R=2r <A4BC déu.

Viy bai toan di dugc chimg minh

e sk s 5 s 3 s e sk e e sl ol s ok s ok ook ok ok ok sk ok ok 3 Sk ok 33 3K 3ok oK oK KK 3 3 ok ok ok ok ok sk ok ok ok s s s s s ok o o e o s o e o o ok o ok ok ok sk ok sk o o ok ok ok o o

' \- Math Jokes

An astronomer, a physicist, and a mathematician
are on a train in Scotland. The astronomer looks

out of the window, sees a black sheep standing in

S5 580(10-2025)

a field, and remarks, "The sheep in Scotland are
black!" "No, no, no!" says the physicist. "At least
one sheep in Scotland is black!" The
mathematician rolls his eyes at his companions'
muddled thinking and says, "In Scotland, there is
at least one sheep, at least one side of which

appears to be black from here some of the time."
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CAC LOP THCS
Bai T1/580 (Lép 6). Cho a va b 1 hai sd nguyén
duong théa man a3+a?=b*+1. Tim a va b dé
tong A=a’+2a+2b%1asb nguyén tb.

HUYNH THANH TAM

(Buu dién TX. An Nhon, Binh Pinh)

Bai T2/580 (Ldp 7). Cho tam giac ABC vudng tai

A c6 ABC=30". Goi D 1a trung diém canh 4B,

qua D dung DH 1 BC (H € BC). Trén tia ddi cia

tia HD lay diém E sao cho HD = HE. Tinh ty sb
AE
g

CAO NGQC TOAN

(GV THPT Tam Giang, Phong Pién, Thira thién Hué)

Bai T3/580. Cho py,p,,Ps,P4,Ds,Psla céc sb
nguyén td sao cho Dra=2pp+1 v6ik=1,2,3,4,
5. Chimg minh rang Z pip; chia hét cho 15.

I<i<j<6
NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phiic)

Bai T4/580. Cho tam gisc ABC ndi tiép duong

tron (0) va AC = 24B. Cac duong thing tiép xuc

v6i (O) tai A va C cit nhau & P. Chimg minh ring
BP di qua diém chinh giita ciia cung BAC.

LAI QUANG THQ

(Phong GD&DT Tam Dwong, Vinh Phic)

Bai T5/580. Cho a, b, ¢, d 13 c4c sb thyc khong
am théa man 2a + 3b + 4c + 5d £ 60. Tim gia trj
16n nhét cia bidu thirc
P=a? +B +¢* +d* —(29a+19b+14c +10d).
NGUYEN HAM THANH
(GV THCS Ly Nhdt Quang, D6 Luong, Nghé An)

CAC LOP THPT

Bai ‘T6/580. Giai phuong trinh sau trén tap 56
thyec:

X =15x" +10x* =30x" +5x~3=0,
TRAN VAN LAM
(Thdi Nguyén)

Bai T7/580. Cho cac s6 thuc a, b thda min

a+b=ab+5+%x/a2 —2a+5/b2 —2b+5.
Tim gid tri nho nhat cta biéu thic Pz‘a—b|.
NGUYEN QUANG NAM
(GV THPT Quy Hop 2, Nghé An)
Bai T8/580. Cho tam gidc déu ABC. Trén cac
canh BC, CA, AB lan luot lay cac diém M, N, P
sao cho MB = MC, NC = 3NA, PA = 2PB. Puing
thing qua C va song song v&i MN cét PN tai D.
Pudng thing MP cit DA tai E va DC tai F. Chimg
minh DEE 14 tam giac déu.
LUC BINH
(GV Truong Trung Vuong, Béng Ha, Quang Tri)
Bai T9/580. Cho hamsb f(x)=x" -3[x|+4, goi 4
13 tap hop hiru han céc sb thuc c6 tinh chat: Néu x
thudc A thi f{x) ciing thudc A. Hoi s6 phén tir cia
A 1a bao nhiéu?
NGUYEN THANH HAI
(GV THPT Triéu Son 4, Thanh Héa)

TIEN TOI OLYMPIC TOAN
Bai T10/580. Cho day 56 (X,)s > 1 Xac dinh boi:

v g 3 12
: "o+l " (n+1)(2n+1)

véi moi

n>1.Dit y, =22 n=1,2,....Tim giéi han:
n

lim y,.
n—>+o

KIEU BINH MINH

(GV THPT chuyén Hing Vuong, Phi Tho)

Bai T11/580. V&i n 13 s6 nguyén duong, tinh tong
sau (theo n):

{+j+k+D)
de ST,
ijkieN il Wk
i+j+2(k+l)=n
NGUYEN TUAN ANH

(GV THPT chuyén Nguyén Quang Diéu, Dong Thip)
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B T12/380. Cho tr gide ABCD. Ciic didm M. N

theo thir tw thuge AC, BD sao cho M4 = N 4,
g - MC ND
0 lﬂ; g1ao dicm cua AN va BM: CO, DO theo thir
gr k:ﬂ( .48.“11 P, Q (,;1. B, P, O d6i mot phin biét).
TOME tron ngogi tiép cac tam gide OAP vd OBQ
L.}l‘ nhau tai G khac 0. Chimg minh ring OG chia
déi doan CD.

LE VIET AN

(Ocean Education, 40 ds 9, P.9, KDC City Land,

Go Vap, TP. Ho Chi Minh)

BAi L1'580. Mot khi cau 6 thé tich J= 336 m’ va
khoi lwong vo m = 84 kg dugc bom khéng khi

|

bt khong khi ben ngodi. Khap,
nong 101 dp SU « hing bao nhidu dé pre o
hi¢t d¢ bing bac € khi ()

. TR L dy
nong phii ¢ Vs i béN NEoAi chv .
it i bay én? Biét khon K 61 DB c6 ny

A ¢ 4 héi luqn
2 Ak O in suat 1 atm; k g Mol ¢
dp 27 °C v O in 1229107 kg/mo;

A aan chu
hong khi o diéu kién
khong VIET CUONG (144 Ngi)

Rai 1,2/580. Mot miu cht phﬁng X2, ¢ chy
bi';l\ @ T) = 2 ngay, gom 6,4.10 hat nhén nguyéy
tir. Mt mau chit phong xa khéc, co chLt ki bin g3
T'- 3 ngay. g6m 8.10"" hat nhan nguyén . Say
7 = , ! nAg

bao nhiéu ngdy so hat nhan nguyen tir chura phép,
ia hai mau do bang nhau?

THANH LAM (Hi x5

a

Xac

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOI,
Problem T1/5380 (Grade o). Given two positive
ntegers a and b satisfying a*+a2=p4+1. Find a
and & such that A4=q2?42q+2h2

number.

is a prime

Problem T2/S80 (Grade 7). Given a right triangle
ABC at 4 with ABC=30°, Let D be the midpoint
of AB. Through D, construct DH 1. BC ( He BC).
On the opposite ray of the ray HD, choose the
point E such that HD = HE. Calculate the ratio
AE

=

Problem T3/589 numbers

Given prime

P1,P2.P3,Pa, Ps, Pe such that
Pikn =2pr +Lk=1..5.
Provethat > p;p; isdivisible by 15.
I<i< <6
Problem T4/580. Given a triangle ABC inscribed
in circle (0O) and AC = 24B . The tangents to (O)
at 4 and C intersect at P. Prove that BP passes
through the midpoint of the arc BAC.
Problem T5/580 Lét a, b, ¢, d be non-negative
real numbers satisfying 2a + 3b + 4c + 5d < 60.
’A‘Find the minimum value of the expression

20

TOANHOC
* CTuGilpe_ SO 580(10-2025)

P=a?+b?+ct+d? —(29a+19b+14c+10d)_
FOR HIGH SCHOOL

Problem 16/380. Find the real solutions of the

following equation
5—15x4+10x3 -30x2 +5x-3=0.

problemn T7/580. Given real numbers a and p
satisfying
a+b=ab+5+—;—\/a2 _2a+5~b2=2b+5.

Find the minimum value of the expression
P=|a—b|.
Problem T8/580. Given an equilateral triangle
ABC. On the edges BC, CA, AB, choose the points
M , N , P respectively such that MB = MC,
NC = 3NA, PA = 2PB. The line through C and
parallel to MN intersects PN at D. The line MP
intersects DA and DC at E and F respectively.
Prove that DEE is an equilateral triangle.

Problem T9/580. Let f(x)=x2-3|xj+4. Let 4 be
the finite set of real numbers with the property: If
x belongs to 4, then f(x) also belongs to 4. What
is the number of elements of 4?

(Xem tiep wrang 30)
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Bai T1/576. Tinh gid tri ciia tong gom 2025 i
hang sau:

12 ')Z
l =1 7076+205”33b 2> -2.2026+2052338

N 3! 2025°
3 +ot - ’
37-3.2026+2052338 2025°-2025.2026+2052338

Loi gidi. V6i mbi s nguyén duong 7 ta co:
n’—n.2026 + 2052338
=n"-2n.1013 + 10132+ 1013?
= (n—1013)*+ 10132 (*).
Co6 hai cach giai tiép nhu sau.
Cich 1. Ap dung (*), mdi s hang c6 dang
2 _ (n=1013+1013)?
n2-n.2026+2052338  (n-1013)2+10132

_(n—1013)2+10132+2(n—1013).1013
3 (n-1013)2+10132
2(n-1013).1013 (%),
(n-1013)2+10132
Cho n lan Iuot bang 1; 2;...; 2024; 2025 vao déng
thirc (**) réi thay vao tong S gbm 2025 sb hang
duoc:
_;, 20-1013).1013
(1-1013)2+10132

n

=il

. 2(2-1013).1013
(2-1013)2+10132
i 2(1013-1013).1013 P 2(2024-1013).1013.
(1013-1013)2+10132 " (2024-1013)2+1013?
11, 2(2025-1013)1013
(2025-1013)2+10132

2(~1012).1013

ks , 2cloinao13
101224101 10112410132
200101013 2010121013 _, o
10112+10132 - 10122+10132

Cidch 2. Xét céc s hang tir trai sang phai 1an hugt
la 1; 2; ...; 2025. Ap dung (*), sb hang thir 1013
3 10132
bang:
10132-1013.2026+2052338

_ 10132 _
(1013-1013)2+10132
Xét tong hai s6 hang n va 2026 — n vai n Jan lugt
bang 152551012, ap dung (*), cb:
n?
n? -n.2026+2052338

(2026—n)?
¥ (2026-n (202620261 2052338
n? N (2026-n)?2

“(n- 1013)2410132 " (1013-n)2+10132”
ddt m = n— 1013 thi téng hai phan sb ndy c6 dang;
n? . (2026-n)?
(n=1013)2+10132 " (1013—n)2 +10132
_(m+1013)?  (1013-m)? _2m?+2.10132 N
T m2+10132 m2+10132 m2+410132
Cho » 1an lugt bing 1; 2;...; 2024; 2025, tic 1a n
béng 1013; n lin lrgt béng 1;2;.;1012 va n lan
lugt bing 1014 = 2026 - 1012; ...; 2025 = 2026 —
1; rdi thay két qua trén vao téng S gbm 2025 sb
hang nhu trén dugec S =1+ 2.1012 = 2025.

Nhén xét. Cac ban sau co 10i giai dang. Ha Ngi:
Nguyén Phiwong Hoa, 6A2, THCS Linh Dam, P.
Hoang Liét; Quing Ngii: Tran Pham Minh Thuy,
6B, THCS Hanh Trung, xi Nghia Hanh; Trdn Gia
Bdo, Tran Vin Phung, 6C, THCS Nguyén Kim
Vang, x4 Dinh Cuong; Nguyén Trin Thdo Nguyén,
Pham Thj Bao Uyén, 6D, THCS Pham Vin Déng, xi
binh Cuong.

NGUYEN VIET HAI
Bai T2/576. Tim cdc s6 nguyén a, b théa man:
|a+20256 1" +|a +2027p - 2"
' =2+2026b-2028".
Ldi gidi. Néu a, b cing tinh chin, 1¢ thi
|a+20256-1 +}a+20275-2' 1 s nguyen 1é.
Néu a, b khéc tinh chn, 1¢ thi
la+20255-1 +|a+20275-2"" 14 56 nguyén 1¢.
Viy moi s0 nguyén a, b thi
la+20256-1 +

Suy ra 2+20266-2028°1a mét s6 1&, suy ra
2028° 13 53 1&. Vay b=0, tir d6 ta co:

Sé 580 (10-2025) a
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a1 Ha=2'" =1,
Xeét a<l, suy rg a-2<-1,suy ra ,a—24m>l hay
la=1"+}a=2">1 (khong thoa min).
Xét a>2, Suy ra a-I>1,suy ra |a—1l9>l hay

’0-u9+,a—21|0>1 (khdng thod min).
Do a 1a mét s6 nguyén, nén ta chi cAn xét a=1 va
a=2 vi déu thoa min yéu ciu bai todn.
Viy ¢6 hai cjp sé nguyén (a,b) thoid man yéu ciu
bai todn 1a (1,0) va (2,0).
Nhin xét. Pay 13 mét bai todn twong d6i d& nén co
nhicu ban tham gia giri bai vé toa soan, tuy nhién
mot s6 ban c6 151 giai con dai. Tuyén duong cac bai
sau co 161 giai ding:
Ngh¢ An: Neuyén Thi Ha Giang; Pham Nguyén
Nguyét Link; Nguyén Thai Diing, 7B, THCS Ly Nhit
Quang, D6 Luong; Vinh Phiic: Nguyén Xuin Ting,
6A6, THCS Yén Lac, Yén Lac; Ha Noi: Duong Pirc
Anh, TM, THCS Ngé Si Lién, Hodng Mai; Quéng
Ngii: Bii Quynh Nha Tric, 7A, THCS Nghia My;
Tran Vén Phung, 7C, THCS Nguyén Kim Vang va
Pham Thi Bdo Uyén, 6D, THCS Pham Van Déng, xi
Dinh Cuong; Cdng hda Ao: Lé Bach Hii Ding, 2B,
Quéc té Song ngir cép 2,3 GIBS, TP. Graz.

TRAN THI KIM THANH
Bai T3/576. Véi mdi s6 thiec x, ki hiéu [x] la s¢
nguyén Ilém nhat khong vuot qua x. Chimg minh

rcfng [(9+4\/5_)305:’ la sé Ié.
Lévi gidi. Ta co: (9+4/5)+(9-4v5)=18;
(9+45)(9-4v5)=81-80=1
nén cic sb X =9—4\/§; X2 =9+4\/§ 13- cac
nghiém ctia phuong trinh bac hai x2—18x+1=0.
Ky hiéu S,=x{"+x} (n=1,2,3,...).
xf-18x+1=0  [x/*2-18x!*+x1=0
K N _
e x3-18x,+1=0  |xJ*2—18x5* +x7 =0
Cong theo vé hai ding thic trén, ta dugc:
Spi2-1 LAY +5y =0=>S,42=1 8S8n1—S.
Lai co: Si=x+x=18;
Sy=x2+x3 =(x+%:)" ~2x12, =182 —2=322

T?ﬁpug% S6 580(10-2025)
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N

:an chin.
; S() tyr "h'cn 1 y ' a nk ’
1 cde 50 & homd Sk Sk 1a chc g f

Gia sir vai g6 ty nhicn e N
hién chin thi Sk+2=]8S“‘_‘S* cung la g tir

nhién chi

nhién chén. . .

Tl yén ly quy nap; 12 cO Sp=x{"+x] I g
heo ngu

‘A 1 vdi ,1:1,2,3,... ‘
tyr nhién chan v - 4\/3 i
Dic biét, Szozs=(9+4\/§) +(9— ) 4 s
t nhién chin va e
0<9—4J5<1:>0<(9—4s/§) <1

2025 1 13 <& tu nhién I¢
nén [(9+4\/§) J=52025 1 1a 56 tu nhién lé.

Bai todn dugc chimg minh. ; |
Nhan xét. 1) C6 thé giai bai todn bang cach khic:

Sir dung céng thic
(a+8)"=Cla" +Clam1b+CRam2b?
+.+Ckar*bk +.. +Cpbn

n

| X 4% .
4 Ok = : k=0,1,2,...,n) ta dé dang Chm]g
e (

minh ring:
202

5
(9+445)"" =A+8Y5, (9-4V5) =A-B5
voi A,BeN*; suyra:

(9+4\E)2°25 +(9-445)
Lai 66 0<9-4V5<1=0<(9-4v5)" <1 nén
24-1<(0+433)" <24,
ta duge [(9+4J§)2025]:2A—1 13 mot s I¢.

2) Diéu then chdt cia céc 16i giai 1 chimg minh

(9+4\/§)2°25+(9-4\/§)2°25 1 sé tu nhién chin va

2025
=24.

0<(9—4\/§)2025<1 dé suy ra [(9+4x/§)2025} 1a s6

lé.
Cic ban sau dy c6 bai giai tdt;

Vinh Phic: Trwong Khdnh Chi, 7A8, THCS Vinh
Yén, TP. Vinh Yén, Nguyén Bio Chdu, 71A6, THCS
Yén Lac; HA Nam: Dao Viét Trung, 8B, THCS
Thanh Son, TX. Kim Bang; Ha Tinh: Nguyén Mai
Trdm, 9A6, THCS Lé Vin Thiém, phuong Thinh

. |
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Sen; Ngh¢ An: Lé Vit Quynh Nhie, 9A, THCS Phing
Chi Kién, Dién Chau, Hodng Vin Duy, 8D, THCS
Ly Nhit Quang, D6 Luong; HA Ngi: Nguyén Thanh
Nam, 8A1, THCS Linh Pam, Hoang Liét; Hoang
Mai; Cdng hoa Ao: Lé Bach Hai Pang, 2B, Truong
qubc té song ngit cAp 2, 3, Gibs, TP. Grar.

NGUYEN ANH DUNG

Bai T4/576. Cho duong tron (O) va day BC co
dinh. Biém A thay doi trén cung lén BC sao cho
AB < AC va hai duong cao BE, CF ctia tam gidc
ABC cdt nhau tai H ndm trong tam gidac ABC.
Duong thang qua A va vuéng goc véi AH cdt EF 6
1, dwong thang qua A va vuéng goc véi AB cat BE
¢ K, duong thing qua A va vuéng géc véi IK cat
BCoM. IK cat AH tai P. Chirng minh d¢ dai doan
MP khéng doi khi A thay déi trén cung lén BC.
Ldi gidi.

Léi gidi. Goi R 12 ban kinh dutng tron O; N 1
giao diém ciia IK va AM. Ta c6 IAE=ECB=AFE,
suy ra: AIAE o> AIFA (g.g). Ta co:
“ L w=EIF.
IF I4
Mit khdc: 14> = IN. IP, nén IE.IF = IN. IP.
Do d6 tit giac EFPN ndi ti€p, suy ra:
PFE=KNE=KAE=ECH.
Tir d6 PFA=HCB=PAF, din t6i P 14 trung diém
cla AH. Goi M’ 13 trung diém ctia BC. Ta c6 cac
két qua quen thudc:
OM’=AP,PF | FM’,va PE 1 EM’,
Tir d6, M’ thudc dudng tron ngoai tiép tam giac
PEF, tiic 1a P, N, E, M, F cung thugc mot duong
tron. Do @6 M'N L IK. Vaiy M’ = M, hay M la
trung diém ciia BC. Do APMO 14 hinh binh hanh
nén MP = OA = R khéng ddi. -

Nhdn xét. 1) Gia thiét diy cung BC cb dinh 1a khong
cAn thiét.
2) Chi c6 hai ban cho 16i giai tot:
Nghé An: Lé Vi Quynh Nhu, 8A, THCS Phung Chi
Kién, Dién Chau; Lam Ddng: Trdn Biec Hiéu, 10 Toan,
THPT chuyén Thing Long, Pa Lat.

NGUYEN THANH HONG

Bai T5/576. Giai phwong trinh:

Ux* =52 ~13x7 —3x-3 +%le +3x—2+2x+1=0.
Léi gigi. Diéu kién x4c dinh: x2+3x-220 (*).
Ta c6: x*—5x3-13x2-3x-3
=(x%+3x3 -2x2)+(x2 +3x—2)—~(8x +12x2 +6x+1)
=(x2+1)(x2 +3x—2)—(2x+1)3 ;
Theo (*) va x2+1>0 nén (x2+1)(x2+3x-2)20.
Do do: (x2 +1)(Jc2 +3x—2)—(2x+1)3 2—(2x+1)3 (**).
Tir 6 suy ra:

x4 _5x3-13x2-3x-3 +%\/x2 +3x—2+42x+1

>3~(2x+1)’ +%.0+2x+1=0.

Do d6:
x4 —5x3-13x2—3x-3 +%«J x243x—2+2x+1=0

-3+
khi va chi khi x2 +3x-2=o@x=%@.

Viy tip nghiém cua phuong trinh da cho la:

S={—3-—\/l—7_ _—3+~f1—7 }

2 2

Nhdn xét. MAu chét ciia bai toan 13 viéc phat hién va

chimg minh dugc bét ding thirc (**). Cac ban giri

bai v& toa soan déu cho 15i giai ding. Tuyén duong

céc ban sau co 161 giai t6t, 1ap luan chit ché:

Ha Noi: Nguyén Thanh Nam, 8H1, THCS Linh
Pam, Hoang Liét, Hoang Mai; Ha Si An, 8A3,
THCS Nguyén Trdi A, Thuong Tin; Trdn Thu Ha,
9C, THCS Phi Minh, Séc Son; Phii Tho: Nguyén
Thanh Mai, 9A, THCS Nguyén Quang Bich, Van
Xuén; Ha Tinh: Nguyén Mai Trdm, 9A6, THCS L&
Vin Thiém, Thanh Sen; Nghé An: Lé Vi Quynh
Nhw, 9A, THCS Phung Chi Kién, Dién Chéu;

TOAN HOC
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TP. H3 Chi Minh:

Nguyén La .
Duy Anh, figuyen Lam, 8A2, THCS Pao

PHAM TH]| BACH NGQC
Bai T6/576. Gigj hé phicong trin:

- % D 3,
X +_\" +:£_=] (I)
Xty ),

.T+_l‘=_t2 -y ('))

lI:ho'l giai .:(cﬁa Ngu,}'én Mai Trdm va nhidu ban
‘ ac). Diéu kién dé he phuong trinh D cod ngh.ia
la x+y>0 (*). Véi diéy kién (*) ta co:

2
Wes(aty) -2 X2y 2 2y

(x+y) x+y (x+y)2

’ 2 2
cb(x+y i ) - L
Xty X+y

ox+y—2 42 _
X+y x+y
THI: x+y-2 -9 o <
¥y Xty T xty=le y=I1-x.
Thay vao (2) ta duge:

l=x2—(1—x)<:>x2+x—2=0<:>(x—1)(x+2)=0
S x=-2=y=3 hoic x=1=y=0.

TH2: x+y—2 = ¥ ox+y 2xy+l:0(3).
Xty x+y x+y

Vi diéu kign (*) thi

B)=>(x+ y)2 ~2xy+(x+y)=0x2+? +(x+y)=0.
Nhung x+y>0 nén TH2 khéng cho nghiém.
Vay hé di cho c6 hai nghiém la:

x=-2;y=3 hodc x=1I;y=0.

Nhdn xét. Bii nay dé nén nhiéu ban tham gia giai va
gidi ding. An Giang: Nguyén Gia Bdo, 10T,
Nguyén Dirc Manh, 11T2, Nguyén Hodi Nhanh,
10T2, THPT chuyén Huynh Min Pat, TP. Rach Gia.
Da Néng: Lé Nguyén Khdnh Triéu, 11/5, THPT Thai
Phién, TP. Pa Ning; Dic Lik: Lé Duy Khanh, 11
Toan 1, THPT chuyén Luong Vin Chénh; Pdng
Théap: Nguyén Dirc Phic, Lé Ngoc Thanh, 10T1,
THPT chuyén Nguyén Quang Diéu. Ha N¢i: Ha S7
An, 8A3, THCS Nguyén Trii A, xd Thuong Tin,
Trdn Thu Ha, 9C, THCS Phi Minh, Séc Som;
Nguyén Thanh Nam, 8A1, THCS Linh Pam, Hoang
Liét, Hoang Mai; Nguyén Kim Thanh, 11 Toén 2,
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N

THPT chuyén DHSP Ha Noi- Hi Tinb: n 5,
Trdm, 9A6, THCS L& Lo Thl:em, P. Thanp, Sen
) D& Quang Anh, Tran Gia Phi, 1) Toa,;

Hung Yén: .
i én. LAm Dong: Tran B,

1, THPT chuyén Humeg Y |
Hiéu, Huynh Nguyén Lé Minh, Pham Quang Mg

10 Toin, THPT chuyén Thing Long, TP. p, Lat

Ngh¢ An: Nguyén Thai Diing, 1B, Hoang v, Duy,

8D, THCS Ly Nhit Quang, D6 Luong, Lé Vi g5,

Nhie, 9A, THCS phing Chi Kién, Dicn Chau:

Nguyén Vin birc T hang, 10A3, THPT Hoang Maj,

TX. Hoing Mai. Phi Tho: Ha Le Dic Anh, 9A1,

THCS Gidy Phong Chdu, xa Phu Ninh; Cfm Ngoc

Anh, Nguyén Thanh Mat, 9A, THCS Ng}lyén Quang

Bich, Van Xuan. Phi Yén: Huynh Tran Gig Huy.

11T1, THPT chuyén Luong Van Chénh. Quing

Binh: Nguyefn Van Hop, 1172, Nguyen Ph!wng
Nam, 12T2, Vwong Khdnh Toan, 11T1, THPT
chuyén V6 Nguyén Gidp. Quang Tri: Nguyén Hin,
Vinh Thinh, 12A1, THPT Vinh Linh. TP. Chi Min);
Nguyén Quéc Binh, 11A1, Nguyén Chi Dai, 10A1,
THPT Lé Thinh Tong, Tan Phu; Trwong Quéc
Minh, 10C2, THPT Téay Thanh, Tan Phu, Nguyéy
Ldm, 8A2, THCS Pao Duy Anh, Phan Duy Nguyeén,
11TN1, THPT Trung Pha, Ca Chi. Tdy Ninh;
Hupynh Phan Kim Ngdn, Huynh Minh Tri, 10T2,
THPT chuyén Trin Vin Giau; Tién Giang: B3 Nhr
Huy, 10 Toan 1, THPT chuyén Tién Giang. Vinh
Long: Ddng Thanh Chung, Lé Hoang Khang, Lé
Duy Minh, Thai Minh Phic, 11T1, THPT chuyén
Nguyén Binh Khiém.

Chung t6i tra trén mang thiy co hai truomg chuyén
Lé Hong Phong (Nam Dinh vi TP. H Chi Minh).
Dé nghj ban Trdn Quang Mink, 10CT1 lin giri bai
sau ghi ro dia chi hon.

TA DUY PHUQNG
Bai T7/576. Cho day s w:),n=1,2,3, ... duoc
u =2
xdc djnh nhir sau: o,
% 1-2u, —u

g 1
Tinh llm(ul g k.. Fu. +—}
‘ un+l
Léi gidgi. Tir cong thirc x4c dinh ddy ta co:

1 1-2u,—u? 1
= =——2-u,
Un+] Up Up
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hay ty=—=—-2 v&imoi nn 3
y B i 0 guyen duong
Do d6
i 1 1
w=—=——=2 Uy =———m2 . =———L—2
m u Uy uy Up  Upy
Cong theo vé n diing thire trén ta thu dugc:
1
u+uy+., +1¢,,————L—2n
U Upy
1

1
hay wtuz+..+u, +

Suy ra:

lim(u|+u2+...+u,,+ L ):limn(i—2jz—
Upy 2n

Nh@n xét. Day 1a mét bai todn khong kho vi ban chét
cia n6 chi 12 mét bai toan tinh tdng hay rit gon biéu
thire. Ngay cd cdc ban hoc sinh cép hai ciing c6 thé
gidi dugc bai todn nay. Tuy nhién chi c6 vai ban chi

ra ring u,#0 bing quy nap. Chi c6 ban Nguyén
Hiru Vinh Thinh, 12A1, THPT Vinh Linh, Quing
Trj chi ra ring u, xic dinh véi moi n nguyén
duong. Ngodi ban Thinh, cic ban sau day c6 16i giai
dung:

Pht Yén: Hupnh Tran Gia Huy, 11 Toan 1, THPT
chuyén Luong Van Chénh; Nghé An: Hodng Vin
Duy, 8D, THCS Ly Nhéat Quang; Nguyén Vin Pirc
Thang, 10A3, THPT Hoang Mai; Lé Vii Quynh Nh,
9A, THCS Phing Chi Kién; Cin Tho: Nguyén Tdn
Phdt, 10A2, THPT chuyén Nguyén Thi Minh Khai;
Hing Yén: DS Quang Anh, 10 Toan 1, THPT
chuyén Hung Yén; TP. Ho Chi Minh: Phan Duy
Nguyén, 11TN1, THPT Trung Pht; Vinh Long: Lé
Duy Minh, 10T1, Thdi Minh Phic, 11T1, THPT
chuyén Nguyén Binh Khiém; Pdng Thap: Nguyén
Dirc Phdt, 12T1, THPT chuyén Nguyén Quang
Diéu; Long An: Hupnh Minh Tri, 11T2, THPT
chuyén Tran Van Giau; Lam Ddng: Huynh Nguyén
Lé Minh, 10T, THPT chuyén Thing Long; Kién
Giang: Nguyén Hodi Nhanh, 10T2, Nguyén Pirc
Manh, 11T2, THPT chuyén Huynh Man Dat; Tién
Giang: Pham Nguyén Anh Duy, V6 Ding Quang
Minh, 10 Toén 1, THPT chuyén Tién Giang; Pa
Niing: Trdn Tan Triét, 11A1, THPT chuyén L& Quy
Dén; Lé Nguyén Khdnh Triéu, 11/5, THPT Thai
Phién; Ha Noi: Nguyén Kim Thanh, 11 Toén 2,

THPT chuyén Dai hoc Sur pham Ha Noi; Ha Tinh:
Buii Ting Lam, Ng6 Biii Anh Khoa, 10 Toan 1, THPT
chuyén Ha Tinh; Quéang Tri: Nguyén Hia Vinh
Thinh, 12A1, THPT Vinh Linh; Quang Binh: Lé
Anh Duong, 11 chuyén Toan 2, THPT chuyén Vo
Nguyén Gidp.

HOANG NGQC MINH

Bai T8/576. Cho hinh chop S.ABCD ¢ day
ABCD la hinh binh hanh. Goi M, N, P, O lan liecst
la cac diém trén cac canh SA, SB, SC, SD va goi
SM LSN SP SO 5.

= =b, —=c¢,—==d (voi a, b, c,
S4 ' SB SC SD

cdc 56 dwong). Biét rang bon diem M, N, P, O

d la

dong phang, chirng minh
1

1 1

l .
(i

Loi gidi.

Goi I,J lan lugt 1a giao diém cia AC va BD,
MP va NQ.Khi d6 J nim trén giao tuyén cia
mp (SAC) vamp (SBD) nén 4,J,I thing hang.
Qua A4,C ké céc dudng thing song song vo1 MP,
cit SI 1an luot tai E,F . Do ABCD 1a hinh binh
hanh nén 7 14 trung diém cia AC . Suy ra AECF
cling 13 hinh binh hanh, T 46 IE=IF. Ta thu
dugc SE+SF=2SI. Suy ra:

1 1 S4 SC .SE SF SE +SF 2SI
a c SM SP SJ SIS ST
b d ST a c b d

Ap dung bit déng thl'rc Cauchy ta cé:

2(1.1j 1 1 BT g
angdranb o d \/_ Jed
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Dau bang xay ra khi va chi khi a=b,c=d , khi va
chi khi MN,PQ.4B,CD d6i mot song song.

Nhdn xér. Mau chét ¢ bai todn ndy 1a chi ra duge
(—:—+:]—%+5 Cac ban sau diy c6 loi giai tét: Vinh
Long: Dang Thanh Trung, 11T1, THPT chuyén
Nguyén Binh Khiém: D(’ing Thap: Nguyé)r Purc
Phat, 12T1, THPT chuyén Nguyén Quang Diéu;
Quing Tri: Nguvén Hitu Vinh Thinh, 12A1, THPT
Vinh Linh; Ha N@i: Nguyén Kim Thdanh, 11T2,
THPT chuyén DHSP Ha Noi; Ha Tinh: Bui Tung
Lam, Ngm'én Tung Duy, 10T1, THPT chuyén Ha
Tinh; Pa Ning: Lé Nguyén Khdnh Triéu, 11/5,
THPT Thai Phién.

NGUYEN VAN LINH

Bai T9/576. Cho cdc sé thee x, v, z théa man
x° +y + 2 = 1. Ching minh rang
1+ f

(1).

O=xy+yz+2zx<
Loi gigi. Cich 1. Ap dung bat ding thirc
Bunyakovsky ta co:
y(x+z)s\/2(y"-x2 +y%z2) =\/2 y2(1-y2).
Ta ciing cé: 2zx<x2+z2=1-y2. Do d6 dé chimg
minh BDT(1) ta chi can chimg minh:

J2y2(1-p2) +1- y2sl+f

).

Ta co:

1 ] 1
292(1-y2) +1-y2 =—=|4y2 —4py* +=(1-2y?)+—
\/y(y)yﬁyyz( y)2

11 1 3+l
< || =+=[4y2-4y4+(1-2p?)? |4+=— =——.
\£4)[y prt y)]z 2

Viy (2) va do d6 (1) dugc chimg minh. Ping thirc

e e J 343 33
xay ra khi x=z= V=
12 - 6
Cich 2. Vi x?+y?+2z2=] nén ta c6 thé dit:
x=sinarcos B, y=cosa, z=sinasinf véi a,fe[0;27].
Khi d6: O=y(x+z)+2xz
=cosasina(cos f+sin B)+2sin? asin fcos f

=2 cosasinacos( ﬂ—%)+sin2 asin2f

TOAN HOC
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2 I-cos2¢
‘ (1+sil12 a=—>sin2a+——="
<+\J/2cosasm 2 2

=-£-+.2!-(\/§5in Za’COSZH)

1+3
1 Taarcos? 20 =5
2 2

n
sin2ﬂ=1,005(ﬂ‘zJ=]

lsin2a=—v2cos2a

oL 1+\/- Khi

ﬁ5in2d—%0052a=%

—_—

\

1
{smﬂ——f 3_\5
JE
—={cos2a=— 3 g 3+\/—'
i R0 B
sm2a=-§—

Nhdn xét. Cach glal 1 (bang dai sb) 1a cua da s6 cac
ban voi mot s& bién doi khac. Cach glal 2 (bang
lugng glac) 1a cua tac gid dé toan. Mot so ban giai
bai ndy bang phuong phap dao ham ciing cho két qua
ding. Cic ban sau c6 loi gidi ngén gon:

Quiéng Tri: Nguyén Hiru Vinh Thinh, 12A1, THPT
Vinh Linh; Thanh Héa: Nguyen Ba Dirc Anh, A,
TH&THCS Luong Chi, Tinh Gia; Ha Tinh: Nguyén
Mai Tram, 9A6, THCS Lé Van Thiém, P. Thanh
Sen; Nghé An: Nguyén Van Dic Thdng, 10A3,
THPT Hoang Mai, P. Hoang Mai; Hung Yén: Tran
Gia Phu, 10 Toan 1, THPT chuyén Hung Yén; Ha
Noi: Nguyén Kim Thanh, 11 Toén 2, THPT chuyén
DHSP Ha Noi, Nguyén Thanh Nam, 8Al, THCS
Linh Dam, Hoang Liét, Hoang Mai; Phu Yén:
Huynh Trdan Gia Huy, 11 Toan 1, THPT Luong Vin
Chénh, Tién Giang: P4 Nhér Huy, Pham Nguyén
Anh Duy, 10 Toén 1, THPT chuyén Tién Giang;
Quing Binh: Virong Khdnh Toan, 11 Toan 1, THPT
chuyén V3 Nguyén Gidp; Pic Lik: Lé Duy Khdnh,
11 Toan 1, THPT chuyén Luong Vin Chanh; Kién
Giang: Trdn Hoang Bdch, Nguyén Gia Bio, 10T1,
Nguyén Bitc Manh, 11T2, THPT chuyén Huynh
Min Dat; Vinh Long: Lé Duy Minh, 10T1, Lé Thién
Khiém, 11T2, THPT chuyén Nguyén Binh Khiém;
Da Néng: Lé Nguyén Khénh Triéu, 11/5, THPT Théi
Phién; Dién Bién: Nguyén Ngoc Digp, 12C1 chuyén
Toén, THPT chuyén L& Quy Pon; Lim Dong:
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Huynh JYguygn Lé Minh, Pham Quang Minh, Trin
Pirc Hz;eu, 10T, THPT chuyén Thing Long, Pa Lat;
TP. Ho Chi Minh: Nguyén Chi Dgi, 10A1, TH,
THCS&THPT L& Thanh Téng; Céng hda Ao: Lé
Bach Hdi Bang, 2B, Trudng Quoc té song ngit Cép
2, 3 GIBS, TP. Graz.

TRAN HUU NAM
Bai T10/576. Xét day s6 (a,) véi: ay=a,=1 va

a :7a" -a,,

. —2V6i moi so ti nhién n > 1. Cé
phdi’vc'ri moi s6 tw nhién n thi cdc so hang a, luon
la 56 chinh phicong khong?

Loi gidi. (Cia ban Nguyé~n Dirc Manh, 11T2,
THPT chuyén An Giang)

Xét diy s6 (x,) xdc dinh bdi xp=x=1 va
Xy =3%n —Xn1 V6i moi sO ty nhién n>1. DE thiy
xp 12 sb nguyén duong v&i moi n.

Ta chimg minh r’fmg:

x2, = XpXpe2=—1 (1) v&i moin.

Thﬁt V;ﬁy: Xnt2 +Xp =3xn+l ’
Xn+2FXn _ Xntl

Xp1+Xp-1  Xn

Xntl FXp-1=3%, =

2D XnXn+2 — x,%+1=xn—lxn+l‘ Xn

= XpXnsa — X2, =Xox2 —xE =1.2-1=1 = c6 ().
Tir d6: x2,;+x2 —3%ns1%n '

=x2,, =Xy (3Xns1 =% )=x2, —Xnxna=-1" (2).
Ta chimg minh bang quy nap khéng dinh sau:

a,=x% (3)voimoi neN.
Véin =0, 1 khing dinh (3) ding, gid sir (3) dung
tdi k1. Sirdung (2) ta co:
(17 3%] =Tay —a- -2 =7x,% = x,%_l

+2(x,% +x2_) —3xk X ) = (3xk —Xp )2 =

Viy (3) dung véi k+1. Theo nguyén ly quy nap
(3) dugc chung minh, tirc 13: Vi moi s6 tu nhién

n, an 14 s6 chinh phuong.

Nhin xét. Bai nay duoc nhiéu ban tham gla gidi va
gidi dang, Trong s6 cac ban c6 10 gidi t6t c6: Binh
Phuée: HS Duong Pirc Pat, 11T1, THPT chuyén
Binh Long; Ha Tinh: Ddo Tung Lam 10T1, THPT
chuyén Ha Tinh; Gia Lai: Nguyén Tran Ngoc Thién,
12A1, THPT Tuy Phuéc; Quéng Binh: Vwong

Khanh Toan, 11T1, THPT chuyén V& Nguyén Gidp;
Vinh Long: Lé Duy Minh, 10T1, THPT chuyén
Nguyén Binh Khiém; Cin Tho: Nguyén Tan Phdt,
10A2, THPT chuyén Ly Ty Trong, TP. Cén tho.
PANG HUNG THANG

Bai T11/576. Tim tit ca cac ham so

[ (0;4+0) > (0;+0) thoa man
F (S +2x0)=3xf (»)+33f (x) (1),
voi moi x, y€(0;+w).

Lai gidi. (Theo da s0 céc ban) V&i y = 1, ta dugc:
f(f(x)+2x)=3xf (1)+3 f(x), Vxe(0,+0)
hay f(/(x)+2x)=3x0/ (D+3/ (), ¥x,y&(0,+0).

Két hop véi (1) ta thu duge:
3y (1)+3f ()=3xf (y)+3yf (x), Vx,y€(0,+)
hay L3 SO T, 1) v ye(0,400)
x y Xy
hay g(xy)=g(x)+g(»),vx,y€(0,+) (2),

trong do: g(t)=—f%-f (1), g:(0,400) (=1 (1), +0).

Pit x=e*,y=e" vGi u,veR thi u=Inx,v=Iny va

(2) co6 dang: h(u+v)=h(u)+h(v),Vu,veR (3),

trong d6 A(t)=g(e').

T (3) suy ra h(nt)=nh(t) v6i moi neN hay

hint) f @
n

() =—2 522 50 khi n—so,

Suy ra h(t)ZO,Vte]R. Theo (3) thi khi u>v ta cé:
f@)=fu-v+v)=f(u-v)+f(»)2f(v)

nén A(¢t) 1a ham don diéu tdng. Suy ra A(f) la

ham don diéu ting va 1d ham cdng tinh nén

h(t)=ct. Vi h()20,VteR nén c=0 va h(t)=0

va f(x)=f()x=ax vdi xe(0,+o0).

Thay vao (1), ta thu dugc f(1)=a=4.

Két ludn: f(x)=4x.

Nhdn xét. Diy 13 dang todn vé phuong trinh him

dang Cauchy khong sir dung tinh lién tyc trén truc

thyc trong 16p ham hop. Pa sb cic ban gidi theo céch

d trinh bay ¢ trén. Cdc ban sau déy co 16i gidi ding:

Cén Tho: Nguyén Tan Phdt, 10A2, THPT chuyén

Nguyén Thi Minh Khai, TP. Cin Tho; Pa Ning:

TOAN HOC
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Trdn Tdn Triét, 11A1, THPT chuyén L& Quy Don;
TP. HS Chi Minh: Nguyén Chanh Thi¢n, 10CTI,
THPT chuyén Lé 116|1g Phong; Gia Lai: Nguyén
Minh Hiéu, 10A7, THPT Chi Ling; Lim Ddng:
Nguyén Lé Minh, 10T, THPT chuyén Thing Long,
TP. DA Lat; Phi Yén: Hupnh Tran Gia Huy, 11T,
THPT chuyén Luong Vin Chanh; Kién Giang: Tran
Hodng Bach Hop, Nguyén Hoai Nhanh, 10T2, THPT
chuyén Huynh Man DPat; Vinh Long: Bang Thanh
Trung, 11T1, THPT chuyén Nguyén Binh Khiém.

NGUYEN VAN MAU

Bai T12/576. Cho durong tron (O) va hai diém A,
B €(0) sao cho AOB=90°, C la diém chinh giira
cung nho AB cua dwong tron (0). Goi D, E lan
lwot la hinh chiéu vuéng géc ciia C trén OB, OA.
F la diém thuéc cung nho AB ctia dwong tron (0)
sao cho CE la dwong phdn gidc cua goc BEF.
Duong thang qua F va vuéng géc véi OB cit BE
tai diém I.

a) Chimg minh rang dwong tron (I) (tdm I, ban
kinh IF) tiép xiic véi OB tai N.

b) Tir B ké tiép tuyén BK véi duwong tron (I) (diém
K khdc diem N). Chirng minh rang K € (O).

Loi gigi. (Theo ban Vii Duy Manh, 10T1, THPT
chuyén Lam Son, Thanh Héa) ‘

a) Goi Y 14 giao diém cia FE va BO; X 1a giao
diém cua FI va CE; R 14 ban kinh cua (0).

E F

D& théy EC/BY. Tir d6, chi § ring cc tia EB va
EF 46i ximg véi nhau qua EC, suy ra:

TOAN HOC
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V3 =CEB=CEF =EYB.
Do d6 EB=EY .
Két hop véi EOLBY ,suyra OB=0Y .
Pidu d6 c6 nghia l1a Y thude (0).
Vi C 1a diém chinh giita cung nhd AB néy
COE=45°. Do d6 tam gidc £CO vudng can tai £,

Co _

Viy OE=—~ Két hop véi OELOY, suy
dy 7

«,/5'
1 3
ra; EY2=0E?*+0Y? :5R2+R2 =—2uR2.

J6

Do d6: EY=""R (1). Diéu d6 c6 nghia la:
2

J6 1 1

X REF=EY.EF=R>-OFE?*=RY——R*=—R?

Do d6 EF=-\/6—6R (2). Tir (1) va (2), chi ¥ ring
EB=EY, suyra EB=3EF (3).
Dé thdy tam gi4c EFI can tai E va EX LFI .
Do dé EI=EF va XI=XF (4).
Tur (3) va (4), cha y rang EX /BN, suy ra:

FI=0M =25k NT=2 Ll N

NI BI EB—EI
g £y ol
EB—EF 3-1

Vay dwdng tron tdm 7 ban kinh IF tiép xtc véi BC.
b) Dé thay:

KBY=KBN=2IBN=2EBO=EBY+EYB (5).
Dé thay IF=IK va IB la phan giac ngoai cua goc
KIF. Do 45 KF//IB. Tu d6, chi y rang

EN//EQ, suy ra:

NI

NI=NI.

KFY=KFN+NFY=BIN+OEY
=BEO+OEY=BEY (6).

Tir (5) va (6) suy ra: KBY +KFY=180°.

Piéu d6 c6 nghia 14 K thudc (0).

Nhdn xét. 1) Bai toan ndy khong khé, kha nhiéu ban
tham gia glal, nhiu ban giai bing phu'cmg phép toa
d9, mét s6 ban giai bang cach dung s6 phirc.

2) Xin néu tén cic ban c6 1oi gidi ding: Pi¢n Bién:
Nguyén Ngoc Di¢p, 12C1, THPT chuyén L& Quy
Don; Phi The: Lwong Thanh Vinh, 11A, THPT
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chuyén Hung Vuong; pa Ning: Tran Tan Triét,
11A1, THPT chuyén L& Quy Pén; Nguyén Lé Khdnh
Triéu, 11/5, THPT Thai Phién; Lam Pdng: Nguyén
Lé Minh, 10T, THPT chuyén Thang Long, Da Lat;
TP. HO Chi Minh: Pham Duy Nguyén, 11TN1,
THPT Trung Phi, Cu Chi; Tién Giang: Nguyén
bing Khoa, 10T1, THPT chuyén Tién Giang; Vinh
Long: Lé Nguyén Khang, 11T1, THPT chuyén
Nguyén Binh Khiém: Pdng Thap: Pham Ngoc
Ngdn, 11T1, THPT chuyén Nguyén Quang Diéu; An
Giang: Nguyén Hodi Nhanh, 10T2, THPT chuyén

Huynh Méan Dat.
NGUYEN MINH HA

Bai L1/576. Nguoi ta bom 1000 m’ khi néng ¢
nhiét do T =300 K vao khinh khi cau. Nhiét dg va
dp sudt khi quyén khi ay la Ty = 279 K va py =
1,00 bar. Khoi leong khinh khi cau la 240 kg. Khi
dé khinh khi cau chua thé bay lén duwoc.

a) Hay tinh hegng khong khi chira khinh khi cau
khi dy.

Muén khinh khi cau bay lén nguéi ta phai ting
nhi¢t do cua khoi khi lén bén trong khinh khi cau
md khong thém vao hodc Ildy bét khong khi ra.
Py la qud trinh dang ap. Xem khong khi la phan
tir lugng nguyén tir co nhiét dung riéng ddng dp la

7 =L !
cmy = — R. Cho biét hang so khi Ii twong la
p D) S

R = 8,31 J/mol.K va khéi lvgng mol ciia khéng khi
la M, =29 g/mol.
b) Tinh thé tich cua khinh khi cau dat dwoc de no
bat dau di lén.
Loi gidi. a) Khéi lugng khong khi cé trong khinh
khi cu khi chua bay 1a:
_ PV _1,013.105.1000
TRL 831300
=>my=nM,=4,06.1029.102 ~1,18.10°kg.
Téng khéi lwong khinh khi ciu 1a:
mp=m, +my4=240+1,18.10° =1,42.10% kg.
b) Goi: p1=po; Fi=VFy=1000 m3; ;=300 K lin
legt 14 4p suét, thé tich, nhigt do khéi khi chira
trong khinh khi cu sau khi bom va p,=py; V5 va
T, 14 c4c gia tri twong {mg khi khinh khi ciu bét

=4,06.10% mol

dau bay. Luc dy Iyc ddy Ac-si-mét F lén hon
trong lugng ciia khinh khi cau:

Fy=Fghay plVrg=mpg
Ap dung phuong trinh trang thai khi li twong:

Vo=noyRTp ==L
Po¥o=npilp Vo Ry
5
Ta c6: pozpom,,zl,OB.lO .2921,27 kg/m3
RTy 8,31.279
3
o, u e L0 s 107
o L,27

Nhdn xét. Rt tiéc 1a khong co ban nao giai ding bai
ndy.

NGUYEN XUAN QUANG
Bai L.2/576. Chdt phong xa X cé chu ki ban ra T,
phadn rd bién doi thanh hat nhdn con Y bén. O thoi
diém ban dau (t = 0) cé mot mau chat X nguyén

chat, tai thoi diem t,, ti so gitra 56 hat nhan Y sinh

i | ;
ra va so hat nhan X con lai la Z Tai thoi diéem

L=t +141,2(s), & 56 gitra hat nhan Y sinh ra va
6 hat nhéan X con lai la 4. Xac dinh T,

Léi gidi. Ta biét, s hat nhan Y sinh ra Ny bing sb

hat nhan X bi phan ra AN (Ny= AN).
Tai thoi diém ¢,:
Nn _ANx_No(l- 2“” 2r e =>2I7l=§(1).
Nx1 Nxq N2 T 4 4
Tai thoi diém &:
!
Nys _ANxa> _No(1- 2 )_2T Sy
Nx» Nx N2 T T
L 14412 h 1412
=2T=5=32 -T ' '=5&32T:2 T-=5 {(2).
| 1412 42

Tur (1) va (2) c6: Z'ZT =5=2 T =4=22
~141,2

=70,6 (s).

Nhdn xét. Chic mimg céc ban di c6 1oi gidi ding
cho dé ra ki ndy. Tran Vin Phi, phuomg phé Hién,
tinh Hung Yén; Lé Nguyén Khanh Triéu, 11L5,
THPT Thai Phién, TP. Pa Ning.

PINH THI THAI QUYNH
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PHUONG PHAP ’ NE %

GIXIT TONKR

1. Y TUONG CUA PHUONG PHAP

Khi gip bai toan chimg minh bat ding thirc luong
gidc c6 dang f(4,B,C)2>0hoic f(4,B,C)<0,
voi A,B,C la ba goc cua mdt tam giac, ta lam

nhu sau:

Xét hiéu f(A,B,C)- f(A,M,B *C)zo

2

sau do chimg minh f(A,B+C,B;C

J 20 hoic

B+C B+C

f(A,B,C)—f(A, )SO va chimg

B+C B+C

minh f(A, Jso,ﬁrdé rat ra két

ludn f(4,B,C)>0hoic f(4,8,C)<0.

Sau diy 13 mot s6 thi du minh hoa cho phuong
phap

2. CAC THIi DU

Thi du 1. Chirng minh rang véi moi tam gidc ABC

ta co
(1-cosA)(1-cos B)(1-cosC) = cos Acos BeosC.

Loi gidi. « Néu tam gidc ABC 1a tam gidc ti hogic

vudng thi ta c6 ngay diéu phai chimg minh,

o Xét trrdmg hop tam gidc ABC 14 tam gidc nhon.

P3t f(4,B,C)=(1-cosA)(1-cosB)(1-cosC)
—cos Acos BcosC.

Khong mét tinh téng quét, gid sit 4< B <C, suy

ra: A4<60° :cosAZ%. Khi do:

30 ngpug% S5 580(10-2025)

— cos Asin? -'i
2

B+C B+C
Ta c6: f(A,B,C)-f(A, m= i~y )

AN
=(l—cosA)[(l—cosB)(l—cosC)—(l—sm;) ]
.24
—cosA(cosBcosC—sm 3)
=(1—cosA)(—cosB—cosC+23in§+cosBcosC—sinzg]

—Ccos A(cosB cosC —sin> g)

B-C

:l(l—cosA)|:4sin£—4sin£cos
2 2
+cos(B —C)—cosA—1+cosA:|

1
——icosA[cos(B ~C)-cosA-1+ cosA]

B;C)+cos(B—C)—l]

=—1-(1—cosA)x 4sin£(l—cos
2 2

1
+EcosA|:1 —cos(B—C)]

= l(l —cosA)4sin£(1 - cos 83 C)
2 2 2
1
+5(1-cos 4)[cos(B~C) 1]
e |
+5 cos A[l -cos(B —C)]

2-;—[1—005(3—C)](2cosA—l)20 (do oosAzé).

Ta chirmg minh:

2
(l—cosA)(l—sin-;—) —cosAsinzi;-ZO ).

E— |
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2
Thit viy: () & 2(1 - 8in %‘] ~cosA20

cadl Lyt *
@451:\23—451115+120<:>(2sin§—1] 20

(dpcm). D:‘lu bt:mg xdy ra khi tam gidc ABC la
tam gidc déu.

Thi du 2. Chirng minh /'(fng voi moi tam giac ABC

1aco:

5§ 1 ; '

=+ —(cos A +cos B +cosC) > sin 4 +sin L +sin —C—

4 6 2 2 2
(Trich de thi dé nghi Olimpic 30-4-2010)

Loi gidi. Khong mét tinh tdng quat, gia sir

A<B< E‘, suy ra: 0<siniI sl; i sSinB+C<—\/§.
2 2 4 2

pit f(4,B,C) =%+%(cosA +cos B+cosC)

. SR -
—sin—-sin——sin—.
2 2

Khi do: f[A,B+C,B+C)=§+lcosA
2 2 4 6

. Taco:

b ¥ LA :
+—sin— —sin— —2sin
=2 2

B+C B+C
f(A,B,C)—f(A, AT )

= l(cosB + cosC—2sin£j
6 2

(. B o B o B+C)
—| sin—+sin—-2sin
2 2

a &

cosB_ -1
4 :

C—l)—ZsinB+C(

.A( B-
==sin—| cos
3 7.2 2
C B-C)Y 1. 4
1—cos )——sm—(l—cos
4 3 =0, 2

€ l—cosB_C)——Z—sin—/i(lﬂ:os2

4 372 4
=(l—cosB;CJ{Zsin——BIC—%Siﬂ%[lﬂ:osB;C]jl
> 1_cosB—C 1—1[1+cosB—CJ

4 3 4

::_1. I_COSB_CJ(2—COSB_CJZO.
3 4 4

=2sinB+

> ]
|
(9]

(s ]
|
O
N o Na e NOEEET

=2sin

Ta chirng minh

f(A’u-pC I}+C)=

i +
2 2

6
%
_sind_2sinBEC S 0.
2 4

Ta co:

5 1 A 1 il i retliy
)< = +=|1-2sin"— |-=sin——2sin
W= 6( 2) 372

17 1 .,,4 2. A y
& ———sin“ ———sin——2sin
12 3 2

@E—l(l—Zsin _—
12 3

B+C

—ZSinB+C >

e et

< 16sin* it

C—SSO (2).

+24sin Lo

1 2

C:>—$t<—, khi do (2) tré
2 2

bat t=sin

thanh: 16¢* —32¢% +24¢-5<0
o166t -8t + 887 — 4% — 2812 +141 +10t -5<0
(2 —1)(8t3 +41* — 141 +5) <0

& (2-1)(8 - 41> +81% ~ 4 =10t +5) <0

& (2-1) (47 +4t-5)<0 (3).

Xéthamsé f(t)=4¢" +4¢-5 vai %$t<£c6

V2

1
"(2)=8+4>0 véi —<t<—
f'(t)=8t+4> vei - t<2

:>f(t)<f(%}=2+2\/§—5=2\[2——3<0

tir d6 (3) 1a dung, ta c6 dpcm. DAu bang xay ra khi

tam gidc ABC 1a tam gidc déu.

Thi du 3, Chitng minh rcing vdi moi tam giac ABC
.. cotAcotBcotC 8

ta co: o=

sin Asin BsinC ~ 27
(TH&TT, s thang 2 niim 2009)

(1).
Loi gidi. Ta c6:

TOAN HOC
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Acos BecosC
(1) = cos Ay,
sin® Asin? Bsin? C 27 (2). 2(1 cos A)
Néu trong ba géc 4, B, C c6 mot gdc vubng hoiic x[ (2- 2cos Acos(B-C) - 2+2cosA)
td thi (2) luén ding. 2 b
Xét ca ba géc A, B, C déu nhon. Ta cé: +(cos(B-C)~-cosd - l+cosA)(cosBcos +sin EH
s ) v D
Asin” Bsin“C _ 27
(2) < S0 27 . ) i
cos AcosBeosC ~ 8 +ﬁCOSA[] cos(B-C)]
< (1-cos® 4)(1-cos? B)(1=cos? C
( )( )( Cos ) =%(1—COSZ A)X[—2COSA(1_COS(B—C))
27
2—cos Acos BcosC. L
8 _(1_COS(B_C))(cosBcosC+sm 3

Khong mat tinh tong quat, gia sit 1< B<C. Suy
ra: 2560°=>%Scos,4<1_ Dit +%cosA[l—cos(B—C)]

S(4,B,C)= (1 - cos? A)(l —cos? B)(l—cos2 C) = l(l_cosz A)[l —cos(B - C)]x
2
27
~?cosAcosBcosC. x[—ZcosA-—COSBCOSC—Sinzg]
Khi dé: 27
B 2 +—cosA[l-cos(B—C)]
f(ff,;c,B+C)=(I-cos2 A)[l—sin2£J 16
2 2 2 1
=5[1—cos(B—C)]x
—?cosAsm E
x{(l —cos? A)(—2cos.4 —cos Bcos C —sin? ij +HcosA:|
Ta cé: f(A,B,C)—f(A,B;C,B;CJ i B

=%[I—cos(B—C):|x

2
=(]~coszA) (I—cos2 1.‘3')(1*&:052 C)—(l—sinzﬁj 5
2 x[(l—ms2 A)(—-4cosA*cos(B—C)+cosA—l+cosA)+TcosA]

27 .24
_?cosA(cosBcosC—smz—z—) =%[l—cos(B—C):|x

= (I —cos> A) X [—(cos2 B +cos® C —2sin? g) x[(l —cos’ A)(—Zcos A- cos(B - C) - 1) + i——lcos A]

+cos’ Bcos® C —sin* g:' 2%[1—005(3— C):|[2(cos2 A —i)(cosA+ 1)+g4lcos A]

—%[l—cos(}i‘- C)](2cos3 A+2cos’ 4 +%cos‘4 - 2) 20

—*ECOSA(ZCOSBCOSC—ZSHIZ ﬁ)
16 ) 2 1
(ding, do 5 <cosAd<l).

=l(1 —cos® A)x[—(z +c0s2B +cos2C - 4sin® —g)
2 Ta chimg minh:

.2 A .24 |
+ 2cosBcosC—251n2—J(cosBcosC+sm —JJ 2
[ 2 2 (1-cos’-A)(1—sm2g] —gslcosAsinzgzocy).

—%cosA[cos(B ~C)-cos A—1+cos A] Thét viy:

TOAN HQC
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3 (14 cos _4)“ 27
{ - N 14
(_“C-‘(l cos )‘T-EC()SA(]_C(,R /1)20

3 kK
2 doos” A+BC0S" A - 27008 A+19c054-4.< ¢ (4)

1
pit t=cos 4= 2 si<l, khido (4) trd thanh:

4t 48 =27 1191 -4 <
3
24t =20 4106 -5 2002 4 1)y 8 _a <o
@(zr—l)(2!3+512 —llt+4)so

o (a-1)(20 -7 67 -3 -8+ 4) <0

¢>(2t—1)2(12 +31—4)go

a(zr—l)"(t—l)(r+4)so (ding, do %5t<l).

Diu “=" xdy ra khi va chi khi tam gidc 4BC la

tam giac deu.

Thi du 4. Chirng minh r&ng vai moi tam giac ABC

ta co:

(1+c052 A)(I +cos” B)(1+cos C)> %

(Trich dé thi HSG Quéc gia nim 1992)
Loi gidi. Gia st A<B<C, ta co:

0<2$£, -l—ScosA<1,0<sin£sl,
32 2-3

bat:
f(A,B,C)=(l +cos? A)(l+cosz B)(1+cos2 C)—lz—s.
Khi do:

B+C B+C 2 , A 125
f(A,—— 3 ) (1+cos A)(Hsm 2) e

B+C B

Tacé: f(4,B,C)- f(A, ”2' _’;_C)

=(1 +cos? A)[(l + t;os2 B)(l + cos? C)-(l +sin? —/2—’-)2}

= (l +cos? A)(cos2 B +cos® C - 2sin? 124-+ cos? Beos? C - sin* —g—)

=%(1 + cos? A)[Z +cos2B +cos 2C - 4sin2§

+[2cosB cosC ~2sin? -g)(cos BcosC + sin® —‘;—1-]]

|
- E(I +cos’ A)y
X{2~ 2cos Acos(B-C)—2+2cos A

s A4\
+(cos(B—C)—cosA—l rcowi)(crm[}cm(,’ +3in
7 ]

&1}

=%(l+c052 A)[2COSA(] —COS(B"C))

(1 —cos(B—C))(cosBcosCJ—sinZ%J |

-

=-;—(1 +cos? A)(l -cos(B-C))x

x[ZcosA—cosBcosC—sinzé ;

=%(l+cos2 A)(l—cos(B -C))x
x[4cosA—cos(B—C)+cosA—1+cosA:11

=%(1+c052 A)(l —cos(B—C))[6cosA ~cos(B-C)- 1:
2%(1+cosz 4)[1-cos(B-C)][3-1-1]

=%(1 +cos’ A)[l —cos(B-C)]20.

Ta chirng minh

B+C B+C)_ . ,4Y 125
f(A, e )—(l+cos A)(Hsm 3] -5 200,
That vay:

e (1 +cos? A)(3 -cos A)2 > =

& 16c0s* 4-96c0s® 4+160cos® 4—96cos 4 +1920 (2).
" 1 oo ——
Dit t=cosA:>;$t<l,kh1 d6 (2) tré thanh:

16t* —961* +160r* - 961 +192 0
1664 =811 —88r% + 44 +116¢% - 58t - 38t +1920
& (2-1)(8¢ - 44e? +58t-19) 20
& (2 -1)(86 - 41> - 40r* +201 + 38 -19) 20
e (2t -1)} (47 =20 +19) 20
(dt’mgvlésml).

DAu biing xdy ra khi tam gidc 4BC ddu.
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: . 3 L ; 2 p B
Thi du 8. Ching minh rang véi moi tam gide A)[Hqinﬁwsg,_g].-(cos —5 tsin ;’J
- : 1
ABC 1ta co: o ( ity 2 c TF+C

| B 5
um‘—+lan‘~+tan‘£+Rsinisin£sin£22.
2 2 2 o9 @

A B-C
Lo gidi. ~ asinZ{1-cos— J

A B-C A
il . A i
(l—-cosBz ](Hsm—z +c0s— sin 2J

Khong mét tinh tong quat, gia st A<B<C, ta

. . . | B-C
¢0: O<sin—<— va 0<co <l1. bat
272 > # = 5 C . 28+C
2cos’> —cos” —-C0S" — —
ZA 2B 2C 2 2 4
f(4,B,C)=tan* = +tan* — + tan* = A B-C
2 2 —4sin— (1 cos J
il A 20 2 2
+8sin—sin—sin—-22> 0. ) 2-C 4 -
B+C B+C : AZ e B+C B-C l+sini;+cos 7 —-sinzi
Khi do: f[Aa ; ,%J=tan2_+2tal12L =(l-—cos > ]W‘ sin—
A 2 2 4
+85iIIL4—SiD23+C—2. ]+Sinﬁ+cosB—C—Sin2£
7 .
2 by 2 2 —4sin
B+C B+C i 2 choszc(Hs'mﬁ)
+ cos” — =
Ta co: f(A,B,C)—f[A,—T, : ) i 2 2 2 |
B-C
B C B+C Z(I"COS )"
-(tan23+tan22 - 2tan? ; ) 2 2
4 & . T 1+sin§+cosB;C-sinzg—(cosB;CHing) [l+sm‘;)sm§
- ~ i y + x
+4sin—| 2sin—sin— — 2sin> cos’ﬁcoszg(nsinﬁ)
2 2 2 4 2 2 2
B-C
=[1—cos JX
& 1 N 1 2 2
COSZ£ 0052—2— COSZBZC 1—sin2§+sin§—si.n3;—sin4§+cosB;C(] -2sin g—Zsang]
v B 3C A
43 A[ » . A ; . A\ c0525c05 2(l+sm2J
+4sin—| cos —sin—-1+sin—
2 2 2y coszB C[sm;+sm2g)

q B-C
C =
cos2 B—:g(cosz g +cos> %J —2cos? gcos2 —2— (I et 2 J »

§ 2 B 2C gB+C

cos? E cos? E 1+sin é)
: 2 2 7]

— —CoSs
cos 2cos 3 2 P
4 2|1-cos X
+4sinA cos —C-l -
y) 3 N A 1), 1.4 1 B-C 3 ,B-C
= +8in———sin——=sin—+— -
e | 4 2 4 2 8 2 4 2 4 2
e B-C 4 B_,C(,, . 4
= |(2+cosB +cosC —2(cos +sm—) 20 20 A
3 [1”“‘2)( ) 2 2 cos”-cos” | L +sin
4cosz—§cosz—g-cosz—gzc 3. ,B- gona” v pue
B-C 4sm —2——+85m2+4cos 5
7 B-C lonbias T TR
2 = 2 2 .
_451n_2..(1_c05 5 J cos —2-005 —2-(l+sm5)

Béy gio ta chimg minh
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B+C B+C A
(A- R ]=lnn23+2lnnzlj+c
ool ZB+C
+85m;sm -220(1).
Thit vy:
24 A

sin“ — 1-sin<
O —— g+t 7—2+dsind[1_sind -220
2 1 A
1-sin 3 ;(Hsin—) 2 2
< 2
A

. 44
@451n43—4sin3£+sin2-20
2 2

.| Sty
& sin Py ZSmE—l 20 (dpcm). Dau bang

xdy ra khi tam gidc ABC 13 tam giac déu.
Thi du 6. Chimg minh rang véi tam gidc ABC
khéng co géc ti va méi goc khong nho hon % ta
c6 bt dang thirc sau
cotA+cotB+cotC+3cotAcothotCS4(2—x/5).
(Trich dé thi d& nghi thi Olimpic 30-4-2011)
Li gidi. Khong mét tinh ting quit, gia si
T

B<C, taco: Zsﬁsg—:IStanzASS hay

sin? A <3cos’ 4. bat:
f(4,B,C)=cot 4+cotB+cotC
+3cotAcothotC—4(2—~/§).

Khi d6: f(A,B;C,B;CJ

4

IA

=cotA+2tang+3cotAtan2g—4(2—ﬁ);

B+C B+C
f(A,B,c)-f[A, c B )

\
=(cotB+cotC—2tan§)+3cotA(cothotC— tanzg

2si A i 2 4

sin 4 S 2 cosBcosC "
e +3cotA| — BsnC_ y,
sin Bsin C et - sin 5sin 0052—2—)

sinﬁ(Zcos2 é —2sin Bsin CJ
2 2

sinBsinC cosg

' sin
cos BcosC
LA LA P

sin BsinC cos’

+3cot A

sing[l +cosA—cos(B—C)—cosA:|

sin Bsin Ccosg

2cos? é —2sinBsinC

—gcotAcosA 1
sin Bsin C cos” —2—

sin%[HcosA —cos(B—C)—cosAJ

sin Bsin Ccosg

1+cosA—cos(B—C)—cosA

—gcotAcosA y
sin Bsin C cos> E

. A

sin —
=[1-cos(B—C):l 2 - 3cotAcos A .
sinBsinCcosE 25inBsinCcosZ7

: [1 —cos(B - C)](sinA —3cot Acos A4)

2sin Bsin C cos? g

1-cos(B-C)](sin? 4—3cos® 4
$ [ cos( )](sm ;os ) ™
ZSinAsinBsinCcoszz

Ta ching minh:
cotA+2tang+3cotAtan2§54(2-\/§) ).

That vay:
1—tan? 4 3tan2-‘2i(l—tan2£)

0 2 oy - 2 <4(2-42)
2tan5 Zta.ﬂz'

e Lol 4
& 3tan Z~6tan —2—+8(2—\/5.)tan3—1_>.0(2).

" 4 1 |
Pit t=tan= =2 -1<r<— do t=tan=
2 43 ( 2

déng bién trén [%%] va tan% =2-1).

Khi d6 (2) trés thanh: 3;4—sz2+8(2—J§):-120.

S8 580(10-2025)
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Xét him sb

f()=3*
tel= \/5-1;—]-} 0:
€ [ \/3 CO.
£ =126 -121+8(2-2)
= f"(t)=36:* ~1220,V1e1.

Do d6 f'1a ham nghich bién trén 7, suy ra:

10z r{g)-f2-5-2)
(23~ 46-1)

V3

Vdy f1a ham dong bién trén J, suy ra:
HOE f(ﬁ-l):() (dpem).

Dau bang xay ra khi tam gidc ABC la tam gidc c6

—612+8(2—\/§)r~—1,

>0,Vtel.

ba goc la hodn vi cia (Z 3{}—”)

8
3. BAI TAP AP DUNG

Chumg minh rdng véi moi tam giac ABC ta co:
Az B E
1. cos Acos Bcos C +8+/3 cos=cos —cos—

> 24cos’ -’é‘-cos2 gcos2 E -1.

(TH&TT, s6 thang 9 nam 2010)

cosBeosC  cosCcosA 3
3. cosAcosB+/+————C_A =

-C
A-B cos’B’Z"’ €08 =

COS

(v&i AABC nhgn).
(TH&TT 56 thang 5 nam 20]0)

Y P s 4 TR VUL S
4. E(cot3+cot5+°°t2) sind sinB sinC

(TH&TTso thang 3 nam 2016)

2 A B 2 B Ci+c052£1::4

5. cos + oS

LA B
4sin—sin—sin—.

>2 sm2 S
(TH&TT s6 thang 10 nam 2011)

6. 3(cosA+cosB+cosC)

> 2(sinAsinB+sinBsinC+sin Csin A).

7. sin Asin B +sin Bsin C +sinCsin 4

s(cosA+cosB+cosC)2.

8. Cho a,b,c 1a cac sb thuc duong thoa man

a+b+c=abc, chimg minh rang:

\/(l+a2)(1+b2)+\/(1+b2)(1+c2)
+\/(1+c2)(1+a2) —\/(1+a2)(1+b2)(1+c2) >4,

(TH&TT, 56 théng 9 nam 2016)

s 3k 3 ok 3 s ok ok 2ok ok ok sk ok s ok ok ke okl ok ok sk ok sk kool sk sk e ok ok sk sk ok ol sk sl ok ke sk ke ok e ok ke ok ok ke ok sk sk skl ok ok sk e ok ok 3k ok ko sk sk kol lk ok ok kR SR kR R ROR SOk ¥OK X

cos 4 cos B cosC
>
2. 3 C + C A + T 52 2.
COS—COS— COS—COS— COS—COS—
2. 2 2 2
(TH&TT s6 thang 8 ndm 2010)
PROBLEMS. .. (Tiép theo trang 20)

TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/580. Given the sequence (x)m1
determined by:

2n+3x" 12 s
2n+1 " (n+1)(2n+1)

X = 6 and Xpt =

Set y, =22, n=1,2,... Find the limit Zim y,.
n n—+o

Problem T11/580. With a positive integer n,
(i+j+k+1)!

calculate the sum: T, =Z Ll !

i+j+2(k+)=n
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Problem T12/5 80. Given a quadrilateral ABCD.
Points M and N lie on segments AC and BD,
respectively, such that O is the intersection point
of AN and BM. Lines CO and DO intersect AB at
points P and Q, respectively, where 4, B, P, and Q
are all distinct. The circumcircles of triangles
OAP and OBQ intersect again at a point G # O.
Prove that OG bisects segment CD.

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

|
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Hinh hoc 13 phan toan hoc nghién ctru cic tinh
chit cta cac hinh hinh hoc, vi tri twong hd cua
ching cung V61 céc quan hé trong khong gian ma
khong xét dén cac tinh chét khdc cia ching nhu

mau sdc, ty trong, d§ cimg, ...

1°. Sy ra doi mét s6 khai niém hinh hoc

Thudt nglt “Hinh hoc” theo tiéng Hy Lap co6
nghia den 13 “do dac dat dai”. Trong cubn “Lich
st Hinh hoc va Thién vin hoc” nha lich sir Co
Hy Lap Eudemus de Rhodes (350 — 290 tr.CN)
da viét: “Hinh hoc da dwgc khai phd boi nguoi
Ai Cdp vad ndy sinh cing véi do dac ddat dai.
Viéc do dac doi véi ho la can thiét vi nude song
Nil tran bo thuong xuyén phd sach cdc ranh
gi¢i” (Tir dién Bach khoa toan thu, Moscow —
1988, tr. 143).

Nhitng ban di cdo thdi Ai Cap va Babylon c¢6 dai
dugce phét hién ngay nay ching to ring gin bén
nghin nim trudc loai ngudi di biét tinh dién tich
cac hinh tam giac, hinh chir nhét, hinh thang va
tinh gin dang dién tich hinh tron. Ho ciing biét
cong thirc tinh thé tich hinh 1dp phuong, hinh try,

That viy. Noi dung ctia hai ban Sdch co lau
(Papyrus) Ai Cip khoang thdi ky tir thé ky XX -
thé ky XVII tr.CN dugc trung bay & Moscow va
London da cho birc tranh vé hinh hoc Ai Cap,
trong d6 Sach co lau dugc tao ra tir gid'y cdy co
Jau 1am tir bdt cay thyc vat thity sinh & song Nil
(Ai Cap). Trong cac Papyrus ndy c6 trinh bay
cong thirc tinh dién tich hinh trén voi sy thira
nhén: dién tich hinh tron bang di¢n tich hinh

\ OUA TRINH’HINH THANH
VA PHAT TRIEN CUA HINH HOC

NGUYEN T_H(’JY THANH
(Trucmg PHKHTN, DHQG Ha Ngi) |

vudng canh bang g dwong kinh d cia hinh tron.

2
Két qua: § =(-§-d) tuong duong véi s6 = 3,1605.

Nén vin minh Babylon khéng dé lai cho hau thé
c4c Papyrus ma thay vao do la “hon muoi van
bdng nhé bang dat sét nung” ma trén do6 c6 chir
viét bang mili dao va mot loat tinh toén véi co s&
luc thip phén (co s6 sau muoi). Theo nhiéu nha
lich str toan hoc (LSTH) thi tri thirc hinh hoc cua
ngudi Babylon con cao hon so véi nguoi Ai Céap
vi trong cdc bang dit sét nung con hwu lai c6 ca
khai niém so bd vé do géc va cdc hé thirc heong
gidc. Nguoi Babylon ciing tinh dugc dién tich

2

hinh tron theo cong thic S =]%,trong 6 ¢ 1a d9
dai dudng tron, tirc 1a dung gi tri kha tho cua m=3.
Ngudi ta cho ring néu khdi luong kién thirc hinh
hoc v&i nghé thuat kién triic khong cao thi ngudi
Babylon kho ma xay dung dugc cho nha vua xir
minh cong trinh vi dai ma Lich sir goi 1a Vuron
treo Babylon — mit trong bay ky quan cua thé gidi
c6 dai — dé nha vua ban ting cho Hoang hau giai
sau lic chanh nhé ¢6 huong ... Va, ting pham ndy
cta nha vua duge hoan tat ndm 603 tr.CN.

Theo cdc sir gia Hy Lap thi céc tri thie hinh hoc
dugc truyén tir Ai Cip va Babylon sang Hy Lap tir
thé ky VII tr.CN. Céc nha triét hoc va toan hoc Hy
Lap bt diu 1am quen v6i vin minh Ai Cip va
Babylon tir 6.

Lich sit c6 ghi ring: vao thé ky VI tr.CN, & dao
Samos thudc Hy Lap cé dai ngudi ta di dio mot
con kénh ngim xuyén qua 1dng nui vio thanh pho.

TOAN HOC
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Con kénh dai 1km va ngudi ta da ddo r hai phia
lai ... Diéu do bufc céc ky su xay d\mg thuy lgi
Hy L{ap phai ¢6 kién thire siu sfc vé dinh hudng
ngim va nhidu vin dé vé Hinh hoc ma ngay nay

di rit phirc tap hudng hd khi dé cach diy gin ba
nghin ndm tnuréc!

Vé Hinh hoc & Hy Lap ¢6 dai con co su tich vé
Bai toin Delos hay bai toan gdp déi thé tich hinh
1ap phwong: Bang thiéc va compa hdy dung mot
hinh ldp phwong cé thé tich gap déi thé tich ciia
hinh lap phwong cho trucc? Hon hai nghin nam
sau, dén ndm 1837 thi bai toan hinh hoc ndy moi
dugc nha toan hoc Phap P. Waltzel (1814 —1848)
chimg minh bai todn khéng gidi duoc bing thuéc
va compa.

2°. Sy ra doi cita khoa hgc hinh hoc.

Hinh hoc chi tro thanh mot khoa hoc sau khi
ngudi ta bit diu ding nhimg chimg minh luan 1y
cua n6é mot cach co hé théng.

Ngudi c6 cong déu trong
viéc tim cic két qua hinh
hoc méi théng qua cac lap
luan (chimg minh) 1a Thalés
(thé ky VI tr.CN). Ong la
bic Pai hién si trong bay
nha hién triét néi danh ciia
thoi ky Cé Hy Lap (TH&TT,
1, 2019, tr.13-15).

Theo cic nha toan hoc va
triét hoc Hy Lap thi Thalés 13 ngudi ddu tién
chimg minh dinh ly hinh hoc. Thanh tyu d3c biét
quan trong v c6 vai trd cdt 16i trong Hinh hoc 14
dinh 1y mang tén Ong vé “Cdc duong thing song
song vd cat tuyén”. Theo nha todn hoc Proclus
(412-485) thi dinh ly Thalés dugc chimg minh
vdo thé ky VI tr.CN va bét dau tir thoi diém do
Hinh hoc & Hy Lap phat trién rat nhanh.

Nhimg nhia bic hoc tiép theo Thalés nhu
Pythagoras (570-500 tr.CN) va truong phai cua
ong, Anasagor (500-428 tr.CN) nghién ciru phép
ciu phuong hinh tron va phép phdi cénh,
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Thales

_370 tr.CN) nghién ciu ¢4

Democritos (460 ,
,daco

nguycn tir hinh hoc, -
cong tong két, hé théng héa
cic thanh tyu hinh hoc da
dat duge bang phiong phap
quy nap, suy dién tir két qud
nay sang két qud khac dé
tao thanh mqt thé thong
nhit.

Tit ca cong viéc ndy dd
hodn thanh trong khong
thoi gian VI - IV tr.CN ¢ Co Hy Lap. Va, khoa
hoc Hinh hoc duge hinh thanh tir d6. Chinh nha
hinh hoc Hipppocrates (thé ky V tr.CN) la ‘téC gia
cia bd sach “Cdc nguyén Iy hinh hoc dﬁl} tién
(khdng luu truyén dwoc dén véi hau thé). O day
éng di trinh bay hinh hoc mot cach c6 hé thong va
da tinh dugc dién tich hinh tring khuyét.

Viéc phat minh ra rang cé nhitmg doan thang vé

udc voi nhau la mét trong nhitng phat minh sang

FYTHAGORAS

chdi nhat ciia truong phdi Pythagoras. Phat minh
tuyét voi ndy di anh huong sdu sic dén toan b
nén toan hoc (va ca triét hoc nira) tir xua dén nay
vi mii dén nira sau cua thé ky XIX nguti ta méi
xdy dyng hoan chinh 1y thuyét sé thue.

Co I€ canh va dudng chéo cuia hinh vudng la nhimg
dudmg thang vé udc duge phat minh dAu tién va
dudi dy 1a cdch chimg minh théi cé ? Céch chimg
minh niy dugc thyc hién theo phuong phép phan
chimg.

Gia sir duong chéo d va canh @ cia hinh vuéng la
kha woc. Khi d6 ton tai doan thang phdn wéc
chung A cua ching sao cho d = pi, a = g,
_pi_p

p,ge N.Tu do: — d
a gﬁ. q

s0 tbi gian. Néu khong nhu thé thi cin gian udc
phan s6 nay cho UCLN(p, q) dé duoc phan sé téi
gidn. Tiép d6, theo dinh 1y Pythagoras thi & = 24
va ta co:

, trong do LN phan
q

Wy T e ks

d_p_ 2w _p
aqzaq

= p’=249" (1)
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yé phdi ¢6 chira thira s6 2 nén P14 s chiin va p
cuing phm 12 56 chin (vi binh phuong cla sb l¢
ciing 14 s0 1¢). Bay gidr dit p = 2r. Khi do tir (1)
suy ra: 4 = 2q =2 =¢* (2). Vi vé trii ciia (2)
¢ chira thira s6 2 nén ty (2) suy ra ring ¢ 13 sé
chiin. Nhu vay cd p va q déu la sé chdn do d6 chia

hét cho 2 va vi viy § khéng toi gian. Méau thuin.

Cho dén tan by gidr céc nha LSTH vin dang con
loay hoay tim cdch ly giai tai sao thdi ¢ dai (VI-
V tr.CN) tai Hy Lap c dai da din ra buéc nhay
vot vé tu duy dén vay? Ngay Platon (429 — 348
tr.CN) nha triét hoc vi dai nhit thoi biy giv di
phai thot 1én: “Khi chua biét co doan thdng vé woc
thi éng ciing gio"ng nhw mgt con vat khéng co tri
khon” (A. 1. Mackusevich ... S6 va Hinh,
NXBGD, 1962, tr. 50-51). Va, trudce cira Hoc vién
(Akademia) Platon nguoi ta cho treo tim bién
canh bao: “Ngwoi ndo khong biét Hinh hoc xin
mién vao”. Cé 12 lic d6 Hinh hoc dd tr& thanh
ngon ngir cua toan hoc néi chung ...

3% Qua trinh x4y dung hé thong suy dién trong
Hinh hoc

Mic du khéng dé lai cong trinh nao vé Hinh hoc
nhung nha triét hoc vi dai Platon va mén sinh wru
ti cia ong 13 Aristotenes 3 rt coi trong tinh hé
théng va xay dung co sé hinh hoc bang viéc ldp ra
hé thé'ng cdc dinh nghia va cdc tién dé di cho viéc
suy dién ludn ly dé chimg minh cdc ménh dé hinh
hoc.

Pinh cao ciia Hinh hoc Cd
Hy Lap 1a by sach “Cac
nguyén ly” hinh hoc
(CNLHH) dugc nha toan
hoc vi dai Cé Hy Lap
Euclid (thé ky TII tr.CN)
bién soan. Pdy Ia tic phim
cung tén voi tac phém cua
Hippocrates bién soan vao
thé ky V tr.CN d bj tht lac. Sau Euclid ¢ Hy Lap
d3 xuat hién mot sb nha hinh hoc vi dai nhu

Euclid

Archimedes, Apollonius va Eratosthenes ( thé ky

111 tr.CN) di lam phong pha thém khoa Hinh hoc

bing nhitng phat minh mai.

Vi thc phim ciia minh, Euclid 1a nguoi dau tién dé

ra vin dé xay dung “Co s& Hinh hoc " dua trén mot

hé tién dé. Bo CNLHH trinh bay 131 dinh nghia, 5

tién d& va 5 dinh @& (goi chung 1a 10 tién d€). Tir

d6, 6ng da ching minh mot sb lugng khong 16 465

dinh 1y vé hinh hoc ...

Viy tién dé la gi? Tién dé tir dau ma co? Lan theo

quan diém va cach lam cua Euclid, c6 thé phong

chirng nhu sau:

Van dé 1a khi chimg minh mot ménh dé nao do6 ta
phai dya trén mot m¢nh dé khac di dugc chimg
minh ma ménh dé nay lai 1a két qua cta su suy
ludn tir mot ménh dé trrée nira da chimg minh, ...
Qué trinh quy vé cic ménh dé di dugc chimg
minh trudc iy khong thé kéo dai vo han duge. Vi
thé c6 thé khing dinh ring: phdi ton tai nhimg
ménh @é déu tién ndo do ur hién nhién khong can
phai ching minh.

Nhitng ménh dé ma ta thira nhén khéng can ching
minh diwge goi la cdc tién dé. Tuy khong can
chimg minh nhung tinh chan tht ciia tién dé phai
dugc kiém nghiém trén thire té. Mot hé tién dé can
thoa man cic yéu ciu: 1) Tinh phi mdu thuan:
nghia 13 tir hé d6 khong thé suy ra dugc hai ménh
aé phu dinh 1an nhau; 2) Tinh déc lgp: nghia la
moi tién dé cta hé khong thé suy ra dugc tir céc
tién @& cua hé do; 3) Tinh ddy di: ¢6 thé hiéu ndm
na 13 hé do khong thira va ciing khéng thiéu, tirc 1
tir d6 c6 thé rat ra bét cir dinh 1y ndo cua linh vuc
duoc xét.

Véi hé tién dé Euclid trong b CNLHH, Hinh hoc
dan dan tré thanh mat khoa hoc suy dién thiee su,
tirc 1a mét khoa hoc ma trong d6 phan 16n cic sy
kién khoa hoc déu dugc xac lap bi"mg két luan -
chimg minh. Chi dén thé ky XIX viéc nghién ctru
“Co s0 hinh hoc” méi duge déy manh & mic do
cao hon. Chinh lic ndy nguéi ta méi 16 ring
Euclid chua dua vio du céc tién d& cin thiét dé
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Ny dvmg hinh hoe nhir: khong o tién d& thir oy,
Khéng oo tién d¢ lién e, khong ¢6 tién dd doi
hinh. ... Nlwmg du sao thi phuong phép suy dién
do l;m fid sdng o ra di ¢ vi tri hét sie virng
vang trong todn hoc va cde nha todn hoe vin 16n
ong la bic thiy ..

4°. Chuyén ve tién d(‘* song song

Ké tir khi by CNLHH cua Euclid ra ddi, cic nha
todn hoc the i nhi¢u thé ky qua di bj cudn hat
bai vin dé vé tién dé dudng thing song song (goi
tit 1a tién dé song song). Chuygn tro nén séi dong
dén ndi nha bac hoc 16i lac Phap 13 D 'Alembert
(1717-1783) da phai goi do 1a “chuyén om som
trong hinh hoc™. Euclid da phat biéu tién dé song
song nhu sau:

“Néu mot dwomg thang cdt hai duong thing tao
thanh hai goc trong cting phia cé tong bé hon hai
goc vuong thi hai duong thing do kéo dai vé
phia hai géc dy dén mét lic ndo d6 sé phdi cat
nhau”.

Bd phan hinh hoc chi dua trén chin tién dé dau
tién khong ké tién dé song song dugc goi 1a Hinh
hoc tuyét doi (Danh tir “hinh hoc tuyét A6 do J.
Bolvai ding dau tién).

Vi sao cac nha toan hoc quan tim nhiéu dén tién
dé song song ?

1. Vé hinh thirc, phat biéu cua tién dé song song
(ma Euclid goi 1a Dinh dé V) vira ddi dong vira
ric roi da phan nao anh huong dén tinh e hién
nhién ciia mét tién dé. Viéc phat biéu tién dé hoi
16 m& ciing ¢ co s dé cho ring chinh Euclid da
khong thoa man véi tién dé do. Mt diéu nira ciing
rat quan trong 1a né durgrc dp dung rat chim: mai
dén ménh dé thir hai muai chin Euclid méi ding
dén n6 va sau d6 tuyét nhién khong dung dén nira.
2. P ¢6 nhiéu nha toan hoc tim cach thay tién dé
song song d6 boi mt tién dé song song khdc
twomg dwong nhung don gidan hon va tryc gidc
hon. Mét trong s6 d6 1a tién dé do nha dja chét va
nha todn hoc Scotland J. Playfair (1748 - 1819)
dua ra ndm 1795 dudi dang: Qua mgt diém nam
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al mot dhemgl thing ¢o khong i mot diecmg
NRo m(
thing ndm trong cting mot mat [Jlmng vl dieimgy

thing di cho vd khong ¢d it deimg thing, dy.

Tinh chit ddc ddo cin tien dé Playfair l4 phn: biéy
don gian hom nhung viin khing dinh tinh chat cia
oin b chicu dai vo han vé ci

dudng thing trén 1
. mic du diéu d6 khong thé kiém

hai phia cua no ..
tra bc?ng thiee nghi¢m.

3. Néu tién dé song song 14 h¢ qui ciia cic tién
d& khiic thi chi cin logi n6 ra khoi h¢ tién de va
chimg minh n6 nhu mot dinh 1y nha cdc tién d"
khic. Nhung gin nhu cdc nha todn hoc nhiéu
thé ky da phi cong m@t cach v6 vong bai 1€ som
hay mugn cac chirng minh déu 16 ra vong luan
quan...

Vao cubi thé ky XVIII dAu thé ky XIX nhiéu nha
toan hoc di co an tugng rﬁng: vi¢c chimg minh
tién dé song song ciling gi(‘)ng nhu viéc “ché tao
dong co vinh ciru” 1a viéc lam vo vong !

5°. Tinh ddc 13p cia tién dé song song

Nhu vy viéc tim kiém chimg minh tién dé song
song da thit bai! Nhung, di 6 ai trong cac nhi
todin hoc khing dinh
rang phép chimg minh
d6 khéng ton tai? Cau
tra 101 khong ton tai chi
dugc xac lip sau hai
nghin nim ké tr khi
Hinh hoc Euclid ra doi
va phat minh nay thugc
vé nha hinh hoc thién tai
Nga 14 Nikolai Ivanovich
Lobachevsky (1792-1856).

Lobachevsky

Lobachevsky da chi ra rfmg toan b vin dé nam ¢
te than tién dé song song vi ban thdn tién dé do
déc lgp vai cac tién dé con lgi cua Euclid va
chinh Lobachevsky di lwu lai cho thé h¢ sau
phuong phdp chimg minh tinh dc lip d6. Cy thé,
trong cudn sach gido khoa “Co sé hinh hoc™
(Mosc-1967) cta Vign si A.V. Pogorelov vin d&
ndy dugec trinh bay nhur sau,
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Theo dinh nghia: “Tién dé A cia Iy thuyét nao do

vdi cdu triic tién dé T duge goi la dgc Idp néu né
khong thé thu dwgc nhie mét hé qua tir cdc tién dé
khdc cua T".

Va, sau day 1a “Phuong phap théng thuong dé
chimg minh tinh déc ldp cia mét tién dé ndo dé la
¢ cho: xdy dung mét mé hinh R ciia hé tién dé T
khong co tién dé A (nic la tién dé A khéng thoa
min). Néu mgt mé hinh nhue vdy xdy dung dwgc thi
tién dé A dgc Igp™ (tr.63).

Con duomg ma Lobachevsky dén véi phat minh
nuc rd trong hinh hoc 14 nhir sau:

Péu tién ong lap hé tién dé gom: chin tién d& ciia
Hinh hoc tuyét dbi va cic phu dinh cua tién dé
song song dang: Qua diém A khéng nam trén
duong thang (d) c6 thé ké trong mdt phang xdc
dinh boi A va (d) nhiéu hon hai ducng thing
khong cdt (d).

Cong lao to 16n cua Lobachevsky déi véi Lich sir
hinh hoc 12 & chd 6ng da dit van dé nay dau tién
chir khong phai c6 chimg minh tién de song song
14 dinh ly.

Tiép do, ong bat dAu rit ra cac hé qua khac nhau
tir hé tién dé nay ... Piu tién 6ng thu dugc cic
dinh ly trong hinh hoc Euclid ma khong sir dung
tién dé song song, tic 1a cac dinh ly cua Hinh
hoc tuyét déi déu dugc bio toan. Tiép do ong
chimg minh hang chuc dinh ly ma khéng gép
mdt mau thuin logic nao. Khi dé trong diu éng
di loe 1én modt wdc doan thién tai la: khi thay
tién dé song song bdi cac phu dinh ciia né va
vdn giir nguyén chin tién dé ddu thi ngudi ta thu
diege mét Hinh hoc mdi! Va Hinh hoc méi dé
dwgc Ong dat tén 1a: Hinh hoc tuéng neong. Do
la nam 1826 ...

Lién quan dén thoi khic lich sit ndy, trong cudn
“Co s¢ hinh hoc” cua minh vign si 4.Pogoreloy
viét: “Thoat nhin, két ludn ctia Lobachevsky cé
the thidu co so. That vdy, lam sao dam bao duwpc
l‘cfng khi phat trién hé !hc‘v'ng ciia minh tiép theo
dén ciing thi khong di dén mdu thudn. Tuy nhién
diéu ban khodn ndy cting ngang nhuw doi vdi Hinh
hoc Euclid. Do d@o vé mdt phi mdu thuan logic thi

cd hai hé thdng hinh hoc nay la o trang thai nhi
nhau ... Hon thé nita, nhu nhimg nghién ciru cua
cac nha hinh hoc sau Lobachevsky da chimg minh
rdng giita cdc hinh hoc nay ton tai mgt lién hé gan
bo va tinh phi mau thudn logic cua mot hinh hoc
la phu thugc vao tinh phi mau thuan ctia hinh hoc
kia. Nhw vdy hai dang hinh hoc Euclid va
Lobachevsky la binh ddng " (ir.18).

6°. Hinh hoc Lobachevsky ra déi

O trén ta da thay ring tién dé song song la déc
ldp véi cac tién dé con lai cia hinh hoc Euclid.
Tir d6 suy rdang khi thay tién dé nay boi cac phu
dinh cua né ta cung thu dugc hé thong khéng
mdu thuan vé madt logic. Hinh hoc dugc xdy
dung trén hé théng nay dugc goi la Hinh hoc
Lobachevsky. Pé la Hinh hoc phi Euclid dau tién
trong LSTH thé gidi.

Ngay 11.2.1826 tai truémg Dai hoc tong hop Kadan
cua nuoc Nga, trén dién dan cua Hoi nghi khoa hoc
cua khoa Toan-Ly, GS. Lobachevsky da trinh bay
ban bao co nhan dé: “Bdn trinh bay tém tt Co s
hinh hoc voi phép chimg minh chat ché dinh Iy vé
duong song song”. Vé sau, nguoi ta liy ngay nay -
ngay 11.2.1826 - lam ngay ra don cua Hinh hoc
Lobachevsky (Nguyén Thiy Thanh, Lich si todn hoc
gidn yéu, NXBGD, 2012, tr. 144).

Gi6i toan hoc chua thtra nhian ngay thanh tuu
cua Lobachevsky bai ho chwra chuin bj duge tu
tudng rang co ton tai mot hinh hoc khac véi hinh
hoc Euclid. N. Lobachevsky khong e ngai nhimg
diéu méi la va khic thuonmg ma phdt minh cua
minh mang lai va da ding cam bao vé chin ly ma
minh sdng tao ra.

Ba nim sau, vao ndm 1829 Lobachevsky di cho
xudt ban mdt loat sach va céc bai béo trinh bay
mot cach déy du mén Hinh hgc Lobachevsky. V &
sau ngudi ta con goi 1& Hinh hoc hypecbolic. Cac
tic phdm nay dugc truyén ba réng rdi & nudc
Nga va dugc xuét ban bing tiéng Dirc nim 1840.
Cd bdo cdo nim 1826 lin cic tic pham xudt ban
ndm 1829 sau d6 cia Lobachevsky hau nhu
khong dugc ai thdi d6 hiéu thiu va do do dng bj
cong kich gay gfit. Tir d6 cling théy rd Hinh hoc
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Lobachevsky dd gop phian xoa bo quan ni¢m vé
h¢ tién d¢ Euclid nhu mot h¢ thong bt di bt
dich.

Sir thira nhin phét minh cua Lobachevsky duge bt
diu sau ndm 1868 ké cong trinh cva nha toan hoe
ltalia £ Beltrami (1835-1900): “Thir Iy gidi hinh
hoc phi Euclid . Roi tiép do la cong trinh cua cac
nha todn hoc F. Klein (1821-1895) (véi md hinh
hinh tron dom vj), cha nha todn hoc Phap H.
Poincare (1854-1912) (v&i hai mé hinh nira mit
phang trén va hinh tron don vj). Mai nha todn hoc
dé. bang nhimg mo hinh cu thé di chimg minh
duge diéu ma ban than Lobachevsky chua lam
duoc 1d Hinh hoc Lobachevsky ciing phi mau
thuan nhu Hinh hoc Euclid phi mau thudn. Co
dugc dicu d6 1a nh cic nha toan hoc nay di xay
dung dugc nhimg “mé hinh” don gian cia hinh
hoc Lobachevsky thoa man tét ca cac tién dé
Euclid trir ra tién dé song song.

Mudi hai ndm sau ngay N.I. Lobachevsky di vao
cdi vinh héng. nam 1856 hinh hoc cua ong mai
dirgc cong nhan va truyén ba rong rai. N6 duoc
thira nhan va truyén ba réng rdi nhin ky niém
100 ndm ngay sinh cua 6ng. Pong thai voi do,
ndm 1895 ngudi ta da thanh lap giai thwong
Quéc 1€ mang tén Gidgi thuong Lobachevsky.
Nam 1896 tai Kadan mét tugng dai tudng niém
ong d@ dugc dung 1én ... Va cong trinh cua ong
dugc ca nggi khép moi noi.

Ung ho va chia sé quan
diém vé& phat minh hinh
hoc Lobachevsky con co

nha toan hoc ngudi
Hungari la J. Bolyai
(1802-1860). Ba nim

sau khi cac cong trinh
cua Lobachevsky duge
xuét ban nim 1829, doc
ldp va khong hay biét gi
Vé cdc cong trinh nghién
ciru ciia Lobachevsky, nam 1832 Bolyai da cong
bd cong trinh ctia minh dudi dang mt phy lyc
cia mjt cubn sich cia cha minh 1a F, Bolyai.
Phy luc c6 nhan dé: “Phy lyc trinh bay 1j thuyét
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Bolyai

3 i hane pian” cting vé Hinh
ding ddin tuyél (hﬁrfﬂvliﬂ:fc}i:g ring “ggg‘m nghi
hoc thachlcv.sky' 'ghiéu ctia 6ng trong phy lyc
frg ol v8 BT tod hoc. TW 86 ity
thi d6 12 mt cong trin .

b c.x s i Hinh hoc Lobachevsky -
Rll hign 1R B 1860 trube khi Hinh hoc
Ralyu. Eghgpanis s o i dugc thira nhan
phi Euclid Lobachevsky — Bolyai dugc thira nhan
tdm nam, Ngudi ta da dung IU(.'ITIS bgn than.dc
twong nigm ong tai ving do thi du lich Clyj -
Napoca ...

Doan kit
Sudt miy nghin nam qua, hinh hoc Euclid Iu.(?n
luén 1a mot mau myc cia mot mon hoc dU(-’C. tien
dé hoa, trong d6 tién dé song song da thu hat su
quan tim ctia bao thé h¢ nha todn hoc. Tién dé d6
c6 thé phat biéu duéi dang ngan gon tuong
duong sau day: ‘

“Qua mét diém cho trudc khong nam trén duomg
thing cho trudc ton tai mét va C:hl’ mot duong
thdng song song véi duomg thing ay”.

Hinh hoc Lobachevsky dugc xdy dung trén hé
tién d& gom chin tién dé cua Hinh hoc tuyét doi
cling v6i cai phu dinh cua tién dé nay la

“Qua mét diém cho tricéc khéng nam trén duong
thang cho truée 16n tai it nhat hai dwong thang
song song vdi duong thang dy".

Nhu viy s6 dudng thing song song di qua mét
diém cho trudc & ngoai duong thing da cho 13 vo
s6 (> 2).

Nhung con mét kha ning nira 1a: qua mgr diém
cho treée nam ngodi mét
duong thang cho tuce
khong ké dwgc mot dwong
thiang nao song song voi
dwong thang da cho, tirc
la bét k hai dwong thang
ndo trong m@t phang cung
cat nhau,

Véi cdi phi dinh nay
ngudi ta thu duge mot
hinh hoc phi Euclid thw
hai goi 18 Hinh hoc Riemann duge trinh bay dau
tién trong béo cdo “Vé nhitng gia thiét trong Cor s¢
hinh hoc” (1854) cua nha todn hoc 151 lac Dure B.
Riemann (1826 - 1866).

Riemann
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TIENG ANH QUA CAC BAI TOAN
BAI SO 121

PROBLEM,

The cupyve in the diagram is defined

by the equation ("'2 +y2 -3,\')2 =2(.\‘2 +32 ) Which

()ff/lc’ lines (Z‘b‘C‘d is the v

-axis?

Solution. All the powers of the y variable in the

equation are even. Hence if the point (x;») is on

the curve so is (x;-y). Thefore the curve is

symmetric through the x -axis. Then the y -axis is
the line a.

Remark: This problem is based on a problem in
the Kangaroo Math Contest.

TU VUNG/Ki HIEU
curve s dwong cong
diagram 1 50 do, biéu do, hinh

symmeltric - doi xitng

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

BAI DICH SO 119

BAI TOAN. Mdi hoc sinh ciia lép 12A Ia ban
ctia dung 7 hoc sinh lop 12B, va méi hoc sinh lép
12B la bagn ciia diing 6 hoc sinh I6p 12A. Biét
rdng tong s6 hoc sinh ciia hai lop la 65, hay tinh
56 hoc sinh ciia méi lop.

Loi gidi. Gia s 16p 12A ¢6 m hoc sinh va I6p
12B c6 n hoc sinh. Ta biéu dién méi hoc sinh
bing mjt didm, va ndi mot diém cua 16p 12A v6i
mdt diém cia 16p 12B bing mot doan thing néu
hai hgc sinh d6 12 ban bé.

Dém theo cc diém néi tir 16p 12A, ta ¢6 s6 doan
thing 13 7m.

Dém theo céc didm ndi tir 16p 12B, ta c6 sb doan
thing 13 6n.Vay ta co phuong trinh: 7m = 6n (1).

Mit khéc, tong s hoc sinh 14: m + 1 = 65 Q).

Tu (1) va (2), ta giai duge: m =30 van =35,

Chii thich. Bai toin ndy dugc dé xuit boi thiy
Nguyén Manh Quyén, truémg THPT chuyén
Nguyén Chi Thanh, Dk Nong.

Nh@n xét. Hoan nghénh cac ban: Podn Xudn T) hai,
8A3, THCS Nguyén Ding Dao, phudng Kinh Bic,
Béc Ninh, Biii Ting Lim, 11 To4n 1, THPT chuyén
Ha Tinh, Ha Tinh, Nguyén Hing Cuong, phuong
An Nhon, Gia Lai va ban Lé Bach Hai Dang, 2B,
trutmg Quéc € Song ngir ¢dp 2, 3 GIBS, TP. Graz,
Cong hoa Ao da ¢6 bai dich tét.

NHU HOANG (Ha Ngi)

koo ok o AR ok R AR S 3o oo b ook o ok o

SAILAM. .. (T ié'p trang 47)

Khi a=b=c=1 thi P=12, khi a=3,b=c=0 thi

" P=45. Do viy gié tri nho nhét va gi4 tri 16n nhét

clia bidu thire P 14n lwot1a 12 va 45,

Loi gidi thit hoan hdo va don gian dén mirc bt
ngo! Theo ban, 1oi gidi trén di thdt sw chinh xdc
chiea, ban cd phan van gi khong? Néu la ban,
ban sé gidi thé nao?

TRAN QUOC LUAT
(GV THPT chuyén Lé Héng Phong, TP. Ho Chi Minh)
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\ HIEU CAcH oTh
‘\\_ QMAT BAI TDAN

BAI TOAN 100. Gigi phwong trinh
VX24+2x4+6=2x2+4x-3 (),

(Dé thi tuyén sinh lop 10 THPT chuyén Lé Khiéy
Nam hoc 2025-2026)

Lai gidi: Do x? +2x+6=(x+1)2 +525 nén tap xdc

dinh cua phuong trinh 1a R.
Cich 1. Phwong phdp ddt an phu mét bién

Dit t=(x2+2x+6 v6i 125 =>12=x242x46
=x242x=12-6. PT(1) tr& thanh:
1=2(r2-6)-3 <212 ~1-15=0

<t=3 ,t=—; ( khong thoa min).

Vi 1=3=53x2+2x+6 =3
Sx24+2x+6=9& x2 +2x-3=0x=1,x=-3.

Viy PT(1) c6 2 nghiém x=1,x=-3.

Cdch 2. Phwong phdp ddt dn phu dira vé phuong

trinh dang can thirc co ban

PT(1) ©+/(x+1)2+5=2(x+1)2-5 (2).
it u=(x+1)*, u20. PT(2) tr thanh:
Ju+5=2u-5 (3).

Binh phirong hai vé ctia PT(3) ta dugc:
u+5=4u?-20u+25& 4u? -21u+20=0.

Giai ta dugc u=4,u=%. Thir lai chi c6 u=4thoa
man PT(3). Ta co:

1= =
u=4=>(x+1)2=4<:>|:x+ 2 <:>|:x !

x+1==2
Viy PT(1) c6 2 nghiém x=1,x=-3.
Cich 3. Phuong phdp dua vé phwong trinh tich

PT(1)e>/(r+12 +5=2(x+1)2 =5 (2).
Pit u=(x+1)", 4>0. PT(2) tré thanh:

Vut5=2u-5 (3).

44 Tc&)g?'lugg S3 580 (10-2025)

x=-3

PT(3) tuong duong vai

\/,7—;:5=2(11+5)"15
11 1
<:>2|i(u+5)—2ﬁ:§.2+‘l_6}“15+8

2 % 2
1Yy 121 ook 2 el
<:>(\/u+5——) ——16 c’( u+5 4J (;J =()

4
5
<=>(\/u+5—3)(«/u+5+—2-)=0. Do \/R%)g

nén Vu+5-3=0 out5=9<u=4
x+1=2 |:x=]
<

x+1=-2 x=—3‘

Véi u=4:>(x+1)2 =4¢:>|i
Vay PT(1) 6 2 nghiém: x=1,x=-3.
Cich 4. Phiong phdp hitu ti hoa
Binh phuong 2 vé ciia PT(1), ta co:

x2+2x+6=(2x2+43-3)’
& 4x4+16x3 +3x2-26x+3=0
& 4x3 (x—1)+20x? (x-1)+23x(x—1)-3(x~1)=0
< (x-1)(4x3+20x2+23x-3)=0
& (x=1)[4x2 (x+3)+8x(x+3)~(x+3) =0
& (x=1)(x+3)(4x2 +8x-1)=0
x—1=0
& x+3=0
4x2+8x-1=0
Thir lai chi ¢6 x=1,x=-3 thoa man PT(1).
Vay PT(1) c6 2 nghiém x=1,x=-3.
Cich 5. Phuong phdp diing biéu thirc lién hop
Ta c6: (1)>Vx?+2x+6-3=2x2 +4x—6
x2+2x-3

<:>———.-_
VX2 +2x+6+3

& (x? +2x—3)(2—

Sx=lx=-3,x=

-2+5
5

=2(x2+2x-3)

_1_]0
Vx2+2x+6+3

1
Do Vx242x+6+3>1 nén ———<1
VX2 +2x+6+3

S S

Vx2+2x+6+3

Do d6: x?+2x-3=0x=1,x=-3.
Viéy PT(1) ¢6 2 nghiém x=1, x=-3.
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Cich 6. Phicong php, hé pheong trinh

Tacs: (NESVE+2+5=2(x41)2-5 (2).
Dt a=x+1. PT(2) tr thanh: Va2 +5=242-5.
Pit b=va?+5 b>.f5, Suy ra:
b2=a2+5_—_>b2_5=az.
=2q2—
Ta c6 HPT: {b o 5®{b+5=2a2 )

b-5=a2 7 |p2-5=q2 (4)
Thay (4) vao (3)ta dugc:

b+5=2(b2-5) = 2b2-p-15=0

5
©b=3,b=—5 (khong thoa man).
Véi b=3=a2+5=3 Sa?+5=9a2 =4 q=12,

Vi a=2:>x+1=2:>x=1 .
Vai a=:—2:>.1'+1=—2$x:—3_

Vay PT(1) ¢6 2 nghiém x=1,x=-3.

TRAN VAN HANH
(GV Dai hoc Pham Vin Déng, Quing Ngai)

********************1‘:7‘:*********1\-***********************************7‘:**7‘:*7‘:‘.‘1:’:***

PHUONG PHAP. .. (Tiép theo trang 5)
6. Cho da gidc ¢6 n (n > 4) canh. Goi tdng sb
dwong chéo cua da giac d6 1a T,. Chimg minh
ping T, =n(n—3).
D
7. Cho a, b2 0 va n 13 s6 nguyén duong. Chimg
a" +b" 2(a_+bj"ﬂ
2 2
8. Cho neN*, a > —1. Chimg minh ring:
(1+a)*21+na (BDT Bernoulli).
9. Chimg minh rang;
a) 2"1>n+2, voi nelN;
b) n*>(n+l)"!, véi neN, n22;
c) 1+l+-1-+...+l>—21, véi neN, n22.
243 n n+l
10. Gia sir nim déu tién, mét nguoi giri vio ngin
hang 4 (dbng) v6i 1ai sut r %/mam. Hét nim dau
tién, ngudi d6 khong rit tién ra va giri thém 4
(d3ng) nita. Hét nam thir hai, nguéi d6 ciing

minh rang

khong rat tidn ra va lai gir thém 4 (dong) nita. Cir -

tiép tuc nhu viy cho nhimg nim sau. Chimg minh

Nh@n xét. Ban Trdan Gia Phi, 10 Toan, THPT
chuyén Hung Yén, Hung Yén dong gop 5 cach giai,
ban Vii Ptrc Duy, CTy TNHH Thué va Tu vin PwC
Vigt Nam dong gop 2 cach giai va ban Nguyen Hing
Cuong, phuong An Nhon, Gia Lai dong gop 3 cach
gidi, tvong tu nhu nhirng cach giai trén cia ban Tran
Van Hanh, nguéi gidi thiéu bai toan. Xin hoan
nghénh tit ca cc ban.

NHU HOANG (Ha Ngi)
Mai céc ban giri 16i giai BAI TOAN 102 duoi day
vé Toa soagn Tap chi TH&TT trudc ngay
30/11/2025.

BAI TOAN 102. Cho ba so thiee diconz o
a,feR,a,f=0. Ching minh rang:

a

a & b“ ’ CM = F;J 3
- - >
Bxel claal af 1b’ AP 3B +c )
NGO VAN THAI
(Hung Yén)

Tkdkkhdk®

sO tién ca von lan 13i ma ngudi d6 ¢d dugc sau n

(nm) 1 T,,=A(100+’)[(1: 4 ) —1} (d6ng), néu
r '_ 100

trong khoang thoi gian ndy lii sudt khong thay
doi.

11. Mot nguodi giri sb tién A4 (d6ng) vao ngén
hang. Biéu 1i suft cua ngan hang nhu sau: Chia
mdi ndm thanh m ki han va 1ai sudt r % /nim. Biét
rang néu khong rit tién ra khoi ngan hang thi c
sau mdi ki han, 6 tién 1di s& duge nhap vao vén
ban du. Chimg minh s6 tién nhan duge (bao gdm
cd vén 1&n 14

sau n (ndm) gw 1a

Ty =A(l+—r—)mn (ddng), néu trong khoang thoi
100m
gian ndy ngudi giri khong rit tién ra va 13i sudt
khdng thay doi.
12. Ki hiéu py 1a s6 nguyén 5 thir k. Chimg minh
ring véi mdi s nguyén duong n phuong trinh
2nx2 +9n( Py + praa )x+1945n2 =200 123

ludn c6 nghi¢m duong khong nho hom ».
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BAI TOAN 107 (Belarus 1999). Cho hai day
thuc x,,x,,.

50

VA Y, Vs duoe Xdc dinh nhur sau:

xl = -V! = JE"\‘H'!‘I = xu g ] i '\-:

n?

)
va y. . = 4!

e = voi moin > 1,
1+/1+ y,

Chitng minh rang 2 < Xy, <3voimein> 1,

Léi gidi. Cich 1. Dt z, = L cht y ring quan
Y
hé dé quy déi véi Yn twong duong vai

= 2
2, =2, +1+ 22,

Ciing chu ¥ ring z; =\/§:x,. Tir x; va z; cing
thoa man quan hé dé quy nén z, = x, _; véi moi

. A -
n>1.Viviy: x,y, =—2=—1,
T ok

n n-1

Chi y ring: \/1+x., >x,_,. Viviy: x, >2x_ va
x,y, >2.
Do day (x,) 12 day tang vai n > 1 nén ta cé:

x2xt

n-1 =

=33 %, diéu nay kéo theo :

2%+ >,/1+x

Vivéy 3x,_, >x,, hay x,y, <3.
Cich 2. Pit x, =cotf, véi 0<8, <90°,

cosf, 1
theo: x,,, =cotd, +1+cot’§ =——" 4 —

sind, sind,

keo

LN u.,.l..h_._._L > PAsda il

2 52 Hn
cos’ —
_l+cosd, _ y 2 5 =cot%—.
sinf i 2 cos =+
n 2sin 7 cos )

Tir gia thiét x, = V/3, suy 1a:
cotd, =3=6=30".

00
Suyra: @, = ; -

Tinh toén twong tu ta dugc:

2tan @,
y, = tan(26,) = —tan’ @

Diéu nay kéo theo:
2tané, _ 2
1-tan’§, 1-tan’@,~

xnyn =COt0rr'

Véin>1thi 0<g, <30°, dodd O<tan’g, <1,
Suyra: x,y, >2.
Véin>1thi 6, <30°, va ta ciing co:
tan’ 4, <l.
3
Vivdy x,y, <3,

Nhén xét. Tir dang déng déi véi x, va Yn trong cach

gidi thir hai ta c6 méi quan h§ y_ = trong céch
n-1

gidi thir nhit. Hoan nghénh ban Nguyén Hiing Curong,
phudng An Nhon, Gia Lai di c6 Ioi giai ding cho
bai toan nay.

NHU HOANG (Ha Ngi)
Sau déy 1a bai tp dé nghi. Ban doc hdy giri 15i
gidi vé Toa soan TH&TT tru6c ngay 30/11/2025.

'BAI TOAN 109. Xdc dinh tdt cd céc s6 ¢6 ba chir
isé', chia hét cho 11, sao cho thuang s6 trong phép
chia s6 d6 cho 11 bang tong cac binh phuong cdc
cht? 50 czid 50 av.

KHANH HU'U (Ha Ngi)

*****7\'***********************-)‘******‘k***:"’k******’k**********************w*'k k?*******

THONG BAO
Ban doc c6 thé dit mua céc 4n phidm ciia Tap chi Toan hoc va Vin hoc trong nha truedng tai cic buu cyuc
cia VNPT trén ci nudc véi ma dit nhu sau: Todn hoc va Tuoi tré (C168); Todn Tudi tho 1 (C169);
Todn Tudi tho 2 (C169.1); Véan hoc va Tudi tré (C668); Van Tudi tho (C668.1).

s sk st e s o o o ot o ol sl ok s s ke s ol ke s sk ke ok ok sk sk o o ok e s ok s oo o ok s ol ok ke s o ook ok ke sk sk ol ok s s sk ok o ok ok ok o ok sk ok ok o sk ok ok ok s ok ok ok ok ok ok ok ook oK

S6 580(10-2025)

TOAN HOC
46 - clusie

—

Puoc quét bang CamScanner


https://v3.camscanner.com/user/download

GIAIDAP: XAC sUAT DI 2 ROBOT
GAP NHAU?

(Dé dang trén TH& TT 4 576, thang 6 nam 2025)
Phin tich. L&i £idi cua ban Minh chua ding. Con
I‘O:bot thir nhét d}_“‘: A dén B va con thit hai di tir B
den ‘{ Trong 101; giai cia ban Minh, ban chi xét
con _robot_ thir nhat di tr 4 dén mot trong céc diém
M(f;S—') ma Khong di tiép dén B, tuong tu con
robot thl? hai di tr B dén mot trong cac diém
M (i;8 — 1) ma khéng di tiép dén 4.

Lo gidi ding, Chon hé truc toa d6 Oxy sao cho

A(0;0),B(8;8). Mdi dinh cua hinh vubng don vi
déu co toa do dang (x;y) véi:

X,y € {0;1;2;3;4;5;6;7;8}.
Con robdt thir nhit c6 C cach di tir 4 dén B.
Con robbt thir hai cé6 CX, céch di tir B dén A.
Do ds n(Q)=(C%,)".

D4 B

= N W A L 2 0o
B

A R
0 1 2 3 4 5 6 71 8

Hai con robdt gap nhau tai diém M (j;j) khi va
,Jj €10;1;2;3,4,5,6,7;8
chikhi 17/ < }
i+j=8-D)+@-))
i, j €{0;1;2;3;4;5;6;7;8}
=N
i+j=8

Ching td hai con robdt chi co thé gip nhau tai
mdt trong cac dicm

M (i;8-1),i €{0;1;2;3;4;5,6;7;8}.
Xét bién ¢b X : “Hai con r6bdt gip nhau”. Ta
théy réng, véimodi i e {0;1;2; 3;4;5;6;7;8} thi

- Con robdt thir nhét co ((,') chch di tir A dén
didm M (28— i), rdi dén B.

.’ £
- Con robdt thir hai ¢o (€}) cich di tr / den

diém M (i:8 1), roi dén A,
8
Suyra n(X)= Z((; )4. Viéy xé4c suat can tinh la:
Lot h
X) Z(Ca) 44916498 75617

oy = - |
n(€2) (C."(.)z 165636900 278850

Nhdn xét. Co mét ban phat hién duge sai lam nhung
phan tinh bi nham nén két qua tim ra chua dang.

KIHIVI

THAT HOAN HAO
VA NGAN GON!

Mot hoc sinh néu 10i gidi cho bai toan bat dang
thitc nhu ¢ dudi day.
Bai toan. Cho cac so thuc khong am a.b.c thoa
man diéu kién a+b+c=3. Tim gid tri nho nhat va
gid tri lon nhat cia biéu thirc
P=a’+b* +c3 +2(a? +b* +c*)+3abce.
Lai gidi. Vi a+b+c=3, taco:
a?+b?+c?=9-2(ab+bc+ca);
a3 +b?+c3 =3abc+3[9-3(ab+bc+ca)).
Do vay: P=6abc-13(ab+bc+ca)+45.
Khong mét tinh tong quat, gia st a2b>¢20, khi
d6 1<a<3. Xét ham sb bac nhit theo bién a sau
trén doan [1;3] :
f(a)=(6bc-13b-13c)a+(45-13bc).
Chu ¥ ring khi a=1 thi 12b2¢20 va b+c=2 nén
b=c=1, do viy f(1)=12. Mit khdc khi a=3 thi
b2c20 va b+c=0 nén b=c=0, do dd f(3)=45.
Theo tinh chit ctia ham s bic nhit ta c6:
12=min{f(1); f 3)} < f(a)<max {f (1); f (3)}=45,Vae[1;3]}

(Xem ticp trang 43)

TOAN HOC
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GS. TSKH. TRAN VAN NHUNG Téng Giém d6c NXBGD Viet Nam
TS.NGUYEN VAN VONG NGUYEN TIEN THANH
PGS.TS. TRAN VAN HAO Téng Bién tap NXBGD Viét Nam
: . PHAM VINH THAI
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Téng bién tdp : TS. TRAN HOU NAM Thu ki Toa soan: CN. VO THTHONG THU
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TRONG SO NAY
o Danh cho Trung hoc Co s 0 Giadi bai ki trudc
For Lower Secondary School Solutions to Previous Problems
Hodng Ngoc Hiing — Phuong phép quy nap toin T1/576, ..., T12/576, L1/576, L2/576
hoc.
@ Phuong phidp giai todn
° Huéng din giai dé thi vio 16p 10 THPT chuyén Pham Duy Khdnh — Phuong phap don bién
Bic Ninh, nim hoc 2025 — 2026. theo dai lugng trung binh trong bt ding thic

trong tam giac.
o Pé thi vao 16p 10 THPT chuyén Hung Yén, nim

hoc 2025 — 2026. Q Lich sir toan hoc
‘ Nguyén Thity Thanh — Qua trinh hinh thanh va
@ Dién dan day hgc toan ; ' phat trién cta Hinh hgc.

Nguyén Tién Tién — Phat trién ning luc cho hoc @ A ,
sinh thong qua viéc khai thic, phdt trién mot bai Tieng Anh qua cic b toin ~ Bai s0 121 -

to4n bit ding thirc. , Bai dich s6 119.

@ Nhiéu cich giai cho m§t bai toan — Giai bai

0 Ban dgc tim toi :
todn 100 — D€ bai toan 102.

Biii Ngoc Giao — Léi gidi cho mdt bai ton bat
déing thirc. : @ Du ljch thé giéi qua cdc bai toan hay — Giai

bai toan 107. P2 bai toan 109. ‘
@ Pé ra ky nay Problems in This Issue ‘

1 { : Ay
T1/580, .., T12/580, L1/580, L2/580, @ saitim g
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TRUONG THPT GIA VIEN B...

Nhing két qua do gop ])hc)\'l] xay ding nha trudng
rd thanh tnfdng THPT dau tién trén dia ban
huyén Gia Vién dat chugn quéc gia (ndm 2013),
tiep do duge €Ong nhan lai vao cac nam 2018 va
2025.

01 THAO CuuTEN BE
g T e 0B

""V"%ﬁ'a - 39 #\Q .
S

Dai biéu dy Hoi thio chuyén dé mén Todn
cap tinh n&m hoc 2013-2014
Khong chi chi trong dén chat lugng gido duc,
nha triong con t6 chiic cac san choi nhdm phat
nang lyc, sé tnfong, khai day y chi, dam me

it vong cong hién cia hoc sinh; déng thai

quan tdm dén cac hoat dong nhu khuyén hoc,
khuyén tai, chid thap dé, .... Can bo, gido vién,
nhan vién va hoc sinh nha trudng tich cuc,
thuong xuyén tUng ho, tham gia dong gop xay
dung Quy khuyén hoc, khuyén tai huyén Gia
Vién, Quy hoat dgng Chit thap do6, ing h¢ déng
bao bj thié¢t hai do bao 1a, thién tai, hod trg hoc
sinh ¢6 hoan canh kh6 khan, .... Can b, gido
vién, nhan vién nha trudng tich eyc tham gla cac
hoat dong thién nguyén. Glal doan 2015-2025,
nha tndéng c6 161 Iugt can by, gldo vién, nhan
vién tham gia hién mau tinh nguy¢n. Vai dong
gop clia cic ¢4 nhan va tap thé cho cong tic chit
thap db va khuyén hoc, khuyén tal, nha tring 5
lan duge Chii tich UBND huy¢n Gla Vién ting
Gidy khen, 3 14n duge Ban Chi dao vin ddng
hién m4y tinh nguyén tinh Ninh Binh tang Gidy
khen, 2 14n duge Hoi Khuyén hoc tinh Ninh Binh
tang Gidy khen, c6 10 lugt giao vien duge ting

(Tiep theo bia 4)
Glay khen ctia Chii tich UBND huyén Gia Vién,
Ban Chi dao van dong hién mau tinh nguyén
tinh Ninh Binh
Trong hanh trinh 60 nim xay diung va trng
thanh, sy quan tam sau sic cta cic cap uy
Bédng, chinh quyén va phuy huynh hoc sinh luén
la nguén dong vien to lan, khich 1é cdc thé hé
thiy va tro nha truong khong ngiing co ging, no
Ive vilgn 1én va dat duge nhitng thanh tich dang
tran trong. Nha trung nhiéu Iin dude ting dann
hi¢u Tap thé lao dong xuit -“c. Cd thi dua cia
UBND tinh; duge Chi tich nude tz ng Huén
chuong Lao dong hang Ba: nhiéu lan duge Thi
Widng Chinh phi, B¢ tridng - Gido duc va Dac
tao, Chi tich UBND tinh Ninh © 7h tang Béng
khen; dudc Ban Chdp hanh Trung vc-7 Héi Chi
thap do Viét Nem tang Bing khen; cuge Gidm
d6c S§ GD&DT, Chi ‘.ch UBND huyén Gia Vién
ting Gidy khen cac loai. Trong giai doan 2015-
2025, ¢6 96 lugt ca nhan dudc tdng danh hiéu
"Chi€n si thi dua cd sd", ¢6 11 ca nhan dugc Bo
truéng Bo GD&DT, Chi tich UBND tinh ting
Bing khen va nhiéu ca nhan duge ting Gidy
khen cla Giam déc S GD&DT, Chu tich UBND
huyén Gia Vién. Nhieu thé h¢ hoc sinh ra tniong
da trudng thanh trén moi mién dat mide va &
nudc ngoai, cing c6 nhing cyu hoc sinh da anh
ding hy sinh va trd thanh li¢t sy, do 13 nhing
diém nhdn t6 thdm thém 1 ¢ truyén thong vé
vang ciia nha trudng.
Nhan djp ky ni¢ém 60 ndm thanh lip, Trudng
THPT Gla Vién B xin duge gii 181 tri an sau sdc
dén cac th¢ h¢ thdy co gldo, cin b, nhan vién,
hoc sinh va phy huynh da dong hanh, déng gop
cong sic vao sy phdt trién cia nha trudng. Sy
cong hién thim I1dng, bén bi cla quy vi 1a nén
ting vitng chdc dé nha trnidng vuon téi nhing
(dm cao mal. Ky niém 60 nam thanh 13p la mot
ddu moc quan trong dé mdi thiy cd, hoe sinh va
cifu hge sinh cang nhau ¢ hao, on lai truyén
thong, dong thot tiép thém dong he cho nhing
bude di vilg chdc trong tuong lal.

Trigng THPT Gia Vién B - 60 ndm mdt chdng dudng, mét niém ty hao!
Tiép nbi truyén théng - Kién tao tuong lail
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NGUT-ThS. Tran Van Kién
Bi thu Chi b, Higu trudng nha trudng

Trudng THPT Gia Vién B, Ninh Binh dugc thanh
lap nam 1965 vdi tén goi ban dau la Trudng cap
B Gia Vién tai xa Gia Thing (nay thuéc xa Pai
ng), huyén Gia Vién. Nam 1969 trudng
chiyén vé dong trén dia ban xa Gia Lap (nay

udc xa Gia Van) cho dén ngay nay.
Nhilng ngay dau méi thanh lap, tridng chi c6 8
16p (4 16p 8, 2 16p 9 va 2 1dp 10) vdi khodng 400
hoc sinh, dugc bo tri hoc nhd tai nha dan, cic
p hoc dugc dyng bing tranh tre, nia la, tudng
dép bing vach dat. Trai qua 60 nim xay ding va
phat trién, dén nay truong da c6 30 16p hoc véi
1298 hoc sinh, cd sé vat chat ngay cang khang
trang, hién dai, diap dng nhu cau day va hoc
trong thdi ky déi mai gido duc. Hoi déng su
pham nha trudng c6 3 can by quan ly: Hi¢u
trudng: NGUT-ThS Tran Van Kién, cic Phé Hi¢u
trudng: ThS Nguyén Tién Tién, ThS Pham Qudc
Khénh; 65 gido vién (18 Thac si, 37 gldo vién
. dugc cong nhan gido vién day glol cdp tinh) va 8
i nhan vién duge bién ché thanh 6 t4: Toan-Tin,
| Vat li-Hod hoc, Sinh-Cong ngh¢-Gldo dyc thé
F chat, Ngir van-Lich sif, Pja li-Ngoal ngd-Gldo dyc
. cong dan va t6 Van phong. DOi ngi glao vién

nha triong khong nging hoc tap nang cao trinh -

dg chuyén mon, nghiép vy, lhﬁ'dng xuyén dél mai
phuong phép va iing dung cong nghé thong tin,
chuyén déi s6 trong day hoc. Nhiéu can b, glao
vién clia nha tridng 1a cong tic vién chuyén mén

TRUONG THPT GIA VIEN -
60 NAM XAY DUNG VA PHAT TRIEY

Héi dong giéo duc nha truéng nim hoc 2025—2,

cia S¢ GD&DT nhu c6 Hoang Thi Thiy,
Nguyén Thi My Hanh, ¢6 Dang Thi Hué, thiy
Kiéu Qudc Phudng, thidy Nguyén Manh Cu’(jng-.
thay Pham Van Trinh, thay Nguyén Tien Tién. ‘
va nhicu thay, c¢6 co sang kién duge ~hi tich
UBND tinh, Giam doc S6 GD&DT cong nhan. Chi
bo nha trudng truc thuge Dang bo xa Gia Van,
voi 5 td dang gdm 49 dang vién. Poan Thanh
nién Cong san HO6 Chi Minh nha trudng co 3]
chi doarn, g6m 1 chi doan giao vién va 30 chi
doan hoc sinh vdi 1323 doan vién, thanh nién.
Trong su6t chdng dudng 60 nam xay dyng va
phat trién, nha trudng luon hoan thanh tét, hoan
thanh xudt sic nhiém vy chinh tri. Chat ligng
gido duc khong ngiing duge cung ¢6 va nang cao,
dap ing cac tiéu chi, tieu chuan cla tnigng hoe
dat chudn quéc gia. K&t qud thi tot nghiép THPT
trong nhiéu ndm gan day luon dat 100%, ti I
hoc,sinh tring tuyén vao cac trudng dai hoc dat
trén 75%. Hoc sinh nha tridng tham gia cac ky
thi, cugc thi, hoi thi, ... do S¢ GD&DT. B
GD&DT, ... to chic dat nhiéu két qua cao. Trong .
nhiéu ndm hoc nha trudng duge S§ GD&DT Ninh
Binh tdng Cd trong phong trdo bdi dudng hee
sinh gi6l, Hol thi thé dyc thé thao cdp tinh, Hoi
thao qudc phong va an ninh, Hoi thi Giai diéu
tudf héng danh cho hoc sinh phd théng, Hoi
khoé Phu Déng, ..

(Xem tiép bia 3)

Giay phép XB s6 534/GP-BTTTT cap ngay 19,11,2020; Ma s6: 8BT10M25

In tai Xi nghiép Ban d6 1- BQP

In xong va nop luu chiéu thang 10 nAm 2025

Gid: 22,000 déng
Hai mudi hai nghin dong
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