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Bo sach “Bai tap nang cao va mot sé chuyén dé
Toan” gém cac cudn:

~ Bai tap nang cao va mot s6 chuyén dé - Pai s6,
Giai tich, Xac suat, Thong ké.

— Bai tap nang cao va mét s6 chuyén dé - Hinh hoc

Mbi cudn sach gém hai phan:
Phan mot gém cac chuong, bai bam sat Chuong
trinh gido duc phé théng 2018, méi bai gom:

. Tom tat kién thuc: tém tat nhing kién thuc
trong tam ctia bai, duoc van dung dé giai cac
bai tap, cac dang toan trong bai. Tuy theo noi
dung ting bai ma & phan nay c6 thé cé thém
phan Kién thic bé sung nang cao lién quan dén
chu dé cta bai hoc.

< /i du minh hoa: phuong phap gidi, cac vi du
gitip hoc sinh hiéu sau, réng hon nhing kién

4

thuc da hoc, déng thai co duoc nhun !
can thiét cho viéc giai toan

- Bai tap dé nghi: bo sung cac bai 4

cho méi dang toan. Cac bai tap duoc p»

tlf co ban dén nang cao

Phan hai gom cac Chuyen ( 10
sinh kha, gioi): cac dang toan thudng xu.. ¢ hiel
trong cac ki thi vao Pai hoc&Cao dang rong
cac ki thi hoc sinh gidi va Olympic (. AN
dé sé giup hoc sinh phat trien kic:

hoc, cung cap cho hoc sinh co <o

phuong phap gidi toan thuong su dune

Sach dugc bién soan theo Chuong trini

duc phé théng 2018 dé hoc sinh o the cus

kién thuc cia minh ngay sau moi gio ho

|&p, déng thai bd sung va khac sau them i
van dé li thuyét nham bai dudng hoc sinh
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TRUNG HOC C6 S b a
Nhu ching ta da biét, trong cic ky thi hoc sinh
@idi 16p 9. cée ky thi tuyén sinh vao 10, hay noi
chung 1a cac ky thi chon hoc sinh gioi cip THCS
thi ching ta thuémg thiy c6 bai toan 16 hop, bai
toan suy ludn ¢6 1y va né thuémg nim & bai cudi
cing mdt dé thi. Didu d6 c6 nghia ring cc bi
toan nay thuong duge danh gia la bai toan kho,
muc 4o cua né co thé thay la mirc ¢ kho twong
duong vai cac bai bt ding thirc trong céc ky thi
ndi trén. Trong bai viét nay, ching toi sé trinh bay
mot cach ngan gon va dé hiéu nhat d6i véi céc bai
toan d6. Chung t6i da phan dang mdt cach tuong
d6i, muc dich gitup hoc sinh ¢6 cach nhin tét hon
cac bai toan nay. sé khong bi ngop bdi nhimg bai
toan véu cau doc hiéu nhiéu nhu thé.

I. NHUNG DANG TOAN THUONG GAP

. Nhirng bai toan vé quen biét
Nhimg bai toan dang nay thong thuong can sir
dung biéu d6 ven dé giai. Ching ta cing xem
nhimg thi du sau

hi du 1.1. (Thi HSG lap 9,
hoc 2011-2012). 7

TP Ha Nji, nam
rong mot hoi nghi ¢o 100 dai
i/l quen /W"'/ veri it II/H/.I 67
rong do co it II/I:;I

Chirno minh rang

K Hir

neteed déu quen bict voi 3 ngwoi
Léi gidi. Chon mot ngudi bt ky, ta goi d6 1a A.
Goi B la mot nguoi quen cua A. Ta ky hi¢u
X Xy lan lugt la tap hgp cic ngudi quen cua A
va B. Lic nay ky higu X, la tap hgp cac ngudi
quen chung cua A va B. Khi d6 baoi vi
100> n(X, v X,) nén

MOT VAI DANG TOAN T0 HOP THUGONG GAP
TRONG CAC KY THI HOC SINH GIOI THCS VA TUYEN SINH VAO.LOP 10

POAN KHANH TUYEN (GV THCS Nguyén Khuyén, Chu 5. Gia Laf)
TRAN MINH VU (GV THPT chuyén Hing Vieomg, Gia Lai)
vOTA Qmmc mm (wmmn uhmmm

oo>n()( uX,)=n(X, )+n(X) n()G 2)
Z67+67—n()(‘,.,,,).

Ta suy ra s6 phan tir cua X, , 234. Goi ¥ latap

hop 34 ngusi bat ky thuge X, ,, ta chi can
chimg minh dugc trong s6 cic nguoi nay co it
nhit 2 nguoi quen nhau la chimg minh hoan tt.
Gia sir 34 ngudi trén khong c6 ai quen nhau, khi
d6 1ay mot ngudi C bt ky trong nhém Y nay, khi
d6 C quen it nhét 65 nguoi khac (trir A va B) ma
khong c6 ai thugc nhéom 33 ngudi cua nhom Y
(dugc bo ra C). Dén day hdi nghi ¢ 2 nguoi A, B
véi ngudi quen chung 1a C, c6 it nhat 33 nguoi
quen chung cua 4 va B va c6 thém 65 nguoi quen
khac cia C ma khong nim trong tip Y nén s6
ngudi  trong hoi nghi khong it
2+1+33+65=101 ngudi, ta suy ra mau thuin.
Viy trong tap Y phai c6 it nhat hai nguoi quen
nhau.

Thi du 1.2. (Thi HSG lop 9. So¢ GD&DPT Gia

Lai, ndm hoc 2020-2021). ’

hon

5

6 dai bicu, ngweoi ta nhdn thay ¢

thi ¢o 2 nguwoi quen nhau. Ching »

co 3 dai bicu ma vong do m

% {
o

quen voi 2 ngweot con lai

Loi gidgi. Dé tién cho viée chimg minh, ta ¢6 hai
két qua hién nhién dugc suy ra tr yéu cdu bai
toan.

Nhdn xét 1: Hai ngudi bt ky ma cing khong quen
mot ngudi thi quen lin nhau.

Nhdn xét 2: Ba ngudi bat ky ma cung khong quen
mdt ngudi thi quen lan nhau, nhém nay théoa mén
yéu céu bai toan.
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da cho. Do 46 néu §,;S, c6 cing sé du thi

a,,+...+a, 1a tong lién tiép céc sé chia hét cho
11. Chimg minh hoan tt.

llli \l” :.‘ (lhl ll\(l l”,\ ". SNo ‘vl)\\')l (Ii:‘

Lai, nam hoe 2011-2012)

J1¢r )

Loi giai. Ta goi s6 bong ném vao ré cia 7 em &
trén theo thir ty ting dan la a,a,...,a, Vadit
cac tong lién tiép la:

S,=a +a,+a,; §,=a,+a,+a,;

Sy=a,+a,+a,, S,=a, +a,+aj,
S;=a,+a +a,.

Tacotong @ +a, +...+a,=100. Vi @, nho nhit \

nén 7a, <100, suyra a, <14.
Gia sir ring cac tong S,i =1,7 déu nhé hon 30.
Khi d6 thi:
a +a,+a,+a,=100-(a; +az+a,)>70
=a,>70-(a, +a, +a,)>40.

Trong khi d6 a, <14, ta c6 ngay méau thun. Viy
ton tai it nhat mot tong S,,me{1,2,..,7} khong
bé hon 30.

lu 2.2, (Thi HSG 16p 9, S¢ GD&DT Ba

1am hoe 2021-2022).

ne hano 100,
Loi gigi. Ta ky hiéu cac sb dugc viét ¢ trén Ia
a,;a;...;,,, . Ta xdy dyng céc két qua 1a tong lién
tiép nhu sau:

S, =a,S,=a+a, S,=a +a, +a,,..
S0 =8, +ay +...+ 8y, Sipy =G +0, +...+ Gy,
Trong 101 tdng trén, ta xét s6 du cia ching khi
chia cho 100. Néu ton tai mét tdng trén chia hét
cho 100 thi chimg minh hoan tat.

Xét truomg hop céc tong trén déu khong chia hét
cho 100. D& dang thdy dugc ring, néu m >n véi

moi m,n€{1,2,...,101} thi
S -8 =a,+...+a,

la tong lién tiép cac sb da cho.
Dodonéu S,, S, cocungséduthi a,, +...+a,
la tong lién tiép cc sd chia hét cho 100.
Trong 101 tdng sé co it nhét 2 tong ¢ cung sb du,
giasirdola S,,S,. Vicac tong déu khac nhau va
chi c6 téng tit ca bing 300 cho nén
0<S§, S, <300. Do d6 chi xay ra kha nang:

§,=8,+100,S_ =S, +200.
Khi d6 néu S, -5, =100 thi chimg minh hoan
tt.

Néu c6 mét téng bing 100 thi chimg minh hoan
tat.

Néu §,=S,+200 va khong cé téng nio bing
100, khi 6 S, <S,,, . Vi véy

S (S, =S,)=100.
Chimg minh hoan tét.

Thiduld D

/

Loi gigi. Ta ky hi¢u cic sé duge viét trén vong
tron ké tir mdt vj tri ndo d6 1am méc 1a:

), Gy, ..., Gy.

Ta xdy dyng cic tong 3 s nguyén lién tip trong
vong tron trén la:

TOAN HQC
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S, =a +a, +a,;

S, =a,+a, +a,;

Sy =ay +a, +a,.
Ta chimg minh bing phan chimg, gia sir cic tong
trén déu nho hon 39, khi dé:

S, +8,+...+ 8, <25.39=975.
Trong khi do thi:
S, +8, +... 48 =3,(142+...+25)=975.

Hai diéu trén giup ta c6 dugc méu thuin. Viy diéu
gia sir 1a sai, ta c6 diéu phai chimg minh.

Thi du 2.5 Mot ba me chiéu con moi ngay cho

con mot lan keo ¢o it nhat | cai nhirng /\‘/m'/r;; che
noi tuan khong cho qua 12 cai keo. Chieng minh

rang mg mot so ngay lien tiep nao do ngieoi me
o con tong la 20 chiée keo.

Léi gidi. Ta ky hiéu s6 keo ngudi me cho hang

ngay, tinh trong 3 tuan, theo thir tyr la:

I N

Ta xay dung cac tong s6 keo trong cdc ngay lién
tiép la:

S, =a,S,=a+a,..., S5, =a,+a,+...+ay.
Khi d6 thi cac tong trén khac 0 va bé hon hodc
bang 36.

Xét sd du cua ching khi chia cho 20, rd rang véi
21 téng thi s& c6 it nhat hai téng c6 cung sb du.
Nhu vay hiéu cua ching la bdi cia 20 nhung
khong vuot qua 36, vi thé higu d6 bing 20. Ta c6
diéu phai chimg minh.

Nhitng bai todn sir dung dau hidu hat bién,
don bién
Pé giai nhimg bai todn nay, ching ta can lwu y
dén nhimg diéu khong thay d6i trong sudt qua
trinh thuc hién céc thao tic. Diéu d6 hay dugc goi
1a bit bién va tu duy hoc sinh can rén luyén Ia tim

TOAN HOC
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ra didu bét bién d6 dé nhdm giam tai cac thao tac
tinh toan hodc trinh bay.

Thi du 3.1. (Thi HSG lép 9, Quang Ninh, nam
hoc 2021-2022). Trén bang co 2022 s6 dwrong lién
tiep 1,2.3....,2022. Ta thuc hi¢n thao tac: Vo
lwot ta xoa di hai so trén bang va thay vao do la
mot so bang tong cua ching cho den khi con lai
diing mot 5o trén bang. Hoi s6 con lai la s6 chan
hay so le, vi sao’?

Léi gidi. Trong bai ton nay, khi thay hai sé béi
mét sé la tdng cua ching, c6 nghia la trong sudt
qué trinh, tong cua day s6 da cho la khéng thay
ddi. Va do d6 sb cudi cung con lai trén bang la
tong cua cac s6 trong day sé da cho. Bdi vi ddy sb
dd cho gdm 1011 sb chin va 1011 sb 1¢, cho nén
tong cua ching 1a mt s6 1€.

Thi du 3.2 (Thi HSG lép 9, So GD&DT Thai
Nguyén, nim hoc 2024-2025). Cho 6 hop dwoc
kv hiéu la M B o HE B 1A Goi

n o, N I N, eong teng la 5o vien bi co trong

hop H ,H,H,H, H,H,_ . Biet rang

cac

? ANT 7 ..}
- =2027. Ban Binh thu

noA N, 00k +n

I
hién tro choi nhir sau: Moi lan, chon ngau nhién 3
hép. sau do bo vao moi hip (trong 3 hop do) ding
| vién bi. Hoi sau mét so lan thu
tic trén. so lweong vién bi trong 6 hop ¢o ban
nhau khong? Giai thich.

Lai gidi. Truéc hét ta biét ring voi moi sé nguyén
n thi né ¢ cung sé du voi n* khi chia cho 3, boi
vi n’ —=n=n(n-1)(n+1) luén chia hét cho 3. Do

d6 theo gia thiét thi tong s vién bi trong 6 hdp khi
chia cho 3 c6 sb du ciung s du khi chia cho 3.
Chi y ring & mdi thao tac, ta thém vao 3 vién bi
nén tong sé du khi chia cho 3 ludn bang 2. Vi viy
néu & modt thao tac cua dé bai ma c6 sd lugng bi &
céc hp bing nhau thi tng s bi sé chia hét cho 3.
Ta c6 méau thudn. Do dé cdu tra 15i 12 khong thé.



Thi du 3.3

Ria-Viing

(Thi HSG 1op 9, Sé¢ GD&PT Ba

I'au 2"24-2025). Cho lap /nr/;

\' — I‘l R ; NS i
bl &y D, .aic 2028 ,
02 - Tim so he nhien kK nho

nhat sao ¢ : i
T o cho VO Mot ¢ /" /.I\ k ”/IHH 11 /,‘” |13

hitoc X thi ludm 2im ons b ;
thuoc X 1l mon rton ai hai /’/"’” ne a.b(a h)

rrone k w,'~.: T3 N3 ‘ .
HE Aphan e dieoe lavy ma q + b chia het cho

u

Léi gigi. Ta chia tap X thanh 3 tap hop. Tap S,
gdm 675 sé chia cho 3dul, tép S, gbm 675 sb
chia cho 3 dw 2 va tap S, gdm 675 sé chia hét cho
3. RO rang rang cir hai sé a,b bét ky thuge S,
hodc S, thi ching c6 tong khong chia hét cho 3
nhung hi¢u cua chiing thi chia hét cho 3. Vi vy sé

k phai 16n hon 675. Ta sé chimg minh k nhé nht
can tim la 676.

Bay gio ta xét mét tép bat ky cac sé thude X cb
676 s0, ta sap thir ty ching nhu sau:
@, <a, <-<ag,,

Khi d6 vi ag, <2025
a,,, —a, <2024 . Bay gio ta xét hiéu hai sb lién

a2l va nén
tiép batky a,., —a,, néu trong céc hiéu nay c6 mét
hiéu bang 1 hoac bing 2 thi hai sé d6 théa mén
yéu cau bai toan.
Thét vay, gia st a—b =1 thi a+b ludn chia hét
cho a—b; connéu a—-b=2 thi khid6 a,b cing
tinh chén 1é nén a + b chia hét cho 2.
Cubi cung, ta gia sir ring tat ca cc hi¢u lién tiép
déu khong bé hon 3. Khi d6
Ay = d, = (G = Bgrs ) + (25 — A2 )

+++(a, —a,)2675.3.
Ma 675.3 = 2025 > 2024 nén ta c6 méu thuan,
Thi du 3.4 (Thi HSG lap 9, So GD&DT Nam
Dinh, .n;im hoe 2021-2022). Trén mot mat han

phang ¢ 2021 dong xu hich thieae bang whan, moi

done cu e hai mat trong do co mot mat mav xanh

va mot mat mau do. dong thei tar ca cac dong xu
dew ngwea mat maw xanh lén tren mat ban. Thue
hign tro chot sau day: moi leot char phai doi mat
1O dong yu naa do tren mat ban. Hoi sau 2022
lirert chai co the nhan dieese //;/ ca 2021 /’l;h"" u
trén mat han deéu ngira mat mau do len trén hay

khong? Hay giai thich vi sao’?

Lai gidi. Ta ky hiéu mat xanh 12 s6 0 va mat dé la
s0 1. Nhur viy lic bat dau tro choi, tong cac sb
trén mét ban la s6 chin.

Budrc I: Lat duge 10 mét o, tong céc sb van la sé
chin.

Budrc 2: Néu Gip k mit 46 thanh mat xanh va ngira
duge 10 — k mat d6 thi khi d6 trén ban van c6 tong
céc s6 1a s6 chin.

Diéu d6 c6 nghia ring lam thé nao di chang nira,
chiing ta khong bao gio c6 dugc tong cac sb la sb
lé dugc.

Thi du 3.5 (Thi HSG 16p 9, phong GD&DT

Thanh Tri, Ha N§i, nim hoc 2021-2022). 7rén

% ’ : I o .

mot bang c¢o ba so \/5 2, —=. Ta thuc hién tro
V2

choi nhw sau: Moi legt choi ta xoa di hai s6 trong

py v ¥ .
Khi do ra tiep

ba so trén bang, gia sir do la a.b

a - b

va ——=——, dong thoi giir

2 . za+b
tuc bo sung hai so

5 D)
Ve N~

nguyen so con lai. Nhur vdv moi heot choi van con

ba so trén bang, hoi bao nhicu

lirot ¢
dige ba 5o wrén bang la 2. 14v2, — '
N2
Lai gidgi. Gia sir ba s6 trén bang 13 a,b,c. Khi thay
: -b
a,b bang x=a+b ) ja=4 thi ta ¢o:

va y= \/-2-

<or (2] (et

_a +2ab+b* +a* -2ab+ b’

=a’ +b'. -
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Lai gigi. Vi ¢6 10 diém mau xanh va 10 diém mau
ao. nén néu ndi ching thi chi c6 hira han doan
th‘ing. Goi T la mdt cach sir dung 10 doan thi"mg
dé nodi c.éc diém theo yéu ciu ma tong do dai céc
doan thing la ngin nhit. Ta s& chimg minh 7 la
mot phwong dn ndi céc diém mau do va cac diém
mau xanh cua dé bai ma 10 doan thing dugc ding
d6i mot khong c6 diém chung,

Thét viy, gia sir ton tai hai doan thing cit nhau
trong 7. Khi d6 ky hiéu X,P, va X,P, la hai
doan thing cit nhau d6.

Ta xét mét phuong 4n 7' la phuong 4an giir
nguyén 8 doan cua T va thay déi bang néi X, P,
va X, D nhu hinh vé.

X

S
SRR
B
-
e
e
)
e
cae
-
L =

XZ .......................... Dz
Phuong 4n T'cé tong do dai cac canh nho hon
phuong an 7 vi
X, D+X,D,= XA+ AD,+X,A + AD,
> X,D,+X,D,. '

Do d6 ta c6 mau thudn véi tinh bé nhat cua
phuong an T , vi viy phuong 4n 7 ma c6 tong
cac doan thiang nho nhat sé la phuong 4n ma cac
doan thing khong cat nhau.

Thi du 4.2 (Thi HSG 16p 9, Chi Ling, Lang
~ Som, nim hge 2021-2022). Trén mat phang ¢6 99
 diém phan bié1, trong do cir 3 diém bt ky thi tim
figc hai W khoang cach nho hon 1. Chimg

5 ,%g % tg; ml lunh tron co ban kinh bang
hil it hor 50dtem ‘

i p9 dlém di cho, vé
h& vi, bég kinh la l.
cht‘ra hiru han dxém

tron, nén ton tai hinh tron chira nhiéu diém nhat.
Goi hinh tron (4,1) 14 hinh tron do6.

Gia sir, hinh tron (A) chira khong qué 49 diém.

Khi d6 c6 it nhét 50 diém khong chaa trong hinh
tron (A). Xét diém B 1a mot diém trong 50 diém

d6. Luc nay, ta c6 AB > 1. Bén canh d6, hinh tron
(B,1) chira khong qua 49 diém (do tinh chit cua
hinh tron (A4)). Vi thé, ca hai hinh tron (A4) va
(B) chia khong qud 49+49=98 diém. Mat
khéc, ban ddu c6 99 diém, diéu nay dan dén ton tai
diém C khong chia trong (A4) va (B). Tic la
CA>1 va CB>1.Xét3 diém 4,B,C , ta c6 ngay
diéu mau thuin.
Vay hinh tron (4) chira khong it hon 50 diém. Ta
c6 diéu phai chimg minh.
Thi dy 4.3 (Thi HSG 16p 9, Quing Tri, nim
hoc 2021-2022). Tai diém tiém chung so 1 cua
trung tam y té Thanh pho Pong Ha, nguoi ta bo
tri mot phong cho cho nhimg nguoi dén tiém. Dé
dam bao an toan phong chong covid - 19, yéu cau
t6i thiéu khoang cach giita hai nguoi bat ky la 2
m. Hoi tai mot thoi diém, phong cho dé chira toi
da bao nhiéu nguoi? Biét rang phong cho la mot
hinh vuéng coé dién tich la 16 m®.
Loi giai. Phong cho 1a mot hinh vuéng co dién
tich 16 m’, suy ra n6 c6 canh dai 4 m. Ta coi moi
ngudi c6 mat trong phong 1a mét diém trong hinh
vudng.
Xét tai mot thoi diém nao do, gia sir trong phong
c6 k ngudi, ta xét tit ca cac doan thing ndi 2
ngudi trong phong véi nhau, khi d6 theo nguyén
Iy cuc han, ton tai doan thing c6 khoing cich
ngdn nhit. Goi khoang cdch nay la 4. Tu gia
thiét, ta c6 ngay d 22 (m).
Ta chia phong chd thanh 9 hinh vudng nho blng
nhau nhu hinh sau:




Lok 1
Khi d6, mdi hinh vudng nho ¢6 canh bing 3 Hai
diém bat ki trong hinh vuong nho sé c6 khodng

olch Khong vigt qué 4‘/_ i 4‘3/5
thé mdi hinh vuéng nhé chira khéng qua mot
ngudi. C6 9 hinh vuéng nhd, dan dén & <9.

Ta sé chi ra mot cach xép véi 9 ngudi vao phong
thoa min yéu cdu. Ta chia cin phong thanh 4 hinh
vudng bang nhau nhu hinh vé sau. Dat mdi ngudi
tai 9 vi tri diém “nut” t6 tron.

<2<d, vi

D¢ dang kiém tra dugc khoang cach giira 2 diém
bat ki déu khong bé hon 2 mét. Vay tai mot thoi
diém, phong ché chira dugc toi da 9 nguoi.

Thi du 4.4 (Thi HSG lép 9, phong GD&DT
Dong Anh, Ha Noi, nim hoc 2021-2022). Trén
mat phang co 2022 diém phan biet. Chimg minh
rang ton tai mét hinh tron chira 1011 diém da néu
va 1011 diém con lai nam bén ngoai hinh tron do.

Loi giai. Vi c6 hiru han diém nén c¢6 hiru han doan
thing dugc tao bai tir 2 diém nao dé trong 2022
diém phan biét da cho. Véi mdi doan thing do, vé
duong trung truc cia né. Goi M 1a mot diém
khong nim trén bit ki duong trung truc cua doan
thing nao. Khi d6, khoang cich tir M dén mdi
dném trong 2022 diém da cho d6i mot khac nhau.

er 1}' cuc han, déng thoi dé khong mat

M, < MAy < MA, <...< Moy < My,
Xét hinh tron tim M , ban kinh

o My + Mhisy.

2
Khi d6 MA,,,, < r < MA,,,. Do do, che diém A4,
Ay,...i Ay, déu ndm trong dudmg tron (M, r) va

che diém MA,,,,MA,,,,..., MA,,, ndm bén ngoai
duong tron (M, r). Ta c6 diéu phai chimg minh.

Thi du 4.5 (Thi HSG lop 9, TP, Niqh Binh, nam
hoc 2021-2022). Co 8045 diem nam trén mat
phing sao cho cic ba diém thi tao thanh mot tam
giac co dien tich nho hon 1. Chung minh rang
luén co it nhat 2012 diem nam trong mot tam gide
hodc nam trén canh mot tam giac co dien tich nho
hon 1.

Lai gidi. Vi s6 diém 1a hiru han, nén s6 tam giac la
hiru han. Theo nguyén ly cuc han, ton tai tam glac
c6 dién tich 16m nhat. Gia sir 6 1a tam giac ABC.
Qua A ké duong thing d song song vai BC. Khi
d6, 8045 diém sé nim & cung mot nira mat phang
bo d chia B,C (ké ca bo). That vdy, néu c6 mot
diém M nao d6 nim & nira mit phing by d
khong chia B thi S,,.>S,., miu thuin véi
tinh 16n nhét cua S,

Qua B,C, ta lan lugt ké cac duong tha'ing d.d"
song song voi AC, AB. Lap luan tuong tur trén, ta
cling c6 dugc rang 8045 diém sé nim & cung mét
nira mt phiang bd d' chira A (ké ca bod) va cung
mot nira mat phfmg bd d" chira 4 (ké ca bo).

Goi D,E,F lan lugt 12 giao diém cua 4’ va
d";d va d";d va d'.Khi d6 8045 diém da cho s&
ndm trong tam gidc DEF . D& thdy tam gidc
DEF dugc chia thanh 4 tam giac c6 dién tich
bﬁn;g nhau la ABC, BCD, ACE, ABF nhu hinh vé






PE THI VAO LOP 10 THPT CHUYEN TOAN LAM SON, THANH HOA
Nim hoc: 2025 - 2026
(Thoi gian lam bai 150 phut)

Bai 1. (2,0 diém)

1) Cho hai s6 thuc khac nhau a,b va ab+1#0,
1 " | 4 2
a*+l b2+l l+ab

| |
e :
22025 1] | p2025 4

. Tinh gid trj cua

thoa man:

biéu thire: M =

2) Cho da thic  f(x) la da thic bac 4 c6 cac hé
s6 nguyén. Biét ring c6 bon gia tri nguyén phan
biét cia x dé f(x) nhan cing mot gia tri bing
2025. Chimg minh rang khong ton tai s6 nguyén x
nao dé f(x) c6 gia tri bing 2028.

Bai 2. (2,0 diém) Giai hé phuong trinh
5x2y-4xy?+3y3=2(x+y)
)cy(x2 +y2 —2)—x2 —y2+2=0"

Bai 3. (1,0 diém)
Goi M la tap hop tét ca cac sb tu nhién cé bon chir
so dugc lap tir cac chir s0: 1, 2,3,4,5va6. Chon
ngau nhién mét so tir tip hop M. Tinh xac suét
chon dugc s chia hét cho 3.
Bai 4. (2,0 diém)
1) Tim tat ca cac cap 50 nguyén (x;y)thoa man:
2x3+y3+2x2y+ y2x=2xy-5.
2) Tim tat ca cac bd sé (x;y;p)théa man:
xp? ; :
——=p, biét x, y, pla cac s0 nguyén duong va p
x+y
1a s nguyén to.
Bai 5. (3,0 diém) Cho dudng tron (O;R)va day
cung BC c6 dinh(BC<2R). Piém A di dong trén
duong tron(O;R) sao cho tam gidc ABC la tam
oiac nhon. Goi H I ' Am cua tam giac ABC.
idc goc ngoai tai

o L it

hai diém M va N. Chimg minh tam gidc AMN cn,
2) Ké cac dudmg cao BE va CF cia tam giac ABC,
Goi S 1a giao diém tha hai (khac A) cia duémg
thing AH v6i duong tron (0). Pudng thing SE cht
dudmg tron (O) tai diém thir hai X (khac S). Chimg
minh duéng thing BX di qua trung diém cia doan
thing EF.

3) Pudng trén ngoai tiép cia tam giac AMN cit tia
phén gi4c ctia goc BAC tai K. Chimg minh diém K
thuc mot dudng tron co dinh.

Bai 6. (1,0 diém) Trén san truémg c6 mot bang 6
vuong kich thuéc 6mx5m . Cé6 15 hoc sinh mac
40 mau xanh (trong do6 chi c6 ding mét hoc sinh
tén An va mét hoc sinh tén Bao) va 14 hoc sinh
mac 40 mau trz'ing xép hinh thanh chir LS (viét tit
chir Lam Son) sao cho méi hoc sinh dirmg ¢ mét 6
vuong ImxIm , du lai mét 6 vuéng trong (danh
dau X), hai hoc sinh mac 4o xanh tén An va Bao
dimg & hai 6 vubng géc d6i dién nhu hinh vé
(bang 1).

An Bao

Bao An

Bang 1 Bang 2
Cho phép d6i vi tri cac hoc sinh trong bang theo
quy tic: M&i lan, chon mét hoc sinh & 6 vuéng ké
Vi 6 vudng trong, rdi lai chuyén hoc sinh dé sang
6 vudng trong. Hoi bang cach thue hién lién tiép
mot s6 hiru han lan phép chuyén theo quy tic trén
(mGi lan chi c6 1 hoc sinh duge di chuyén) sao
cho An va Bao ddi chd cho nhau con cac hoc sinh
khac gilr nguyén vi tri nhu hinh vé (bang 2) hay
khong? Vi sao?

HA VAN NHAN
(GV THCS Hoang Xuan, Hoang Hoéa, Thanh Hoa)



(GV THPT chuyén Dal hoe V

Lam thé ndo dé khai thdc ¢ hi¢u qua sich gido
khoa (SGK) va sach bai tap (SBT) trong cdc bd
séch Toén cua chuong trinh gido duc phé thong
nam 2018 vao viéc bdi dudng hoc sinh khd, gioi.
Rét nhiéu em kh4, gioi cho ring cdc bai tip trong
séch gido khoa, sach bai tap 1a rt dé nén hoan
thanh rit nhanh va xem nhu da hoan thanh bai
hoc. Néu gido vién khong quan tim rén luyén cho
hoc sinh biét suy ludn, biét dit ra cho minh céu
héi “Ligu c6 thé sir dung bai todn ndy vao chd nao
nira khong?” va biét tu duy séng tao chinh 1a thiét
sot 16m. ‘

Bai viét nay ching tdi xin trao ddi cach xuat phat
tr nhimg bai todn co ban trong SGK, SBT (Két
noi tri thirc véi cuoc so‘ng, Chan troi sang tao, ...)
dé hudéng din hoc sinh suy luén, lién hé céc kién
thirc da hoc, xau chudi lai dé phat hién ra hé théng
céc bai todn tir dé dén cac bai toan khoé thuomg gip
trong céac ky thi hoc sinh gioi. Hinh thanh cho hoc
sinh tr duy sang tao, khdm phd, phat hién ra kién
thirc méi va khéng chu quan hay hai long trudc
nhimg bai toan dé. Ching han ching ta bit dau
b&g bai todn sau day:

Bai todn goc (Vi du 2, SBT todn 10, tgp 1, tr52,
B¢ sdch Két noi tri thicc véi cudc séng). Cho tam
giagc ABC. Trén canh BC lay, diém M sao cho
BM = 2MC.

a) Chumg minh rﬁng MB+2MC=0. |

b) Chimg minh ring AB+2AC=3A4M,

Pay la bai toan dé:’klgn thire co bﬁ;\l, loi giai dya

n ve veclo.

[MB=|2MC|. Suy ra MB=-2MC vi do do

MB+2MC =0,

b) Ta cb: AB+2AC =AM +MB+2(AM +MC).

Theo céu a, MB+2MC=0 nén ta co:
 AB+2AC=34M.

« Tir chu a) cua bai todn ndy ndy va theo tinh chét

dudng phan gidc trong tam gidc ta c6 bai toan 1

sau
Bai todn 1, Cho tam gidc ABC véi dwong phan

gidc wong AD; Chitng: minh rang bDB+veDC =)
voi AB = ¢ va AC=b.

Lai gidi.

B D C

Ap dung tinh chit dudng phén giac ta co:

BB RO DR D)
DC AC b

Do b >0, c> 0 va DB,DC la hai vecto ngugc
huéng nén bDB=-cDC hay bDB+cDC=0 .

o Khai thic két qua bai toan 1 nay ta thu dugc rat
nhiéu két qua tha vj. Tir két qua trén ta co:

b(AB-AD)+o(4C-AD)<0

& (b+c)AD=bAB+cAC.
















Déu bing xay ra khi va chi khi tam gidc ABC
déu. '
o Ta sit dung cdc két qua a? +b?+c? <OR%;

ab+bc+ca<9R?; a+b+c$3ﬁR; achB\/-jR3

(Xem bai viét: “Tir mot bai todn trong sach bai
tdp todn 10" cia cing tac gid trén bho TH&TT s6
566 thang 8 nim 2024) va chc két qua tim duge &
trén ta s& giai dugce cdc bai todn sau:

Bai tosin 27. Cho tam gidc ABC ngoai liép dwong
tron tam 1. Chimg minh rang:
a) [A+IB+IC<3R;

b) IAIB.IC<R?;

U

IA IB IC R

1 1 1 3
i BT e 2‘—,;.
IA2 IB® IC? R?
Bai todn 28. Chirng minh rang trong moi tam gidc

ABC ta co:

d)

a) l,+lp+l, S%:

27R?.

)

b) I2+12+2 <

O e e e 27R

L dp W R
T | 4
>

212 127 3RY

e)

27R?

f) mgl, +mply+m.l,. <

e Néu tiép khai thac ta sé thu dugc nhiéu két qua

omg phan gidc
C 'ﬂmmado tam
ng khi hay. Ban

doc tiép tuc nhé. Két thic bai viét chiing t6i thay
mét s6 vAn dé sau ma céc ban tiép tuc nghién ciru:
Nhu cac ban da biét: Cho tam giac ABC, ké phan
gidc trong AD. Dat AB=c, AC=b. Khi do:

A

AD=
b+c

Ap dung tinh chat duong phan gidc ta co:

Nhu vay két qua trén co thé viét lai la:

-6 45. P2 4c
BC BC

Céu héi dat ra la khi thay D boi diém M bét ki

trén canh BC thi két qua
m=M—CTB+£T(,'. co dung nira khong?
BC BC

ft nhat n6 dung véi truong hop M =D roi. Lay

nam

thém mét truong hop nira khi M 1a trung diém
cia canh BC ta thay ngay tinh chit quen thudc

L 2
AM=5(AB+AC) . Céc ban hdy giai bai toan tong
quat sau va khai thac két qua bai toan nay xem ta
thu dugc nhimg két qua tha vi nao nhé!

Bai todn. Cho tam giac ABC, M la mot diém trén
canh BC. Ching minh rang

EEMEJETC
BC BC



Nim 1935, Paul Erdos d& xufit bai todn sau trong

Tap chi todn hoc MY hang thang (The Americal

Mathematical Monthly): '

Tir mot diem O bén trong mot tam gidc ABC cho

mrwde, cac dwong vuong goc OP,00Q, OR duge ha

xuong cdc canh cua tam giac. Chimg minh rang
OA+OB+0C=2(OP+0Q+OR).

Mot 101 giai lugng giac cua L. J. Mordell va D. F.
Barrow da dugc cong bd vao nam 1937. Bt ding
thirc 46 duoc goi 1a Bat dang thire Erdés-Mordell.
Cho t&i nay da c6 nhiéu chimg minh khac da duoc
cong bo. Bao TH&TT ciing c6 nhiéu bai gisi thidu
vé cac chimg minh nay.

Trong mdt bai bao cong bé nam 1957 (“Bat ding
thirc DK Kazarinoff doi voi t dién”, Toan hoc
Michigan. J., 4, 1957, trang 99-104, Nicholas D.
Kazarinoff da chimg minh mét sy twong tu cua bat
dang thirc Erdos-Mordell cho tir dién S: Véi P la
mot diém khong nam bén ngoai S. Ky hiéu khoang
cach tir P dén cac dinh va téi cac mdt cia tir dién
lan lwot la R; va r, (i =1,2,3,4). Su twong tu sau

day cua bat dang thirc Erdos-Mordell la ding cho

bat ky khoi tir dién S nao co tam mat cau ngoai

tiep khong phai la diém nam ¢ bén ngoai S:

SR

EL_>2\2 va 22 la gidi han dwdi I6n nhdt c

Gid thuyét L.Fejes Toth (1953) duge phéat biéu
nhu sau:
Cho Ay, Ay, ..., Ay ld cdc dinh cua mot n - glde 1oi
va P va diém nam bén trong no. Dat Ry =PA; va
2oi n la khodng cach tic P dén canh Ay Ay thi ta
co bat dang thice sau:
V5 n n

cos—Y Ry 2y n (T).

M=t k=l

Nam 1961, Lenhard di chimg minh dugc két qua
tong quat hon.

Pinh ly 1. Doi voi moi xR, 1<k<n, x,, =x va

n -
ayeR véi D ax=(2r+l)z, reN thi bat dang
k=l

thirc Wolstenholme - Lenhard sau day luon ding:

n n

coszz.xlf > xXixpsicosag (1)
= k=1

Tuy nhién chimg minh cua Lenhard 1a kha phirc
tap, va tir két qua nay 6ng da suy ra mot bat ding
thirc manh hon gia thuyét L. Fejes Toth sau day:

n n
cosEZRk >Yw  (T-L),
n =1 k=l

trong do wy la doan thang phan giac cua goc

A PAv o =2a; tir P téi diém giao cdt cua né véi
canh Ay Aiy.

Nam 2009 Marian Dinca dua ra m{t cach chung
minh d¢c déo cho dinh ly 1 biang cach sir dung cac
dong nhit thirc réat hay sau.

Dinh 1y 2. Poi véi moi a, R thi ta luon ¢6 dong
nhat thirc sau:

TOAN
: cruE'& 17

S8 577(7-2025)









?\fi' :

»

Bai T1/577 (Lép 6). Tim s ty nhién x nho nhét

biét x chia cho 7 du 1, 2¢ chia cho 11 du 3,
3x chia cho 13 du 4.

LE MINH HOA

(GV THCS Déng Cieu, Thanh Som, Phii Tho)

Bai T2/577 (Lép 7). Tim sb nguyen ducmg n $ao

cho 2n + 9 1a s6 nguyén té va la binh

n+l
phuong cia mt s6 hiru ty.
HUYNH THANH TAM
(Bueu dign thi xa An Nhom, Binh Dinh)

Bai T3/577. Tim tat ca cac cap s6 nguyén duong

(m, n) sao cho —+—+— 1a mot s6 nguyén.
n m n®

NGUYEN VIET HUNG

(GV THPT chuyén KHTN, PHQG Ha Néi)

Bai T4/577. Cho tam giac nhon ABC (4B > AC)

ndi tiép dudmg tron (0). Cac dudng cao AD, BE,

CF cua tam giac ABC cit nhau tai H. Goi M la

giao diém cia BH va dudng tron (O) (M khéc B),

N la giao diém ciia MD va dudng tron (O) (N khac

M), I 1a giao diém cuia AN va HF, K 1a giao diém

cia DI va AB. Chimg minh rang HK song song vai
DF.

NGUYEN PUC TAN

(TP. Ho Chi Minh)

) X, y, z 14 céc s6 thye duong thoa

y + z = xyz. Tim gié trj nho nhét

CAC LOP THPT
Bl 16/577. Giai h¢ phuong trinh
Jx-3Jysd2=x+ 2=y =0
(x+1)(-y+4</§;7)-x’+£ +4

HOANG SY LUYEN
(Hoc vién cao hoe Todn K19, Dai hoc Vinh)

BAl 17/577. Chimg minh ring voi moi s6 duong
a, b, ¢, dtalubn cb:

abe + bed + cda + dab
a+bve+d

S:l—{/(a+b)(a+c)(a+d)(b+c)(b+d)(c+d)

S(a+b+c+d)’
16 '

NGUYEN TIEN TIEN
(GV THPT Gia Vién B, Ninh Binh)
Bai T8/577. Ky hiéu a, b, ¢, 1a 49 dai cac canh va
S la dién tich tam giac ABC. Hay chirng minh
rang: a’ c082 + B con k-2 cosg >6S.
2 o) 2
vU TIEN
(SV 56 - CBbBI2, Cao dcfng Giao thong van tai, Ha Noi)
Bai T9/577. Tim tat ca cic s6 nguyén x, y théa
man 11x2—3xy+y? =9, dong thoi x? —3xyp+y°la
mot s6 nguyén to.
NGUYEN VAN XA
(GV THPT Yén Phong sé6 2, Bac Ninh)
TIEN TOI OLYMPIC TOAN
Bai T10/577. Cho diy s6 (x,) théa man
x, = 5
x,”l =ﬁ+i,Vn Z 1
G

V6i méi s6 nguyén duong n, ta dat:

_Xn +\/x2 —\/x,f—l6

1) Ching rmnh day 56 (ay) la day sO giam va day
50 (by) la day sé tang.
2) Tinh lima,, limb,.

n

NGUYEN ANH VU
(GV THPT chuyén Chu Van An, Binh Pinh)



Bl.\i T11/577. Cho ham sé fx) xde dinh va lién e
tren doan [0, 1] va ¢6 dao ham trén kKhodng (0, 1)
. -~ A ‘ m

ﬂ‘\oa rfmn dicu kign A0) = A1) > 0. Chimg minh

ring ton tai s& ce(0,1) sao cho
T @)+ 2 () <2/ ().

» TRAN MINH HIEN

(GVTHPT chuvén Quang Trung, Rinh Phuwdre)

Ra\li T12/577. Cho tr dién OXYZ va 86 k > 0. Cée

diém M, N, P theo thir tr thude céce doan YZ, ZX,

XY. Céc diém A4, B, C theo thir ty chay trén cée
doan OX, OY, OZ sao cho:

Voor + Ve +Vezun = k.

Chimg minh ring tim mit cau ngoai tiép tir dién
OABC chay trén mét mit phing co dinh.
NGUYEN MINH HA

chilt 16ng & binh 2 trit vAo binh 1 va ghi lai nhiét
d0 khi ciin bAng & binh | sau mdi lhn i : 20°C,
15°C, rdi bo s6t mAt mot 1An khong ghi, rdi 50°C.
Hiy tinh nhi¢t 40 khi ¢6 chn bing nhigt & lin bj
bd 86t khong ghi, vA nhi¢t d) cua mbi ca chiit
long Ay tir binh 2 trat vho, Coi nhigt 4o va khoi
legng cia mdi ca chit 1ong 1y tir binh 2 déu nhu

nhau. B6 qua s trao dbi nhigt véi moi truong,

VIET CUONG (Ha Nol)
Bai 1.2/577. Hat proton c6 dong nang Wa, = 2
MeV bin vao hat nhan ?;Li dang dimg yén, sau

phan (g thu duge hai hat o ¢6 cing dong nang
Wye = 8,2 MeV. Cho khdi lugng hat nhédn
my = 1,007 amu ; my; = 7,014 amu ; my. = 4,002

(Ha Noi) amu. Tinh géc hop boi huéng chuyén dong cua
L o . x hai hat a.
Bai L1/577. C6 hai binh, moi binh dung mét chat S 4
léng nao d6. Mot hoc sinh lan lugt mic timg ca THANH LAM (Ha Noi)
PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/57 (Grade 6). Find the smallest
natural number x such that: when x is divided by
7. the remainder is 1; when 2x is divided by 11,
the remainder is 3; when 3x is divided by 13, the
remainder is 4.

Problem T2/577 (Grade 7). Find the positive
integer n such that 2n + 9 is a prime number and
2n+1 '
3n+1
Problem T3/577. Find all pairs of positive

is the square of a rational number.

s BN
integers (m, n) such that —+—+— 1s an integer.
03 ST T = §

Problem T4/577. Let ABC be an acute triangle
(4B > AC) inscribed in a circle (O). The altitudes
AD, BE, and CF of triangle ABC intersect at point
L et M be the second point of intersection (other
B) of line BH with the circle (0), and let N be

the second point of intersection (other than M) of
line MD with the circle (O). Point I is the
intersection of lines AN and HF, and point K is the
intersection of lines DI and AB. Prove that line K
is parallel to line DF.

Problem T5/577. Let x, y, z be positive real
numbers satisfying the condition x + y + z = Xz
Find the minimum value of the expression:

N 2

=t
y2 ZZ 7

x
FOR HIGH SCHOOL
Problem T6/577. Solve the system of equations:
Jx-3y +V2-x+ L2-y=0
(x+1)(—y+4{/—x)7)=x3 +xX*+4
Problem. T7/577. Prove that for all positive
numbers a, b, ¢, d, the following inequality always

holds: (Xem tiép rang 38)
, TOAN HOC
So6 577(7-2025) y g‘ugnme 2 1







Bai TIST3. Cho ba _\-,; ,/,nfng a. b, ¢ thoa man
dicu kign:a + b + ¢ = 2025 va

2 2 2
a” +b° 4

2023(a+b+0).
Tinh gia i cua biéu thire:

A‘:«;\/@"'_Nﬂ”“-r)”, (
2025+ a*
-t J( 3"—3.*-! ::")(202‘ vh')

2025 +
Léi gigi. T diéu kign a + b + ¢ = 2025 va
a*+b?+¢? =2023(a+b+c) suy ra:
a?+b?+¢2=2023.2025:
2(ab+bc+ca)=(a+b+c)? —(a2 +b% +c?)
=20252-2023.2025=2025.2
=ab+bc+ca=2025.

Ta co:
2025+a* =ab+bc+ca+a? =(a+b)a+c) (1);
2025+b% =ab+bc+ca+b? =(a+b)(b+c) (2);
2025+c? =ab+bc+ca+c? =(a+c)(b+c) (3).
Tur (1), (2), (3) thay vao biéu thirc X, ta dugc:

(a+b)(b+c)(a+c)(b+c) (a+b)(a+c)(a+c)(b+c)
(a+b)(a+c) (a+b)(b+c)

’ms{( ) ’uzw a')
’()"ﬁ ) l’

K=a

- (a+b)(a+c)(a+b)(b+c)
(a+c)(b+c)

=a(b+c)+b(a+c)+c(a+b)=2(ab+bc+ca)=2.2025.
Vay K= 4050.

Nhdn xét. Bai toan c6 nhiéu ban tham gia giri bai va
déu cho két qua dung. Tuyén duong cac ban sau co
101 giai tot:

Hung Yén: Tran Thanh Ha, 8A, THCS Lé Quy

Doén; Ha Noi: Lai Pinh Manh, 8A1, THCS Linh
Pam, Nguyén Thanh Tung, 8A8, THCS Hoang Liét,
Hoang Mai; Nghé An: Tran Ngoc Qudn, 7B, Hoang
Van Duy, V6 Nhat Hoang, 8D, THCS Ly Nhat
Quang, D6 Luong, Lé Vii Quynh Nhu, 8A, THCS
Phing Chi Kién, Dién Chau; Ha Tinh: Lé Quang
Anh 8, THCS Xuan D1¢u, Can Loc, Vinh Phic:

THCS Nguyén Quang Bich; Ha Nam: Pao Viét
Trung, 8B. THCS Thanh Son, TX. Kim Bang; Cong
hoa Ao: Lé Bach Hdi Dang, 2B, Truimg qubc té
song ngir 2,3 GIBS, TP. Ciraz.

PHAM TH] BACH NGOC
ABC ¢6 B=60" va
canh AC cho
| I j ,'

BA BD BC

Bai T4/873. Cho tam gilac
D

Adao

C=10" Diém thuoe

ABD =20, ( hueng minh rang

Loi giai.
(64

Ké tia phan giac trong goc ABD cit AC tai E.
Goi F la giao diém cua BE véi dudng tron ngoai
tiép tam gidc ABD. Theo tinh chat duong phan
B
giac ta co: ————A (1).

ED BD
Hon nita, do BF la phan giac goc ABD nén
FA=FD= FA=FD ().
Ta co: F/'E7)=EB\C+E/'C\B=60°;
FDE=FBD=10°=BCA.
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Tir d6 suy ra AFED &5 AABC, nén

Ldy diém G trén dogn £D sao cho £G - B
Suy ra AEFG déu, nén FG = FE  (4).
T (2), (4) suy ra AEFA = AGED (¢.g.¢), nén
AE = GD, hay AG = ED (5).
T (1), (3), (5) suy ra;
AB+ AB kA & EF AG
DB BC ED ED ED
| 1 |
AB BD BC
Nhin xét. Lon gidi trén dya theo y twomg cia ban
Hoang Van Duy, 8D, THCS Ly Nhit Quang, D
Luong, Ngh¢ An. Ngoai ban Duy, céc ban sau ciing
cho 1&n gidi dung, tuy nhién 11 giai sir dung dén dinh 1i
sin trong tam gidc va céc bién dbi hrong gidc:
Ngh¢ An: Lé Vi Quynh Nhue, 8A, THCS Phing Chi
Kién, Dién Chau; Humg Yén: Trdn Thanh Ha, 8A,
THCS Lé Quy Dén; Ha Ni:
8A1, THCS Linh Dam, Hoang Mai.

NGUYEN THANH HONG
Bai T5/573. Giai hé phwong trinh

=],

Do d6:

Nguyén Thanh Nam,

Loi giai. DX: x, y,z,x +y,y +z,x+z khic 0.
Hé phuong trinh twong duong voi:

yz+zx 35
x+y+z-?

xy+zx 9

s y+z-5
‘» yz _16

6
k(.'+d--l-3‘ (3)
&7
Trir theo vé caa (1) cho (2), €6 a=e=s )

10
Tir (3), (4) suy ra: a=-3—;c=2. Thay vao (2) ta

duge b——;— Ta co:

|u
| o

Tir d6 co y—%—S z=-53—x—10 thoa min cic diéu

kién cua bai toan.

Vay hé phuong trinh c¢6 nghiém la:
(x,y,2)=(6;8;10).

Nhgn xét. 1) Diéu then chét cua 1oi giai 1a im duoce

S5x

4 , 2
cic két qua y=?x;z=?. Tir d6 thé vio mét

phuong trinh trong dau bai ta c6 (x,y,z)=(6:8;10).
2) C6 thé lam khac mét chut nhu sau. ta co-:

’yz+zx_£ (
xX+y+z 6

35
yz+zx=?(x+y+:)

xy+zx 9 9
< =— & '+ ZX=—(X+V+2
X+y+z 2 e 2(“ y+3)
2y 16
xeyeg -3\

16
.r_v+yz=?(x+ y+z2)






Lov gigi. (Dya theo 1di gidi coa ban Huvnh
Nguyén Lé Minh, 9A7, THCS Phan Chu Trinh,
TP. Da Lat, Lim Ddng)
Ap dung bit ding thire Cauchy, ta co:
| | |
"+ +
X424 w(EHrex) z(texty)
- | $ 4
(x+y+2) PO

(1

trong 46 P=Yn=r va

Q=Q/( VAZHOEHAX)E X+ )+ p+2).
Lai ap dung bit ding thire Cauchy ta c6:
P.Qs".+'v:t+'x
x(_\'+z+t)+(z+t+.\')+(I+.\‘+.v)+(x+_v+z)
4

C3(x+y+z+)?
16

(2).

T (1) va (2) suy ra Az-i?.

Déu biing xay ra khi x=y=z=t.

Viy gia tri nho nhét cua A4 1a ? :
Nhgn xét. Diy la mét bai toan bat ding thirc dé nén
6 nhiéu ban giri 161 giai vé toa soan. Pa sd cic ban
déu sir dung bét ding thirc Schwarz dé giai. Cic ban
sau day cung co o1 giai dang:

Nghé An: Nguyén Van Pic Thang, 10A3, THPT
Hoang Mai; Lé Vii Quynh Nhu, 8A, THCS Phung
Chi Kién, Dién Chau; Séc Tring: Nguyén Tan Phat,
10A2, THPT chuyén Nguyén Thi Minh Khai; Ha
Noi: Nguyén Thanh Nam, D6 Hai Nam, Lai Dinh
Manh, 8A1, THCS Linh Dam; Nguyén Kim Thanh,
10 Toan 2, THPT chuyén PHSP Ha Noi; Kién
Giang: Nguyén Lé Gia Thinh, 10T1, Thdi Pirc Huy,
Nguyén Hoai Nhanh, 10T2, Cdi Hoang Quoc Khanh,
I(YI' l THPT chuyén Huynh Min Pat; Quing Binh:

L& Khiét: TP. Hd Chi Minh: Nguyén Pham Minh
Phii, 10E1, TH, THCS&THPT Lé Thanh Tong,
Nguyén Chdnh Thign, 10CT1, THPT chuyén Lé
Hng Phong; Dwong Phi Tai, 8A8, THCS Lam Son;
LAm Ddng: Lé Xudn Hii, 10 Todn, THPT chuyén
Thiing Long, TP. DA Lat; Gla Lal: Nguyén Hiwu
Chién Thang, 11C3A, THPT chuyén Hing Vuong;
Long An: Trdn Lé Trong Phic, 10T1, THPT chuyén
Trdn Van Gidu; Pdng Thap: Dinh Lim Thién
Thanh, 10T2, THPT chuyén Nguyén Quang Diéu;
Hung Yén: Tran Gia Phit, Trdn Minh Hiéu, 10 To4n
I, THPT chuyén Hung Yén.

HOANG NGQC MINH

Bai T8/573. Cho tam giac ABC deu co tam 0O,
1B = 2: Ax la dwong thang di qua A va vuong goc
vai mat phang (ABC), S la diem thay doi tren Ax
tam cua

Goi N la rrung diem cua BC, H la truc

SBC. Tim gia tri lom nhat eua biéu thirc

T =OH + HN + NO

tam giac

Loi giai (dya theo ban Bui Hoang Bao Ngoc,
10T1, THPT chuyén Tran Van Giau, Long An).
Ta s€ chung minh tam
gidc OHN vuong tai H.
Do AB=AC va
SAL(ABC) nén SB=SC.
BC1 AN
a co:
BC 184
nén BC L(SAN). Tathu dugc BCLOH (1).
COLAB
COL1S84
COLSB. Ma CH LSB nén SB1(CHO).
Tu d6 SBLOH (2).
Tur (1) va (2) suyra OH L(SBC).
Vay OH LHN. Ta c6: T=0OH+HN+ON

<2 JOH?+HN? +ON = =(v2+1)0N.

Do tam gidc ABC déu c6 canh bing 2 nén

V3

—AN—
3 8-

Mat khac, { suy ra COL(S4B), suy ra

ON =









[F@ =] + 7@ = 7(f(x) - £(y)), v, veR
hay f(D =1+ f(0),VieR

bay f(x)=x"+c,VxeR vdi ceR.
Thir lai ta thily ham s& ndy thda min bai ra.

Két lu@n: Phuong trinh ham da cho ¢6 hai nghi¢m:
A =0vh f(x)=x"+¢ véi ceRuyy,
Nhgn xér. Diy 1a dang todn ca ban vé& phuong trinh
ham trong 16p ham mot bién véi clip sé ty do. Cic
ban giri bii déu cho két qua dung: Binh phwée: 10
Dwong Buc Par, 11T1, THPT chuyén Binh Long,
Gia Lai: Nguvén Hiru Chién Thang, 11C3A, THPT
chuyén Hung Vwong: TP. Hd Chi Minh: Nguyén
Chanh  Thign, 10CT1, THPT chuyén Lé Hdng
Phong: Kién Giang: Nguvén Pirc Manh, Thai Pirc
Huy, 10T2, THPT chuyén Huynh Min Pat; Thira
Thi,én Hué: Nguyén Duy Phic, 11T1, THPT chuyén
Quoc hoc Hué; Lam Podng: Huynh Nguyén Lé Minh,
9H, THCS Phan Chu Trinh, Lé Xudn Hai, 10T,
THPT chuyén Thang Long, TP. Da Lat; Ngh¢ An:
Nguyén Van Quoc Thang, 10A3, THPT Hoang Mai;
Pha Yén: Huynh Tran Gia Huy, 11T1, THPT
chuyén Lwong Van Chanh; Quiang Binh: Vwong
Khanh Toan, Tran Puc Phdt, 11CT, THPT chuyén
Vo Nguyén Giap; Quang Ngai: Huynh Minh Khai,
10T2, THPT chuyén Lé Khiét; Séc Tring: Nguyén
Tan Phat, 10A2, THPT chuyén Nguyén Thi Minh

Khai.
NGUYEN VAN MAU
Bai T12/573. Cho bon diém phan biét A, B, C va

D nam trén dwong thang I theo thir tw do. Gia su
(P) la duong tron di qua A va B, (Q) la duong
trém di qua C va D. Goi a va b thir ti la cdc tiep
tuyén ciia (P) tai A va B; ¢ va d thic tw la cdc tiep
tuyen cua (Q) tai Cva D. DatK = a AN B e
d, M=bnc,N=bnd.

a) Ching minh rang bon diem K, L, M, N cung
nam trén mot duomg tron ky hieu la (R).

minh rang néu AB = CD thi cac tiep

o ’ tron (P) va (Q)

himg

Lovi gidi. Ta chn c6 mot b dé.
B8 ab. Cho hai tedmg tron khing ddng tam (0,) ,
(O3) va sd k#\, Khi 46 tdp hop cde didm M sao

cho Rinoy * M0 18 duomg tron (O) thude
chim dwdng tron xde dinh bt (0), (Oy) v
OO~ kOO,

B6 ad trén rht quen thube, khong trinh bay chch

chimg minh & diy,
Tror lal gidi bal todn T12/573.

a) Vi KC, KA theo thi ty tiép xtc véi (Q) va (P)
nén (CK,CA)E<CA.CD)%(EC‘,Q_éxmdm;

(AK,AC)E(AK,AB)E%(W,TJE)(mdn) .
Tir d6, ap dung dinh li sin cho tam giac KAC, ta
1 e —
i Rup) KA> _sin® KCA —sm ZCQD_k
K1) KC?* gin2KAC sinZ%A/P\B

Tuong tu, ta co:

Rop) _Tnp) _Fune) _Rup) _ :

Rio) o) Fne) Rue)
Vi K, N tdn tai va AB=CD nén APB=CQD . Do
46 k#1.
Viy, theo bd d& trén, K, L, M, N cung thudc dudng
tron (R), hon thé (R) thugc chum dudng tron xac
dinh b6i (P), (Q) va RP=kRQ .
b) Goi UV la tiép tuyén chung cua (P) va (Q)
(Ue(P)Ve(Q)); S la giao diém cua UV va PQ;
P, Q' theo thit ty trung diém cua AB, CD.
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Dé thiy S chinh la giao diém cua cac tiép tuyén
chung ngoai cua (P) va (Q).
Tir 46, chi y raing AP'=CQ', suy ra

Re:
R(p) SU?2 PUX PA> 4p7
%/(Q) Sv: Qv? QC? QC?
co"?

oy

e

s1n2APP' sin 2APB o

Q0

Viy theo b6 dé trén, S thudc (R).

Nhdn xét. 1) Bai toan nay khong kho, tuy nhién rat it

ban tham gia giai, c6 1& vi khong biét b dé trén. Co

thé tim thdy bd dé trén trong cudn sach sau cua tac

gia Nguyén Van Linh: Mt 56 chii dé hinh hoc phang,

NXB Dai hoc Quéc gia Ha Noi, ndim 2020, trang 34-

36.

2) Trong phan a) cua bai toin nay, gia thiét

AB=CD khong can thiét.

3) Giao diém cua cac tiép tuyén chung trong (néu c6)

cua (P) va (Q) ciing thugc (R).

4) Toa soan khong chip nhan cac 1o giai viét tay,

sau d6 chup lai bang dién thoai thong minh (khéng

doc dugc).

5) Sau day la cac ban c6 101 giai dung:

Phi Tho: Tran Viét Tung, 10 Toan A, THPT chuyén

Hung Vuong; Pa Ning: Lé Nguyén Khanh Triéu,

11/5, THPT Thai Phién; Gia Lai: Nguyén Minh

Hiéu, 10A7, THPT Chi Ling; Binh Phwéc: Tran

Minh Hung, 11T, THPT chuyén Binh Long.
NGUYEN MINH HA

Bai L1/573. Hai binh c6 the tich lan luot la

V, =40 L, V5 = 10 L thong nhau qua mot cai van.

Van chi me khi dp sudt trong binh | lon hon trong

binh 2

o ap walp,, 0.9, 10° Pa va nhiét do T, = 300 K,

con hmh 2 la chan khong Nguoi ta lam nong deu
ca hai bmh 1e nlnet do T, lén nhiét do T = 500 K.
a) Tai nhiét do nao thi van mo?

b) Tinh dp sudr Cudi clng trong moi binh.

tir 10° Pa tro lén. Ban dau binh | chira khi

b) Bt dau tir nhiét do 7,,, ap suat trong binh |

ting nhanh hon trong binh 2, nhung khi higu ap
suit vugt qua 10° Pa trong qua trinh tang nhiét do
cho dén khi T = 500 K. Khi do:
p¥o _ P it 218! :
T; i T
p=p, +10° Pa; V,

= 4V2.
Tacé: p, =1,4.10° Pa, tir 46 rut ra:

p, =0,4.10° Pa.

Nhén xét. Tuyén duong cac ban Ngé Bdo Long, 10
Ly, THPT chuyén Nguyén Quang Diéu, Pong Thép
va ban D6 Vin Dwong, 12CA, THPT Tran Vin Bay,
Bac Liéu da c6 161 giai ding cho bai nay

NGUYEN XUAN QUANG
Bai L2/573. Mot rada phat mot xung song dien tw
ve phia chiéc may bay dang bay thang, deu ve
phia rada va thu dwoc song phan xg tro lgi sau
khoang thoi gian At = 2.10 's tinh ur luc phat
Biét 16c do truvén séng ¢ = 3.10° m/s. Coi toc do
cria may bay la rat who so voi toc do anh sang
a) Tinh Khoang cach tir may bay den rada vao
thoi diém song dien tie phan xa e may bay
b) Hay dé nghi niot phwong an dé xac dinh toc do

cua may bay.

Loi giai. a) Khoang cach tir may bay dén rada vao
théri diém séng dién tir phan xa:

_cAr 31082107

o
b) Dé xac dinh téc do ciia méy bay, vao thoi diém
f ta phat mgt xung song dién tur c6 tan so xé4c dinh

=30km

va ta do dugc Asynhu nguyén tic do & phan 1.
Vao thai diém ¢ + At ta lai phat mot xung va do
dugc As; .
As) —Asy

At

Nhén xét. Rat tiec 1a khong c6 ban nao cé 161 giai

Vin toc cia may bay : v=

dang, tron ven cho dé ra ki nay.
DPINH THI THAI QUYNH






Khi d6 (2) tré thinh X2 4y2 .9 ()
X+Y

.

4X+?_?-2Y 3X+6Y—27
3 3 o
S PAX46Y-27)=X4Y-3
S(3P-1)X+(6P<1)Y=27P+3=0 (A).
P dat gid trj 1ém nhit va gid trj nho nhét khi dwong
thiing (A) cit dwomg tron (C)

@d(O.A)SRQT—E&,Q
(3P-1)" +(6P-1)"

& PP-1<V45P2-18P+2

@36P251©—15Psl.
6 6

X=— =

P=l khi ; - <7 1;

6 Y=0 y:—l

l X=2 _Z
P=— khi S =255,
B ol e o 5,1

5 y
Vay max P=—, nunP=—;.

Thi du 1.3. Cho hai s thuc x,y thay doi va théa
man x2+y2-2x—4y+4=0. Tim gia tri lén nhat
va gid tri nho nhat cua biéu thire

P=x%+y?+4x+2y.
Lai gidi. Dé giai bai toan ta thay gia thiét

x2+y2-2x-4y+4=0>x%+y?=2x+4y-4
vao biéu thirc P ta dugc P=6x+6y—4.Khi d6 tir
gia thiét ta co:
Ta co6:
o (x-1)" +(y-2)’=1(C)
:l\rw‘ o(A)

x2+y2-2x—4y+4=0

esd(1,A)sRes il 61
67467

|14-M56v2 e14-6J22P214464/2,

X=|+T
Viy maxP=14+6y2 khi 2,

y=2+7]-2.
x= I—T

275

BAI TAP TUONG TV
1. Cho hai s6 thyc x,y thay déi va thoa man

min P=14-6+2 khi

x2+y2-2x+4y=0 . Tim gia tri 16n nhat va gia tri
nho nhét cia biéu thire P=(x+1)” +(y+1)’
2. Cho hai sb thuc x,y thay ddi va thoa min

4 L
2x2+2xy+ 2 =< - Tim gié tri 16n nhit va gid tr

Tx-2y-3
4x+y+3
(Bai T6/569, Toan hoc& Tubi tré)

nho nhét cua biéu thiuc P=

2. PHUONG PHAP DUNG PIEU KIEN CO
NGHIEM CUA PHUONG TRINH BAC 2

Néu phuong trinh (*) va biéu thic f(x,y)la cac
biéu thirc thuan nhat bac hai theo x,y thi ta co thé
dung phuong phap giai cua hé phuong trinh thuan
nhat bac hai.

Thi du 2.1 Cho hai s6 thuc x,y thay doi va thoa
man 2x2-3xy+4y2=6. Tim gia tri lén nhat va
gid tri nho nhat cua biéu thire P=x>+2y2.

(Bai T5/560 Toan hoc& Tuoi tré)

Loi gigi. T gia thiét ta nhan xét 1a x,y khong
ddng thoi bang 0.

o Néu =0 thi x2=3=>P=x2=3.

o Xét y#0, dit x=ty. Khi dé:


















P(-§]=:—;: P(1)=1; P(—2+J6)=6—2J8.
Ta ¢d bang bién thién:

l
1

62f
1

Viy maxP=6-26 khi

"_=\/3~/3—3+\/5—\/E

2

| L _\3V6-3-\5-6

REREATEEREERETERA RS RSN ‘T T TR TR T AT ETOY

PROBLEMS . ..

abc +bed +cda+dab
a+b+c+d

S-:—Ql(a+b)(a +c)a+d)b+c)b+d)(c+d)

{ rl(:[‘ thee rang 2N

S(a+b+c+d)‘
16 .

Problem 18577, Let a, b, c be the side lengths
and S the area of triangle 4BC. Prove that:

e = Pt + Coos—>65.
2 2 2
Problems 19577, Find all integers x and y
satisfying  1lx?-3xy+y?= that
x’-3:;y+y’,isaprimenumber.

TOWARDS MMKEMATICAL OLYMPIAD
i o il 1~

such

'szsJE—s—Js-JE

hodc ¢ . ;
J3J6-3+5-v6
y:
2
| |
X=— X=——3'
B P khi 31 hoge {

¢

BAI TAP TUONG TV
1. Cho hai s thuyc x,y thay ddi va théa man
x2+2xy+2y2=1. Tim gié tri 16n nhat va gi4 tri
nhé nhat cua biéu thirc P=x*+y4+(x+y)*.
2. Cho hai sb thuc x, y thay d6i va théa man
x2+y2—xp=1. Tim gia tri 16n nhat va gia tri nho
x4yt +x2+y2

nhit cua biéu thirc P=
x2+y2-3

For each positive integer n, define:

=x,,+\/x3-l6 b _x,—\/x3-16
2 e 2 :

1) Prove that the sequence (a,) is decreasing and
the sequence (b,) is increasing.
2) Find nl_i’rga,,, "_'h’r’n;b,,.

Problem T11/577. Let fix) be a function defined
and continuous on the interval [0,1], and
differentiable on the open interval (0,1), satisfying
the condition f{0) = f{1)>0. Prove that there exists
a number ¢ € (0,1) such that f'(c)+2cf(c)<2f(1).

Problem T12/577. Given a tetrahedron OXYZ and
a positive number k > 0. Points M, N, P lie on the
segments YZ,ZX XY respectively. Points 4, B, C
move along the segments OX, OY, OZ respectively
such that: Ve +Vayew +Veanw =k.

Prove that the center of the circumscribed sphere
of tetrahedron OABC lies on a fixed plane.

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)



Véi nhiéu bi todn o, néu ching ta bidt tiép tuc
Khai thc, thay d6i gée nhin thi d6i khi ching ta
may min nhin duge nhidu két qua méi va dep dén
bit ngd. Bai viét chi hoan thanh trong ding mot
ngdy, 10/3/2025, mic du nhiéu y tuéng da o6 tir
rlit 1au trede d6. Phién ban gée cua bai viét da c6
trén 10 ndm, dugc trinh bay tai Hoi thao khoa hoc
cac chuyén dé Todn hoc bdi dudng hoc sinh gioi
khu virc Dng Bing Séng Ciru Long va mién
Bong Nam B¢ duoc t6 chirc tai thanh phé Cao
Lanh, tinh Ddng Thap théng 8 nim 2013. G phién
ban nay, c6 cip nhit thém nhiéu bai toan mai va
dep wvira dugc dé xuit trén tap chi Crux
Mathematicorum cua Canada.
Bii viét trinh bay img dung cia mot ding thic
lién quan dén ba sb co tich bing 1, tir ding thirc
nay, chung ta cing xay dyng mét s6 bat dang thirc
xuét hién trong nhiéu bai toan & cac ki thi, hodc
cac tap chi toan hoc.
Xin kinh ting dén anh Hé6 Quang Vinh, nguoi
Thay, ngudi Anh day nhiét huyét va c6 nhiéu cong
hién danh cho Tap chi Toan hoc tudi tré, Tap chi
Toan tudi tho 2. |
1. Mét ding thirc dep
Cho cdc $6 thue a,b,c. Néu abc=I thi ta luon c6
dang thirc sau L
Rl doingatd oo tpc oy
l+a+ab 1+b+bc l+c+ca

That vdy, vi abc=1 nén ta c6 thé dat

-

1
+ +
ok o o PN S Ayl X
eisiinp. rpd dmphid

e e e A R el
VZHXZHXY ZX4XY+YZ Xy+yz4zx
=],
T két qua trén, ta thdy ring néu abc=1 thi
a’b’c? =1. Do d6, ta ciing c6 ding thirc:
1 1
+ + : =1 (2).
1+a2+a?b? 14b2+b%c? 1+c2+c2a?
Ngoai ra, tir (1), ta co:
gl g Bl
l+a+ab l+b+bc l+c+ca

(o] N a b

YL

c+ca+abc a+ab+abc b+bc+abc

'

" a+ab+l b+bc+l c+ca+l
Do d6, néu abc=1 thi
Qomeype by o G
a+ab+l b+bc+l c+ca+l
St dung cac dang thirc (1), (2) va (3), ching ta
cung giai mot s bai toan bat ding thirc dep va
don gian sau, chu y trong mdt sé truong hop, dé

don gian ta dung ki hiéu ) a=a+b+c.
cye

a b c
4E

=1 (3).

2. Cac bai toan bat ding thirc
Bai todn 1. Cho a,b,c la cic 56 thuc duweng thoa
man diéu kién abe=1. Chimg minh rang
| | I
Jr + bl Y
2a2+b*+3 2b*+c*+3 2 +at+3
Lai gidi. Ap dung bat dang thirc Cauchy ta c6:
2a2+b? +3=(a2 +b? )+(a2 +l)+222(l+a+ab).

1

Vi cac danh gia tuong ty, ta suy ra:
. TOAN HOC
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1 1 1
2a2+b2+3 2b2+c2+3 2c2+a’+3

51( T Bl T TR
2\1+a+ab 1+b+bc l+c+ca
1

2
Bai to4n 2. [TS 10 chuyén truong Lé Qui Pon,
Binh Pinh, nim hoc 2001 — 2002]. Cho a.b.c la
cac 56 thue dwong thoa man diéu kien abc=l..
Chirng minh rang
a b c 1
7o —+ —> :
(1+a+ab)” (1+b+bc)” (1+c+ca) a+b+c
Léi gidi. Sir dung bat déng thirc Schwarz, ta co:
a - b o c
2 Tt 2
(1+a+ab)” (14b+bc)” (l+c+ca)

i 2
=Z (l+a+ah)2 =Z(m‘,ﬁ)
a a

(_n_+_ﬁ._+_n_)2
l+a+ab * 14+bsbe  l4ceca
a+b+c

2

” |
a+b+c

Bh' tOﬂn 3. |T4/|72. 1Tr2'. ("ln u, "_( l(l cdac so

thue dwong thoa man dieu kign abc=1. Chung

minh rang
| | I

——e

4 e
ﬁu-i—“h-} 2C MQ»“( +2a ~3c+4a+4 2
Lo gidi. Str dung bét dang thirc
(x+y+z)2 <3(x24)? +22), Vx,y,2>0,

ta co:

| | |
:/-3a+4b+2c :/-3b+4c+20 +-:/3c+4a+2c

| 1 1
S\[3(3a+4b+2c*3b+4c+2a*3c+4a+zb)'
i
B0l 8 e 3cvdai2b 3
a.b.c>0 va abc=1 nén ta co thé dat:
3 v x,,2>0 va pz=1.

Ap dung bat dang thirc Cauchy, ta dugc:

3a+4b+2c=3x3+4y3+27°
=2(x3+)* +z3)+x3 +2)3
223xpz+x3+2)°
=x342)3+6
=(x3 43 +1)+(33 +141)+3
>3(xp+y+l).
1 <_1_. 1 .
3a+4b+2c 3 xy+y+l
Tuong tu, ta chimg minh dugc:
el st i A
3b+dc+2a 3 yz+z+1' 3c+da+2b 3 mx+x+l
Cong ba bat ding thirc trén, ta thu dugec:
e ey |
3a+4b+2c 3b+4c+2a 3c+da+2db

Tir d6 suy ra:

A ads ¢ gulonay gl )
3 xy+_v+l1 4zl zx+x+l
1

3
Ping thirc xdy ra <> x=y=z=1 hay a=b=c=l.

Bal todn 4. [T6/394, THTT). Cho a,b,c ld cac
s thiee dieemg thoa man dieu kign abe=1, Chung
minh rang
! . ! ‘ : ‘l
Ja'+2h +6
Léi giai. Ap dung bit ding thirc Bunyakovsky, ta
cb Q<3P trong d6
it AR sl L
Ja'+26'+6 B +26+6 JA+2a3+6
R,
@ +2+6 b +23+6 +2a3+6

vhla2c' 46 \‘('02(1‘0(1

Q

Ta sé chimg minh PS-‘;. Sir dung bit déng thirc

Cauchy, ta c6:
a’+2b% +6=(a’ +b* +1)+(b* +1+1)+323(ab+b+1).

Suy ra:

l( 1 1 1 ) ]
P< + + =—,
3\ ab+b+1 bc+c+l ca+a+l) 3






Lai gidi. St dung bt diing thire Holder, ta c6:

( a o b - % ’

l+a+ab l+b+bcvl+c+ca)
1

=[2 | ‘ | ‘ a
O,,3I+a<wb $l+a+ab glwmb]

{eti e et

fz 1 - Z al
(o 1+a+ab l+a+ab

o
3 3 3
e c

“l+a+ab 1+b+be “l4c+ca’ 3.
Diing thirc xay ra khi va chi khi a=b=c=].

Bai todn 8. [Crux Problem S020). Cho a.b.c la

vac s6 thwe dwomg thoa man diéu kicn abe=1.

Chung minh rang

Inh In¢

7 + <0.

l+a+ab l+b+be l+c+ca

Ina

Loi giai. Dat
1 1 1
m= A= ,p= "
l+a+ab 1+b+bc l+c+ca
Ta da chimg minh dugc:
m+n+p=1 va ma+nb+ pc=1.
Ta viét bat ding thirc can chimg minh vé dang
mlna+nlnb+ plnc<0

vol mn,p>0 va m+n+p=1.

Xét ham s6 f(x)=Inx, x&(0;4+). Pao ham cép
mét va dao ham cap hai ciia ham s6 nay lan lugt la
P 1=
Tir 46, f(x) 1a 16m trén (0;+0). Ap dung bat

ding thirc Jensen, vdi ta nhan duoc:
mf (a)+nf (b)+pf (c)< f (ma+nb+ pc), ticc 1a:
mlna+nlnb+ plnc<In(ma-+nb+ pc)=Inl=0.
Bat déng thirc dugc chimg minh. Pang thirc xay ra
khi va chi khi a=b=c=1.
-
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Cubi cing 1h mot sb bai thp dinh cho ban doc 1y

luyén.
BATTAPTU LUYEN

L. Cho a,b.e 14 che sb thye duong thoa diéu kién
abe=2025 . Tinh gih trf cha bidu thire
K 2025a b ¢
ab+2025a42025 berbs 2025 cares]’
2. Cho a,b,c 1A chc sb thye duong thoa diéu kién
abe=1, Chimg minh ring
I I | I

-

2 i 2 » 2 _—
(a+1)"+b2 41 (b+1)" +c2 41 (c+1) +a?4) 2

3. Cho a,b,c 1a chc sb thyc dwong thod min diéu
ki¢n abc=1. Chitng minh ring

- SIS U

a+2b b+2c c+2a
4. [Thi HSG Toén l6p 9, tinh Nghé An, nam hoc
2014 - 2015] Cho a,b,c la c4c sb thue duong thoa
man diéu kién abc=1. Tim gi4 tri 16n nhit cua
1 ' 1 2 1

a+2b+3 b+2c+3 c+2a+3
5. Cho a,b,c 1a céac s thuc duong thoa man diéu

biéu thirc P=

kién abc=1. Tim gia trj 16n nhét cta biéu thirc
b | Rolyl dunmel
a+ab+4 b+bc+4 c+ca+d’
6. Cho a,b,c la cac sb thuc duong thoa man diéu

kién abc=1. Tim gia tri 1én nhét cua biéu thirc
T a*-2a+2b2+5 b4—2b+2c2+5

1
T4 —2c+2a2+5

TAI LIEU THAM KHAO

1. Ki yéu Hoi thao khoa hoc: Cdc chuyén dé Todn
hoc boi dwing hoc sinh gioi khu viec Dong Bang
Séng Ciru Long va mién Pong Nam Bé, Piong
Thap, thang 8 nam 2013.

2. Tap chi Toan hoc tuoi tré (sé 543, thang
9/2022).

3. Tap chi
Mathematicorum and Crux with Mayhem).

Toan hoc Canada (Crux






BAI TOAN 97. Cho a, b dwong thoa man
a' «b' =6. Tim gia tri lom nhat cua biéu thiec
2ab

(Dé thi chon hoc sinh gioi Toan lop 9, quan 3,
TP. Ho Chi Minh, nam hoc 2024 — 2025).

Lai giai. Cach 1. Ta co:

(@+b)'<2(a*+b)=26=12néna+b< 243

Mat khéc do 4ab < (a + b) nén ta co:
__2ab _ 4ab _ (a+b)?
a+b+l  2Aa+b+l)  2(a+b+l)

__(a+b)*  6(2v3-1) 6(243-1)
HeIFyT Ao o

_11(a+B)2—12(23/3-1)(a+b)-12(2+/3-1)
v 22(a+b+1)

6(2\1/15 )

1Ua+bP—2233(a+b)~(2V3-12)(a+b)+243(2/3-12)
22(a+b+1)

6(2J' 6(243-1)
: 11

11(a+b)[(a+b)—2\/']—(2~/' -12)[ (a+b)-2V3 3]

22(a+b+1)

Dhu“="xAyrmesa=b= Ve
6(24/3-1)

Viiy gid trj 16m nhit caa 7 14 T

Cich 2. Ta cé:
a+b=\J(a+b)? =J2ab+a® +b’ =J2ab+6

vi 2ab<d+ b =6,do d6: V2ab+652:/3.

2ab 2ab
M Bes™rgs 7 —T ¢
wb  6(23-1) 6(23-1)

S 20546 © T 11

_22ab-6(2\/3-1)/2ab+6-6(2J3-1) 6(23-1)

11(v2ab+6+1) 11
_11(2ab+6)-22\/3\2ab+6
T 11(V2ab+6+1)
(10f +6)N2ab+6-23(1043 3+6) 6(2v/3-1)
11(~2ab+6+1) 11
_11V2ab+6(y2ab+6-23)+(10V3+6)(V2ab+6-213)
11(\2ab+6+1)
+6(2J§—1)
11
_(2ab+6-243 )(11J2ab+6+10J§+6) 6(2v/3-1)
11(v2ab+6+1) 11
< M Déu“=”xéyra©a=b= H.

11
Vay gia tri 16m nhét cua P la

6(2+/3-1)

Cach 3. Ta c6:
a+b=\/(a+b)? =\2ab+a? +b2 =/3ab+6

Vi 2ab<a’+b*=6 nén V2ab+6<23.

Do dé6:

VAL )i

o B 24k _Qabte)-1 5
- a+b+l Jlab+6+l \/ ab+6+] \/ ab+6+1

)

-W?—wv...,_v
y 2ab+6+1






BAT TOAN 105 (China 1988 and 1993). X¢r hai
dwong tron dﬁng tam ban kinh R va Ry (Ry) = R) va
mot te gidge loi ABCD ngi tiép dwong tron nho.
Cac tia dB, BC, CD, DA thit tw cdt dwong 1ron
lom tai Cy, Dy, Ay, B,. Chirng minh rcfng

a) Cancn 2 E'—: b) Satcn_ 2(& ]:
Caw R S R
rong do CM\vp(). S\{N['Q I(;H Iln)’l ki hi(jll la chu vi
va dién tich cua tir giac MNPOQ.
Léi gidgi. a) Ap dung bét déng thic Ptolemy cho
cac tr giac OAB,C,,OBC,D,,0CD, A4,,0ODA B, ta
co: |

AC,R < BC,.R+AB,R;
BD,.R <C,D,R+BC,R;
CA.R <D,A.R+CD,R;
DB.R < AB.R+DAR.
Cong theo vé cac bat dang thirc trén voi cha y
AC, = AB+BC,, BD, = BC+CD,,

@

CA, = CD+ DA, DB, = DA+ AB,

BC, +CD, + DA, +

Do d6: ﬂﬁﬂ&z%.
ABCD
b) Pit: AB = a, BC = b, CD=c¢,DA=d, AB;=1x,
BC =y, CD,=2z,DA,=w. Ta co:
ad sin A+ besinC g sin A

S mep = 7 > (ad + be);
_ absin B 4 cd sin D 5 sin B ok
2 2
x(a+ y)sin(180° = A) _x(a+y)sin4
SAB,Cl = 2 s 2 ]
Ay
Suy ra: ABG x(@4) . Tuong ty:
SenT tad rbc

s‘q‘l: y(b+Z) SCDA 3 Z(C+ W)_ SDA,B, " W(d+X)

S ab+cd’ Sy ad+bc’ S0 ab+cd

Do d6:

SA‘p,qq =l+x(a+y)+z(w+c)+y(b+z)+w(d+x).
ad +bc ab+cd

ABCD
Ta c6 phuong tich cua céc diém Ay, By, Ci, Dy d6i
véi duong tron (O) bang nhau va bang

R} - R =w(w+c)=x(x+d) = y(y+a) = z(z +b).
Do dé6:

Sancd _ 4 (R - R —E—+ —Z
D y(ad + bc) w(ad +bc)

y W ]
“ +
z(ab+cd) x(ab+cd)
) L 4(R|2 —Rz) !
J(ad +bc)(ab +cd)

U}
Ta c6: 2\/(ad +bc)(ab+cd) <ad +bc+ab +cd

D (@V2R)" _
4

=(a+c)(b+d)s%(a+b+c+d)2s 8R*

((1) 6 duge do BRT Cauchy, (2) c6 duge do thuc té
rang tor giac péi tiep dudng tron thi hinh vuong cé
chu vi 16n nhat). Vi vay:
Suacn _,, HR -F) =(ﬁ)2
S s 4R* R)
Ping thirc xay ra khi ABCD 1a hinh vudng.
Dé cac BDT (1) tro thanh ding thic thi cac tr
gidc 0A4B,C,,0BC,D,,0CD,4,,0DAB, phai la
céc tir gide noi tiép, do d6 04, OB, OC, OD lan
luot 12 phan giac trong cac goc 4, B, C, D cua ta
giac ABCD.

(Xem tiép trang 43)



GIAI DPAP: GIA TR] x NAO?

(Dé ding trén TH&TT 56 573, thang 3 ndm 2025)
Phan tich sai lam.

Loi gidi cua ban Thdi 1a sai khi 1ap luan ring “ba
s6 a. b, c theo thir tr la ba s6 hang lién tiép trong
mot cAp s6 nhan khi va chi khi ac=b?". Néu ba
sb a, b, ¢ theo thir tr 1a ba s6 hang lién tiép trong
mot cép sé nhan thi ac=b>. Nhung diéu nguoc lai
khéng dung, ba s6 a, b, c thod man ac=b?, chua
chic a, b, c theo thi tr 1a ba ) hang lién tiép
trongmétcépsénhin(chﬁnghana=0,b=0,
c=1).

Loi giai cia ban Cwong ciing sai khi lap luan rang

“ba s6 a. b, c theo thir tir 1a ba sb hang lién tiép

trong mot cap s nhan va a=b cap 'sé nhan do6 cé
cong boi g=1” (ching han a = 0,5 =0,c =0
nhung g =2).

Lai giai dung.

Néu ba sb x2+x-2, x2+x-2, 2x2+4x 1a ba sb
hang lién tiép ciia mét cap s6 nhan thi

(;2 4—1—2)2 =(xz +Jc—2)(2x2 +4x)

¢>(xz +Jc—2)(1c2 +3x+2)=0¢x=—2,x=—l,x=l.

x4 x~2=2x2 +4x=~2, ba sb ~2, -2, ~2 1 ba s
hang lién tiép trong mot chp s6 nhan, Véi x=1 thi
X2 4x-2=0,2x? +4x=6, nhung ba 86 0, 0, 6
khong phai 14 ba sb hang lién tiép trong mot chp
56 nhan. Viy c6 hai gi trj x=-2,x=~1 tho min
yéu ciu ctia bai todn.

Nhdn xét. Hoan nghénh ban Nguyén Hing Cuimg, %4

Nhon My, TX. An Nhon, Binh Pjnh di phat
hiénduge sai 1Am va dua ra 16i giai dang,

KIHIVI

Trong dé kiém tra c6 cau hoi tréc nghiém sau

1o 44 4>
Tim tat ca so thuc m sao cho = =1
4%4m 4°+m
véi moi a,b thoa man a+b=1.

A. m=%2 B. m=4

Cam=2 D. m=16

Ban Minh da chgn A va trinh bay loi gidi nhw
sau:
Ta co: a+b=1<=b=1-a.

44 4-a

Khi dé: + =1
49+m 4 +m

44m4° +4+m4-?
4+m.4% +m.42 +m?

< mi=4
S im==12.

Chon A.
Theo ban, két qua Minh chon da diing chwa?

NGUYEN THANH GIANG
(Trweomg THPT chuyén Hung Yén)

TOAN H
 as 47
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‘ A9 XUAT BAN TU 1964
Tap chi TOAN HOC va TUOI TRE f L -

DT Bibn thp: 02435121607,

Mﬂﬂlelll(lﬁts lllld You‘lh Maguine 0T Phat hanh; 024.35142649, 024 35002701

Emall: toanhoctuoltrevietnamazgmall.com

BAN CO VAN KHOA HQC CHIU TRACH NHIEM XUAT BAN
GS. TSKH. TRAN VAN NHUNG Téng Gidm d6c NXBGD Vit Nam
TS.NGUYEN VAN VONG NGUYEN TIEN THANH
PGS.TS. TRAN VAN HAO Téng Bien tap NXBGD Viét Nam
PHAM VINH THAI
Vién truémg Vién nghién ciu Sach va HLGD
LE HONG SON

HOI PONG BIEN TAP

Tdng bién tp : TS. TRAN HOU NAM Phé téng bién tgp : CN. TRAN THI KIM CUONG
Thu ki Toa soan: CN. VO THI HONG THU

TS. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, 5. TRAN NAM DONG, 75, NGUYEN MINH DUC, TS, NGUYEN MINH HA,
TS. NGUYEN VIET HAI, PGS. TS. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH, NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. TA DUY PHUONG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS, PHAN DOAN THOAI, ThS. VU KIM THUY, PGS.TS. VO
DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

° Danh cho Trung hoc Co sd e Giai bai ki trudc

For Lower Secondary School Solutions to Previous Problems
Poan Khanh Tuyén, Tran Minh Vii, V6 Ta Quang
Nh@t — Mot vai dang toan td hgp thuong gip
trong céc ky thi hoc sinh giéi THCS va tuyén sinh

vao lép 10.

T1/573, ..., T12/573, L1/573, L2/573

Q Phwong phip gidi todn
Tran Vin Hanh — Mot s6 phuong phap giai
mot sb dang toan tim GTLN, GTNN.

€D bé thi vio 16p 10 THPT chuyén Lam Son, Thanh
Hoéa, nam hoc 2025 — 2026.

Ban dgc tim toi

Cao Minh Quang — Tiép tuc khai thic img

o Dién dan day hoc todn
Nguyén Cong Chudn — Khai théc bai toén co ban
trong SGK va SBT, huéng dan hoc sinh suy ludn,
kham pha.

Q Ban c6 biét

dung ciia mét ding thirc dep.
Tiéng Anh qua céc bai todn — Bai s6 118 —
Bai dich s6 116.

toan 97 — Pé bai toan 99.

Hodng Pirc Tan — M@ rong bit déing thic Erdos —
Mordell.

0 Pé ra ky nay Problems in This Issue
T1/577, ..., T12/577, L1/577, L2/571.

A A ) , :

Du lich thé giéi qua céc bai toan hay — Giai
bai toan 105. Dé bai toan 107.

D
@
@ Nhiéu cdch giai cho mdt bai toan — Giai bai
@
&

Sai 1am & dau?




LANH DAO NHA XUAT BAN GIAO DUC VIET NAM THAM, CHUC MUNG
TAP CHI TOAN HOC VA VAN HOC TRONG NHA TRUONG

Nhan dip Ki niém 100 nam Ngay bao chi Cach mang Viét Nam (21/6/1925
21/6/2025), doan cong tac Nha xuat ban Giao duc Viét Nam do ong Pham Vinh Thai,
Thanh vién Hgi dong thanh vién, Tong bién tap Nha xuat ban Gidao duyc Vi¢lt Nam
Jam truong doan da dén tham, chic ming can bo, ngudi lao dong Tap chi Toan hoc
va Van hoc trong nha truong.

Nam 2020, theo chi triong
cua Chinh phu, Tap chi Toan
hoc va Van hoc trong nha
trudng (tryc thudc Vién nghién
ciu Sach va Hoc liéu Giao
duc), duge thanh lap trén co
sd hgp nhat 3 Tap chi: Toan
hoc va Tudi tré, Toan Tudi
thd, Van hoc va Tudi tré, hoat
dong theo Giay phép hoat
dong bao chi cia Bo trudng
B6 Thong tin va Truyén thong
s6 534 ngay 19/11/2020.
Hién nay, Tap chi phat hanh

moi s6 gom 5 ki: Toan hoc va Ong Pham Vinh Thai, Thanh vién Hoi déng thanh vién,
Tudi tré, Toan Tudi tho 1, Tdng bién tdp Nha xudt ban Gido duc Viét Nam tang hoa chic mung
Toan Tudi thd 2. Van hoc va Tap chi Toan hoc va Van hoc trong nha truong nhan dip 21/6

Tu6i tré, Van Tudi tho.

Tham héi, dong vién can bd, ngudi lao dong Tap chi Toan hoc va Van hoc trong
nha truong, 6ng Pham Vinh Thai da danh gia cao su no luc, ¢6 giang hoan thanh tot
nhiém vu cta tap thé don vi trong théi gian qua; dong thdi chia sé vGi Tap chi
nhiing kho khan hién tai. Tong bién tap Nha xuat ban Giao duc Viét Nam mong
rang, trong thdi gian téi, Tap chi khong ngiing dugc cdi ti€n cd vé noi dung va hinh
thiic dé phuc vu ban doc ngay cang t6t hon; can bo, nguoi lao dong cua Tap chi
ti€p tuc doan keét, thao gd kho khan, phan dau hoan thanh (ot nhiem vu. tang
doanh thu, ddm bao ddoi song cho ngudi lao dong,...

Ciang nhan dip nay, mot s6 cd quan c6 moi quan hé chat ché vai Vien va Tap chi
cing dén tang hoa, chic ming don vi. Pay la nguén dong vién to lon. ticp (hem
dong Iyc dé don vi ti€p tuc thl.tc hién tot nhiém vu duge giao, phat huy vai tro 1a noi
khoi ngubn sang tao, 1a ngml bancﬁa gido vién va hoc sinh yéu Toan, yeu Van

QUANG SON




BOI DUGNG A0 IEN HIEW BAD TAIBONG BAC THAI LE
LANTORTIENG VIET - “No0N LUA™ NGHIA TINH QUE

Trong hai ngdy 21-22/6/2025, Nha xudt ban Gido duc
\lit Nam (NXBGDVN) da phdi hop véi Tong Lanh sy qudn
Viét Nam tai Khon Ken 16 chitc thanh cong Khod tap hudn
boi dubng, ndng cao nang lyc day hoc ti€ng Viét cho gido
vien kiu bao tai Dong Bac Thai Lan.

Chuong trinh tap hudn tryc tuyén thu hit hon 80 gido
vién kiBu bao dang tryc tiép gidng day tiéng Viét tai nhiéu
tinh DOng Bdc Théi Lan, cung nhiéu chuyén gia gido dyc
trong nubc, cdc nha quan Iy vén hoa - ngdn ngl va dai
dién hoi doan ngudi Viét tai Thai Lan, Nhat Ban, Han Qudc.

Khing dinh vai tro dc biét cla tiéng Viét doi vi cong
dong noudi Viet Nam 6 nudc ngoai, Tong Lanh sy Binh
Hoang Linh phat biéu: “Tiéng noi 1a tai san thiéng liéng
clia dan toc. NEu vin hod 1a anh séng soi dudng, thi tiéng
Vgt chinh 12 ngon Iifa thép séng tinh thdn yéu nudc, gan
két kiu bao véi qué huong, voi cOi ngudn vin hod Viét
Nam”. Ong nhdc lai ddu méc lich s, gdn 100 ndm trudc,
Chi tich H6 Chi Minh da md Iop day tiéng Viét cho kiéu
bao ta 1dn ddu tién tai Udon Thani. Ti do dén nay, nhiéu
thé hé ngudi Viet & Thai Lan da gin gid va truyén lai tiéng
Viét nhu “ngon Iiia thiéng” thdp sdng long yéu nudc ndng
nan cho cac thé hé sau.

Phat biéu tai I8 khai mac, ba Ngd Thi Thanh Mai - Phé
Chi nhiém Uy ban Nha nudc vé ngudi Vigt Nam & nudc
ngodi, B Ngoai giao - cho bit, thang 8/2022, Thii tudng
Chinh phil da phé duyét va giao BY Ngoai giao chi tri trién
khai D an “Ngay Tén vinh tiéng Viét trong cong dong
nguti Viet Nam & nuc ngoai”, quyét dinh ldy Ngay 8/9
hang nam la Ngay Ton vinh tiéng Viét. “Khod tap hudn ldn
nay la mot trong nhiing hoat dong cu thé, thiét thyc nham
trién khai D& 4n. Ching toi danh gi4 cao sy chii dong va

tim huy8t cﬁa Tdno fanh sy quan th Nam ta Khbn Ken

Gidy phép XB s6 534/GP-BTTTT cap ngay 19.11.2020; Ma s6: 8BT7M25

In tai Xi nghiép Ban do 1 - BQP
In xong va ndp luu chiéu thang 7 nam 2025

e

06

bdo ton tiéng Viét”, ba khang dinh. Nhan dip nay, ba Day
 cAm on cdc 16 chilc, cé nhan, trong do co NXBGDVN, s
sy déng hanh, déng gép tich cyc trong viéc trién khai Dé
4n Ngay Ton vinh tiéng Viet thong qua viec chung tay xa
dyng Tl sach tiéng Viét cho cong ddng, bién soan tai ligu
xdy dung hoc ligu s0. tham gia t0 chic boi duBng giao
vién, phat t trién phong trao hoc tigng Viét tai cac quoc gia
¢6 dong ngudi Viét sinh song... Ba bay to tin tUoNg
thong qua cac hoat dong nhu tip hudn, két ndi chuye
mon va cung cdp hoc ligu phi hop, tiéng Viét sé tiep tuc
dugc nudi duBng trong ddi song cua thé he tre kieu bao -

khong chi nhu mot ngdn ngd, ma con nhu mot ¢
ban sdc va long tuy hao dan toc
Trong khong khi trang trong va @m 4p, cac da biéu

dén tir Uy ban Trung vong Mat tran TO quic Viet Nam
Trubng Pai hoc Hoang Gia Udon Thani (Thai Lan)... da chia
sé, dong vién va trao doi kinh nghiém nham phat trier
hiéu qué hon viéc day hoc tiéng Viét trong cor ac
bai gidng trong khod bdi dudng dugc thyc hier bdi doi ngu
giang vién co kinh nghiém. Trong 2 ngay, hoc vien duac
trao ddi tryc tiép, thuc hanh tai chd va két ndi mang 6
hd trg chuyén mon sau khi khod tap hudn két thic. Nhiéu
gido vién kiu bao xic dong chia sé, day la mot dip quy
bau dé cic gido vién viia duoc tiép thém I, via duoc
trang bi kién thiic chuyén sau ma trudc ddy chua tiung co
co hoi ti€p can. Két thic chuong trinh, dai dién NXBGDVN
cam két sé tiép tuc dong hanh lau dai vdi cong dong ngud
Viét Nam @ nuGc ngoai, khdng chi bang sach vo, hoc liéu.
ma bang trach nhiém van hod va tam huyét gido duc
Chuong trinh bdi dudng gido vién kiéu bao tai Dang Bic
Thai Lan 1a mdt trong nhiing hoat dong thiét thuc hudng
Ung Ngay Ton vinh tiéng Viét trong cong dang noudi Viét

f-vﬂ n
He

‘H-,Nam 0 nuc ngodi va cy thé hoa chi truong bio thn, phat

n hod Viét trong thdii dai hoi nhip.
N THONG - NXBGD VIET NAM
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