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NHA XUAT BAN G140 DUC VIET NAM THAM GIA HOI Sicy
CHAD MUNG NGAY SACH UA UAn HOR BOC UIET NAM LAN THO TUNAM 2pax

Ngay 19/4/2025, tai Thu vien Quéc
gla Viét Nam, s¢ 3] Trang Thi, Ha
Noi, Nha xuat ban Gio duc Viét Nam
(NXBGDVN) da tham gia Hoi sach
chao mung Ngay Sach va Van hoa doc
Viét Nam 1an thtt Ty nam 2025.

Hoi sach dugce t8 chiec 1a hoat dong
thi€t thyc chao mung Ngay Sach va
Van héa doc Viet Nam (21/4) va Ngay
sach va ban quyén the giGi (23/4). Vi
muc ti€u khuyén khich va phat trién
phong trao doc sich: nang cao nhan
thite clia cong déng vé y nghia va tam
quan trong cta viéc doc sach: xay
dung théi quen doc sich trong gia
dinh, nha truong, xa hoi...: dong thoi
phat hién, ton vinh cac t§ chic. ca
nhan cé nhiing déng gop cho su phat
tri€n cta sach va van héa doc.

Gian hang sdch ctia NXBGDVN

Ngay Sach va Van hoéa doc nam nay
mang mot chi dé dac biét y nghia:
“Méi trang sach - Mét niém tu hao”
nham khéng dinh vai tro to 16n cda
sach trong viéc boi dap tri thic, nuoi
dudng tam hoén, khdi ggi niém ty hao
vé lich sif dan toc nhan Ki niém 50
nam Ngay Gidi phong mién Nam,
thong nhat dat nudc. .

Hoi sach dugc té chiic v6i nhiéu

hoat dong, noi dung phong pha nhy,,
gidi thiéu quang ba sach cua csc nhy
xudt ban, cdc nha sach, trong d¢
NXBGDVN.

V6i gan 500 dau sach, gian hang
cia NXBGDVN gidi thiéu dén ban doc
cic sdn phdm ddc trung cg,
NXBGDVN nhu: sach giao khoa, sjch
tham khdo, truyén thi€u nhi,...

Trong khuon khé Ngay hoi Sach,
ngoai cac gian hang sach con cg
nhiéu hoat dong khdc: gidi thiéu,
qudng ba xuat ban phdm; td chiic hoi
thdo, su kién, giao luu, toa dam: gidi
thiéu phong trao doc sach, viét sach,
quang ba sach, luu giit sach: thi ké
chuyén, vé tranh theo sach: doc sach
chuyén dé,...

Tham du Ngay Hoi Sach, dai dién
Lanh dao NXBGDVN - ba Phung Ngoc
Hong, Phé Téng Giam dsc khang
dinh, day la hoat dong van hoéa y
nghia nham ton vinh gia tri ctia sach,
cla tri thidc, khdi day tinh yeéu voi
sach va van héa doc trong cong dong
bdi sach la tri thic, sich béj dudng
tam hon chung ta.

D€ Ngay Sach va Van hoa doc di
vao ddi song xa hoi, tén vinh gia tri
cia sach va nhan rong viéc doc sach,
phat tri€n van héa doc, Ban té chrc
da kéu goi cac nha xudt ban tai trg vé
sach, tai liéu cho cac thu vién.
NXBGDVN da tai tr¢ 624 ban sach
tham khdo tuong duong gia tri 43 triéu
dong cho Thu vién Quéc gia Viet Nam
dé dng ho trién khai hoat dong y
nghia nay.

BAN TRUYEN THONG
(Nha xudt bdn Gido duc Viet Nam)
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Khi gap bai todn tim sé du trong phép chia mot
luy thira cho mot s6 nguyén 6, chung ta thuong sir
dung ddng du thirc. Véi muc dich gitp déi tuong
hoc sinh 16p 6, 7 dé dang hon trong viéc tiép cén
dang todn nay chung toi xin trao ddi véi ban doc
phuong phap sir dung tong cac luy thira viét theo
quy luat dé giai cac bai toan lién quan dén tim sb
du khi chia mét luy thira cho mét sé nguyén to.
Sau day 1a mot sb thi du minh hoa.
Bai toan 1. 7im s6 dur khi chia:

72012

= cho /;

b) 32015
Loi gidi. a) Phan tich: Ta c6 23-1=7:7 va 2012
chia cho 3 du 2, tir 46 ta c6 o1 giai sau:
Goi A=22+25+28+...422006 422009 Tg ¢6:

84— A=(25+28+211+4..4+22009422012)

~(224+25+28+...+22006 4 22009)

cno |/

TA=22012_22 22201227 414,
Vi téng A la sb tur nhién nén 74:7 suy ra 22012

chia cho 7 du 4.
b) Phdn tich: Ta c6 36-1=728=7.104:7 va 2015

chia cho 6 du 5, tir d6 ta c6 101 giai sau:
Goi B=35+3114317 4., +32003 132009 Ta co:
729B-B=(311+317 4323 +..+3209 432015)

| (3543114317 +..+3200343200)

&728B=3205_35
=32015=728B+35=7.104B+34.7+5

=7(104B+34)+5.
Vi téng B 14 s6 tu nhién nén 7(104B+34):7. Do
d6 32015 chia cho 7 du 5.

Nhén xét. 1) Cau b) chung ta da sir dung két qua
36-1=729-1=728:7. Tuy nhién viéc tinh toin

 SU DUNG TONG CAC LOY THUA BE GIil BAI TOAN
«.  TiMSO DU KHI CHIA MOT LOY THUA
CHO MOT SO NGUYEN TO

NGUYEN ANH TUAN (GV THCS Hoa Hiéu 2, TX. Théi Hoa, Ngh¢ An)

NGUYEN TH] THUY BINH (GV THCS Nghi An, TP. Vinh, Ngh¢ An)

36=729 ciing kha kho khan. Ta nhén thay ring
3341=28:7. Tir d6 ta c6 1oi giai khac cho cau b)
nhur sau:

Goi C=32-35+38-3114 432006 _32009 32012

=27C+C=(35-38+311-314 4 43200932012 432015

+(32_35+38_311+m+32006_32009 +32012)

&28(C=32015432-532015=28C-32=7.4C-14+5
=7(4C-2)+5.

Vi tdng C 1a sb nguyén nén 7(4C-2):7. Vay
32015 chia cho 7 du 5. q
2) Tir cach giai cua bai toan 1 ta cé thé néu cac
budc giai dang toan tim s6 du khi chia a" cho
mdt sO nguyén to p nhu sau:
Butéc 1: Tim sb tu nhién & nhé nhét khéc 0 sao
cho (a" —1)3 p.
Buwéc 2: Tim sb du khi chia n cho k (gia su »n
chia cho k£ du r, trong d6 0<r<k).
Buwdc 3: Goi A=a” +a"* +a"2k 4. +a" K yqr k|
tr d6 tinh duoc (ak —1)A=a"'A—A=a"—a’
=a"=(a*-1)4+a’. Vi (a¥-1):p nén suy ra s
du khi chia a” cho s nguyén t5 p bang sé du
khi chia a” cho p.
Luwu y. Truong hop tinh toan dé tim tu nhién &
nho nhét khéc 0 sao cho (a*-1)ip ma khap kho
khan trong tinh toan thi ta c¢6 thé tim sd ty nhién
k nhé nhit sao cho (a"+1)5p. Khi do6 ta chon
biéu thirc

A=a"—a"*k +q" 2k —qrt3k 4 fqn-2k —gnk

T d6 tinh dugc (a"+l)A =a* A+ A=a’" -a"

2a"=~(a" +1)A+a". Vi (a" +l)3p nén suy ra so
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du khi chia a” cho s nguyén t6 p bing s6 du
khi chia a” cho D.

3) Thuc té khi cho hoc sinh 4p dung cach gidi nhur
thi du 1, ching tai thay rang no phu hgp hon cho
doi trong hoc sinh 16p 6, 7. Ngoai ra ching ta c6
thé giai dugc cac bai toan dang nay bang cach su
dung két qua tong quat sau day.

Bai todn 2. ( hunge 1o )‘m‘c\':

l):(a=1) vdi a, neN* va azl.

+1):(a+1) véi a, neN*
1):(a+1) véi a. neN*.
Loi giai. a) Goi A=1+aq+q2 +ad+. 4+am24gn,

Ta cé: aA—A:(a+a2 +ad+at+. +qn +a")
—(1+a+a?+a3+..+qm2 +am)
<(a-1)4=am-1.
Vitong 4 la sé ty nhién nén (a”-1)i(a-1).
b) Goi B=l-a+a2-g3+. 4422

—a?rliq2n Ta
co: aB+B=(a—(12+a3—a4 +...4+a2r1_g2n +a2"+‘)

+(1—a+a2 —a*+..+a?n2 _g2n-1 4 2n )
<(a+1)B=a2"141.
Vitong B 1asb nguyén nén (az""l +1)E(a+1).
¢) Goi C=l-a+a?2-a3+..+a2"2_g2r1_Ta c4:
aC+C=(a—a2 +a3—a%+.. +q2n1 —g2n )
+(1-a+a?-a3+.. +q2n-2 —az"‘])
<> (a+1)C=1-a?n,
Vitong C 1a 56 nguyén nén (a27—1)i(a-+1).

Nhan xét. Bﬁng cach 4p dung bai toan 2 ta co
cach giai khéac cho bai toan 1 nhu sau:

a) Ta co: 22012 =4(220'0—1)+4=4[(23)67°—1}+4.

Ma [(23) 1:| (23 1) 7, tir d6 suy ra 22012
chia cho 7 du 4.
b) Ta co:

32015 = 32 (32013 +1)—9=9[(33 )7 +1]—14+5.
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Theo bai toan 2b ta c6 [(33) +l] (33+1) 28 vy

28:7. Do do [(33)"7’+1]57. Tir d6 suy ra 3205

chia cho 7 du 5.

Bai toan 3. 7im so du khi chia:
a) 42011 cho 7. b) 52017 cho 7,
d) 22°! cho 13;¢) 3205 cho 13;

c) 92012 ¢pp 7.
f) 82001 ~p, [3.
Loi gidi.

a) Cdch 1. Goi A=4+4%+47 +., +42005442008 T,
co: 64A_A=(44+47 +410+._.+42008+42011)

—(4+44+47 +...+42005 +42008)

&634=42011_4542011-63 444. Vi téng A la

sd tr nhién nén 42011 chia cho 7 du 4.
Cdch 2. Ta cé:

42011 =4(22010 —1)+4=4[(43 ) —1]+4.

Theo bai toén 2a ta co [(43)670 —1}5(43 ~1)=63 va
63:7. Tix d6 suy ra 420!1 chia cho 7 dir 4.
b) Cdch 1. Goi B=5-54457 =5104 | +52011_52014
Ta c6: 1258+ B=(54-57 +510—514+...+52014—52017)
+(5-54457 510 ..+ 52011 _52014)
<126B=5-52017 — 52017 _5_ 126B.

Vi tong B la sé nguyén nén 126B:7. Vay 52017
chia cho 7 du 5.
Cach 2, Ta c6:

52017 =54 (52013 41)_54 — 54 [(53 ) +1}—7.90+5.
Theo bai toan 2b ta cé (53)671+15(53 +1)=126 va
126=7.18:7. Do 6 (5°)""

52017 chia cho 7 du 5.
Cach 3. Ta ¢o:

52017 =5(52016 -1)+5=5[(53 )" —1]+5.
Theo bai ton 2c ta c6 [(53 )" -1]5(53 +1)=126 va

126=7.1817. Do do [(53)672_1}:

+1:7. T d6 suy ra

7. Tir 46 suy ra

52017 chia cho 7 du 5.



¢) Cach 1. Goi C=92+95498 4. 492006 492009 Ty
€01 729C~C=(95+98 4911 4 192000 +92012)

_(92 +95+gx+___+920m»+92000)
728C=92012_92 01012728192 =7(104C +1 1) +4.
Vi tong C la s6 ty nhién nén 7(104C+11)i7. Do

dd 92012 chia cho 7 du 4.
Cach 2. Ta cé:

92012 292(92010 1) 492 =8l[(93 )670—1}7.1 1+4.

Theo bai toan 2a ta c6 (93)" ~13(9~1)=728 va
728=7.104:7. Tu d6 suy ra 92012 chia cho 7 du 4.
d) Cach 1.

Goi D=23-294215_2214 12183_7189 42195

=64D+D=(20-2154221-277 4 4218921952201}
+(23-20 421522214 421832189 . 195)
&65D=2201423=52201=65D-23 =13(5D-1)+5.

Vi tdng D la s nguyén nén suy ra 220! chia cho
13 dus.
Cach 2. Ta co:

2201223 (2198 41)-23 =8[(26)33 +1}—13+5

Theo bai toan 2b ta co [(26)33+1]5(26 +1)=65 va

65:13. Tir d6 suy ra 2291 chia cho 13 du 5.
e) Cach 1. Goi E=3+3%+37+...+319+3202 Ta cé:

27E—E=(3%+37+310+..+3202.43205)
~(3+34437+..4319943202)

> 26E=3205_3=53205=26E+3. Vi tong E 1a sd
tu nhién nén 3205 chia cho 13 du 3.

Cich 2. Ta c6 32 =3(3204-1)+3=3[(33)(’8-1}+3.
Theo bai todn 2a ta co [(33)“-1}(33—1)=26 va

26:13. Do do {(33)""-1]513. Tir d6 suy ra 3205

chia cho 13 du 3.
f) Cach 1. Goi F=8-83+85—87+...+81997 81999,

Taco: 641+ [4‘?(83 85 +87 89+ +81999 _82001)
H(B-87 485 87+, 481997 —81999)
E>O51 =8-§2001 582001 —8_65F Vi tong F la

s0 nguyén nén 8200 chia cho 13 du 8.
Cdch 2. Ta c0:

82001 zg(gzooo ~l)+8=8[(32)”"’° —1}-8,

. , 1000 . ‘
Theo bai toan 2c ta co [(82) -1}(82+1)=65 va
65:13. Tir d6 suy ra 82091 chia cho 13 du 8.
Nhgn xét. O bai toén 1 va bai toan 3 chiing ta thiy
viéc tim sé tw nhién & nhod nhit khac 0 sao cho
(ak—l)fp hodc (a"+1)5p ciing kha dé dang. Tuy
nhién truong hop co sé 16n thi cong viéc d6 sé rat
kho khin. Ching ta c6 thé giai quyét dugc van dé
d6 bang cach sir dung két qua tong quat sau day:
Bai toan 4. Chimg to rang:
a) (a"-b"):(a-b) voia, bnel
b) (a?"-b>"):(a+b) voia, b,ne
c) (d:’” +bh2ntl ):(u«»/J) voi a, b, n
Chirng minh. a) Goi
A=a"1+a"2b+a"3b2 +..+ab" 3 +ab™ +bmL
Ta co:
aAd=a" +a™b+a"2b? +..+a’b" > +a*br 2 +ab™
bA=a"'b+ar2b2 +a"3b3 +..+a’b" +ab" +b".
Suy ra: (a—b)A=ad-bA=a"-b". Vitong 4 1 s0
tw nhién nén (a”-b")i(a=b).
b) Goi
B=q2r _a2n—2b+a2n—3b2 —q2n4p3
+._+a3b2n-4 _a2b2n—3 +ab:"—2 _bZn—l'
Ta co: aB=a2n__aln-—lb+a2n~2b3 —q2n-3p3
a2 —g3p2n3 4 q2p2n-2 _gp2n-l,
bB=a2n~lh_a2n—2b2 +aln—3b} _a.’.n—4b4
+. @323 —a?b2 2 bl -p2n,

Tt d6 suy ra (a+b)B=a?"-b>". Vi téng B 1a s6

nguyén nén (az" -b2n ) H(a+b).

TOAN HOC .
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¢) Goi
C=a?"—a2m-\py q2n-2p) —g2n-3p3
+o+athn4 _ 3pan-3 +aibh2n-2 _ghn-1 L p2n,

Ta co: aC=g2n+l —anh+gn-lp2 _g2n-2p3

ot @bt _gdp2n-d L p3pan2_ g2pan +ab®",
bC=anp—g2n-ip2 +a2n-2p3 _gn-3pd

+A@h2 g3 p2n-2 L 2panet _gpn +h2n+l
T d6 suy ra (a+b)C=q2m1 4p2n-1 v tong C 1a
sO nguyén nén (a2 +b2m1): (a+b),
Nhén xét. 1) Tu baj toan 4a ta suy ra dugc:
a"=b"=(a-b)k=qn =(a=b)k+b" (keN*).

2) Tir bai toan 4b ta suy ra dugc:

an —pn =(a+b)k:>a2" =(a+b)k+b2” (keZ).
3) Tu bai toan 4c ta suy ra dugc;

a?nl 4 p2n+l =(a+b)k-_->a2"*1 =(a+b)k—b2"+'
(keZ).
Bai toan 5. Tim 56 dir khi chia:

a) 116234 cho 7 by
Loi giai.
a) Cdch 1. Vi 116 chia cho 7 du 4 nén (116-4):7,

dén day ta 4p dung két qua a"=(a-b)k+b" ta co

dugc 101 giai nhu sau: Ta co 4234 =[(43‘)78 —1}+1.

Ma [(43 )78—1]3(43-1)=63 nén 4234 chia cho 7 dur 1
(1). )

Mat khdc: 116234 =(116-4)k+4234 =71 6/ +4234
(keli*) ().

Tu (1) va(2) suyra 116234 chiacho 7 du 1.

Cich 2. Vi 116 chia cho 7 du 4 nén
116+3=119:7, dén day ta 4p dung két qua

a?" =(a+b)k+h?" ta c6 dugc loi giai nhu sau: Ta
s 34/ (3 )i, ma [(33)78—4}(33“):28

nén 32%4 chiacho 7du 1 (1).
Mit khéc: 116234 =(] 16+3)k+3234 =7.17k+3234

(keN®) (2). Ti (1) va (2) suy ra 1162 chia cho
7 du 1.

TOANHOC
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b) Cdch 1. Vi 3337 chia cho 7 dy ’5 Nty
(3337-5)!7, dén ddy ta é? fil{ng két g
a"=(a-b)k+b" 1a c6 dugc 101 giai nhu gy Ty

781
cb: 52345___52(52343+l)—52=52[(53) +1}28+3'

Ma [(53)’8‘+1]s(53+1)=126=7.18, nén 2

chia cho 7du 3 (1). Mat khac:
33372345 =(3337—5)k+52345 =7.476k+52345

(keN*) (2). Tir (1) va (2) suy ra 3337245 o,

cho 7 du 3.
Cich 2. Vi 3337 chia cho 7 du 5 npgp

(3337+42):7, dén day ta 4p dung két qu

q2n+l :(a+b)k—b2"+' ta c6 dugc 101 gidi nhu say:

Ta co: 22345=22(22343~1)+4=22[(23)’8‘—1}4.

Ma [(23)78]—1}3(23—1)=7, tir d6 suy ra 2234
chia cho 7 du 4 (1). Mit khac:
3337245 (3337+2)k—22345 =7 477 — 22345

(keN*) (2). Tir (1) va (2) suy ra 3337245 chia
cho 7 du 3.
Bai todn 6. Tim s6 dur khi chia:
a) 33332345 cho 13: b) 32842024 pp 31,
Loi gidgi. a) Ta co:
52345 = 5( 52344 —1)+5=5[(52)”72—1]+5.

Ma [(52)”72—1}5(5%1):26, tir 6 suy ra 52345

chia cho 13 du 5 (1). Mat khac, ap dung két qua
a"=(a-b)k+b" ta co:

33332445 =(3333-5)k 452345 1 3 D564 1 52345

(keN*) (2). T (1) va (2 suy ra 3333235 chia
cho 13 du 5.

b) Ta ch: 22024 =24.[(25 )404_1:'+24. Ma

[(25)404_1}(25'1)=31, tr 46 suy ra 22024 chja

cho 31 du 16 (1). Mat khac, ap dung két qua
an =(a+b)1+b2" ta co:

32842024 (3284.42)k +22024 = 3] 06k 422024 (keN*)(2).



Tir (1) va (2) suy ra 32842024 ¢hia cho 31 du 16.
Bai toan 7. Chirng 10 ;'[}ng

(2222385555 55324): 7,
Loi gidi. Ta co:

35555 =32 (35553 +1)_3: :g[(}z)lssx +IJ—|4+5-

Ma [(3-‘ ) +1]s(3-‘ +1)=28, tr do suy ra 39555
chiacho 7du 5 (1). Lai co:
42222 _42 (4:220 —l)+42 =42 [(43)740 ~1}+16,

\ 740 4
ma [(43) —1}:(43 —1)=63_ tr do suy ra 4222
chia cho 7 du 2 (2). Mat khac, ap dung két qua
a"=(a-b)k+b" ta co:

22223555 =(2222-3)k+35555 =7.317k +3555

va 55552222 =(5555—4)m+42222 =7.793m+4222
(k.meN‘) (3).
Tir (1), (2) va (3) suy ra (22225555+55552222):7.,
Chiing ta tiép tuc sir dung bai toan 2 va bai toan 4
dé giai mot sb bai toan chia hét sau day:
Bai toan 8. Clhumg minh rdng:

a) A=20182024 420322024 19642024 —] 9842024
chia hét cho 51.

b) B=7.52"+12.6" chia hét cho 19 voi nelN.

c) C=1227"1411"-2 chia hét cho 133 véi nelN.
Lo gidi. a) Ta co:

A=(20182024 19842024 }+(20322024 19647024 ).
Ma (20182024 -19842024):(2018-1984)=34 va
34317 =(20182024 19842024 )17,

(20322024 ~19642024):(2032-1964)=68
va 68=17.4:17 =(20322024-196420%):17.
Tird6 suyra A:17 (1). Mét khac,
A=(20182024 22024 ) (20322024 1)

_(] 0642024 92024 )_(1 0842024 _1).
Ta co: (2018202422024 ):(2018-2)=2016:3;

(19642024 -22024):(1964-2)=1962:3;

(20322024 1):(2032-1)=203 1:3;
(19842024 —1): (1984 1) =1983:3,
T do suyra 4:3 (2).
Tir (1), (2) va két hop vai (3:17)=1 suyra A:51.
b) Ta co: B=7.52"+12.6"=7(52"~6")+19.6".
Ma 5% -6n=(52)"-6"=(25"~6"):(25-6)=19 vi
19.67:19, vay (7.52"+12.6"):19 hay B:19 voi

neN.

¢) Taco: C=122141172=12.122" +121.11"
=12(122"-11")+133.11".

Ma 1220-117=(144"-11")}(144-11)=133  va

133.117:133, tir d6 suy ra (122"1+11m2):133

hay C:133 v&i neN.
Bai toan 9. Chimg minh 1‘5ng Vo moi $6 tu nhién
n ta co:

a) 222" 43 chia hét cho 7.

b) 32" +2 chia hét cho 11.
Léi gidi. a) Phan tich: Ta thay (2°-1):7 nén ta
nghi dén tim sb du khi chia 22" cho 3, tir do ta
cd loi giai nhu sau:
Ta co: 2271 =221 =2(22 ~1)+2=2(4"~1)+2, ma
(47-1)i(4-1)=3, do do 22" chia cho 3 du 2 nén
22m1 =3k +2 (keN) =227 +3=23+243

=223k +3=02(23 —1)+7.

Vi (2%-1)(23-1)=7 nén [22(2%-1)+7]:7 hay
(22" +3):7 v6i moi s6 tu nhién n.
b) Phan tich: Ta thay 3°-1=242=11.22:11 nén ta

nghi dén tim s6 du khi chia 24! cho 5, tir d6 ta
c6 101 giai nhu sau:

Ta c6  241=224=2(2%-1)+2, mai
(247 -1)i(24-1)=15 va 155 nén (24" -1)s.
Do d6 29 chia cho 5 du 2 nén

24n1 =5k +2 (keN*)
:>324n+1 +2=35;‘+2 +2=32 (35k _.l)+l 1.

Xem tidp trang 12)
I k%
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HUONG DAN GIAl DF

I'HI CHON HOC SINH GIO]

TOAN 9 TINH THANH HOA
Nam hoc 2024-2025

Loi giai. Voia > b > 0, tacod:
a?+b?

U= a-b N -b
Va-b+Va+b Ja2-b2—a+b ) Ja?-b?

Va-b a-b a?+b?
Na-b+Ja+b \/a b a+b (a—b) .\/az—bz

Ja-b a2 +b2

{ X a-b
L\/[a—b+\/a+b r \/(a+b)—\/a—b ] Ja?—p2
_;( v""a—b(\/a+b—\/a—b) ) \/a—b(x/a+b+x/a—b)J

(a+b)—(a-b) (a+b)—(a-b)
y a?+b?
,/az_bz
_2Wa*-b* a’+b?  a?+b?
26 Ja2-pz b
hwc dwong phan biét
i
a /
(AR u the
/ | ( ()yO))
Loi giai. Ta co:
8p*  4b* . 2b? b
a*—b* at+b* al+b? ath
sbe 4bt(a*-bt) 2p2 b,
A + + + - =
a®-b? a®—b® a’+b?  a+b
8b% +4a*b* —4b®  2bh? ' b
a®-b* a2+b? a+b
4a*bt +4b%  2b° b
ab—b%  a’+b? a+b
TOAN HQC .
6 clugive  S8575(5-2025)

4b*(a* +h4) 2h? b
= t ————— =4
(a+b*)(a~b*) a’+h? a+h
apt  2b%(a’-b*) p
—— - =4}
a*-b* at b a+h
24202426 b 262 (a? +h2)
a*-b*  a+b (a2+b2)(a2—b2) a+h
22 b, 2b? blah)_
a’-b2 a+b a?-b2  a?-h?
2 bla+b
ab+b =4¢>L=4¢>L=4
a?-b? (a+b)(a-b) a-b
2 2
<:>4a=5bc>3=2©a—:b—.
4752 42

Tir: a?=2025+b2 <a?2-b?=2025. Ap dung tinh
chét day ti s6 bang nhau ta c6:
2 B2 L2 p2
a” _b* _at-b® 2025 ,,5_a_b_,s
5242 2516 9 5 4
(via>0,b6>0).Suyra:a=75,b=060.
Thay a =75, b =60 vao biéu thitc P, ta co:
P=(75-60-10) +2000=52+2000=2025.

Vay P=2025.

l;‘c‘li 3. (I.l‘(/[‘ /[(2 "’v‘fz."

Loi giai. DX: {v>-2
x—y+320

(x2 +"’)\/-\'—.\’+3 =2(x? +x)-x+ v+l
S s I T

e (v +x) \/“ "‘;:‘f_};l -y ~1=0

> (x-y-1) L -+1 |=0.
J\—\+3+7

. Tu PT(2), ta co:



.
. . X
Vi x21 nén: ——= +150-5>y—p-1=0

= y=x-1, thé vao PT(1). ta dugc:
1371 +9\/?+—:l(n‘

=3 3(.\‘-% Jﬁ+l)+3£x+l—3 x+1 +gj=0
4 4

2 2
3 : .
] 20;( x+l—;) >0vai moi x2>1

)
<

nén 13(\! x—1 >0.

o)

Dau™=" xay ra khi va chi khi:

Vvx-1 =l 1
2 x=2, y==(thoa man).
3 4
x+l=—
L 2

Vay HPT da cho c6 nghiém (x; y)=(%;%).

Bai 4. C ic chir so: 0,1,2.3,4,5,6,7,8,9.Goi X
) nhién ¢6 5 chir so khac nhau
tir cac chir so noi trén. Lay ngau nhién

tap hop X. Tinh xac xudt cua bién cé A
1 56 lom hon 590007

Loi gigi. Goi s6 c6 5 chir s6 khac nhau la
abcde (a#0),vi a#0 nénacd 9 cach chon, b co
9 cach chon, ¢ c6 8 cach chon, d co 7 cach chon, e
¢6 6 céch chon. S6 cac s6 tu nhién 6 5 chir sd
khac nhau dugc viét tir cac chir $60;1;2;3; 4;5;
6:7: 8: 9 1a: 9.9.8.7.6 = 27216 (s0).
Suy ra: ¢6 27216 két qua co thé. Chc két qua la
dong kha ning xay ra.
Dé abede 16n hon 59000 nén ta xét céc truong
hgp sau:
THI1:a =5, b =9 thi ¢ co 8 cach chon, d ¢6 7 cach
chon, e ¢6 6 cach chgn. Suy ra cb 8.7.6 = 336 (s0).
TH2: a > 5 thi a ¢6 4 cach chon, b ¢0 9 cach chon,
¢ c6 8 cach chon, d co 7 cach chen, ¢ ¢6 6 cach
chon. Suy ra c6: 4.9.8.7.6 = 12096 (s6).

Viy ¢6 336 + 12096 ~ 12432 két qua thuan lgi
cho bién ¢b 4.

1243237

27216 81

Bai 5. 7im 14t ca cac nghiem nguyen cua phicon

X4c suét cia bién cb 4 1a: P(A)=

9 ) ] l | ‘

trinh: (2x -y —2) 7( x

Léi gidi. Phuong trinh da cho tuong duong véi:
2(2x-y-2)° =7(2x-4y-2y?-2)

&2(2x-y-2)' =7(2x-y-2)-7(2y2+3)

<:>2(2x—y—2)2 ~7(2x-y-2)+7(2y?+3y)=0.

Pat 1=2x-y-2 (teZ), ta dugc:
202-71+7(2y?+3y)=0

1612 -56+49+7(16y2 +24y+9)=112

o (4t=7) +7(4y+3)*=112. Vi

(41-7)? >0,vreZ=7(4y+3)" <112=5(4y+3)" <16

:>—4<4y+3<4<:>—7<4y<1<:>—77<y<%.

Ma: yeZ=>ye{-1,0}

Véiy=-1thi (4=7)’ =105 (loai).

Véiy =0 thi (4t—7)2=49:>te{%;0}.

Ma: teZ=>t=0=>x=1 (théa man).
Vay PT c6 nghiém nguyén (x;y)=(1:0).

Bai 6. Cho so tu nhién n > 2va so nguver
Chirng minh rang néu p —1chia her
n" — L chia hét cho p thi it nhat mot trong h

p—nva p-+ nlasochinh phwong.
n°—l=(rr3)2—l=(n3—l)(n-‘+l)

:(n—l)(n2 +n+l)(n+l)(n: —n+l).

Loi gidi. Ta co:

Vi n®-Lp vapla s0 nguyén to, nén ta xét cac

truong hop sau:

TH1: n-lip=>n-1=ip (1eN')¢:>n:1p+l.

Ma p—-lin néntaco: (p-1)i(ip+1)

= p=1=lp+1(vi p-1>0). Suy ra:
(1-1)ps-2=>1-1<0=>/<1 (logi vi [eN").

TOAN HOC
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TH2: n+lip=>n+l=ap (aeN" ) n=ap-1.
Ma p-Iin ., nén ta co:

(p=1)i(ap-1)= p-1=ap-1 (vi p-1>0).
Suyra: (a-1)p<0=a-1<0=>a<l.
Ma aeN'=a=lin=p-1.Khi d6p-n=1 1a s6
chinh phuong.
TH3: n?+n+1ip. Vi p—lin nén

p-1=kn (keN") p=kn+1. Ta co:

ni+n+l=n?—kn+n+kn+l=n(n-k+1)+kn+1 la
boi cua kn+l1=>n(n—k+1)kn+1.
Do (n.kn+1)=1=(n—k+1)i(kn+1).

Voi k.neN taco:
—(kn+D)<=k-1<n-k+1<n<kn<kn+l
=>n—k+1=0=>k=n+l.

Khi do: p=n?+n+1= p+n=n2+2n+1=(n+1)2 la
sé chinh phuong.
TH4: n?—n+1:p. Vi p—Iin nén
p—l=kn (keN" ) p=kn+1.
Ta co: n? —n+1=n>—kn—n+kn+1=n(n—k-1)+kn+1
1a boi cua kn+1= n(n—k-1):kn+1.
Do (n.kn+1)=1=(n—k-1):(kn+1).
Vai k.nelN”, ta co:
~(kn+1)<—k-1<n—k-l<n<kn<kn+1
=>n-k-1=0=k=n-1.
Khi dé: p=t12—n+]:>p—n=nz—2n+1=(n—1)2 la

56 chinh phuong.
Bai 7. Co hai chiée coc cao 10m va 30m dat
no ode vai mat dat tai hai vi ri A va B, Bidt

rcach gitea hai coc bang 24m. Nywoi ta dat

ot cat chot o vi tei M trén mat dat, nam gitea hai

coc de giang day nof D
hai dinh C va D cuua
hai coc (nhw hinh ve). Ho

] ‘r,'./‘(;'/' 117 /1/‘/“. dat chol o yi

i cach A mot khoany iy s / om

hao nhicu trén mat dat de /
- p o C - 10n
tong do dai cua hai soi da v
» \ A "‘}
do la ngan nhat: A M B

TOAN HOC
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Loi gigi. Dit AM=x(m),(0<x<24). Khi do:
MB=24-x(m). Ap dung dinh Iy Pythagore cho
chc tam giac vuong CAM va DBM  ta co:

M =JCA? + AM? =107+ X2

DM =/BD? + BM? =j302 +(24-x)"

M+ DM =102 422 +[302 +(24-x) |

Ta ching minh BDT: Véi moi 56 thuc a,b,c,d thi:
Ja? +b2 +c? +d? 2\/(—a+~c)2:(b1dF (1).
That vay vdi moi s6 thuc a,b,c,d thi (1) tuong
duong voi:
@a2+b2+c2+d2+2\/(a2+b2)(c2+d2)
Z(a+c)2+(b+d)2

<:>\/(a2+b2)(c2+d2)2ac+bd (2).

Néu ac+bd <0 thi (2) dung.
Xétac+bd >0. Binh phuong hai vé cua (2) ta co:

(ad—bc)* 20 luén ding. Vay (1) ludn ding.
Dau “=" xay ra khi va chi khi: ad =bc.
Ap dung BDT(1), ta co:

CM +DM =102 +x2 +,/302 +(24—x)’
>\J(10+30) +(x+24-x)’ =J/2176.

CM +DM =+/2176 khi va chi khi
10(24—x)=30x:> x=6 (thoa man).

Vay ngudi ta phai dat chdt & vi tri M cach 4 mot

doan 6m thi tong d6 dai hai day 1a ngin nhat.

Bai 8. Cho tam giac nhon ABC ép dirong
tron (Q), ba dirong cao AD, BF, CE

I, vé OK L BC (K ¢ BC). Go

cua AH, goi J giao diem cua AH va EF. ké dieong
kinh AP cua duong tron (O).

73 |
A Chirng minh: OK - A va 1IN

.
dien cua LF,

b) Dwong thang qua B song song voi

dweong thang CU 1w S Chung minh 1F IJ.1D

va KS/]C.



Loi giai.

a) Vi

C thudce

duong tron  dudmg kinh
AP=A4CP vuéng tai C, suy ra: PC 1 AC.

Ma BH L AC=PC//BH. Tuong tyv: PB//CH.
Suy ra tr giac BHCP 1a hinh binh hanh nén BC
va HP cat nhau tai trung diém cua mdi dudng.
Ma AOBC cantai O nén OK LBC=K la trung
diém cua BC do do K ciing 1a trung diém ciia PH.
A4HP ¢6 O va K lan luot la trung diém cia AP
va HP nén OK la duong trung binh cia

_HPH:vOK:%AH . AAHE va AAHF vubdng

lan luot vuong tai E va F c6 EI, FI la dudng trung
tuvén nén /E = [F (= (:%AH}. Do &6 I ndm trén
duong trung truc cua EF.

Chimg minh tuong tu, ta ciing c6 KE = KF do d6
K thuc dudmg trung tryc cia doan thing EF. Vay
IK 1a dudmg trung tryc cla doan thing EF hay IK
di qua trung diém cia cua EF.

b) Goi L la giao diém cua K/ va EF. Vi

IF=IA=]5AH nén AAIF can tai = FAI =IFA.

Tuong tu: KFC=KCF. Ma KCF+FAI=90
= AFI+CFK =900 = [FK =90°. AIFK vuéng tai
F ¢6 FL la duong cao nén: [F2=]IL.IK (1);
L I/
AILJ ~AIDK (g.g)=>-—=——= ILIK =1J.ID (2
(g.2) DK ).
Tu (1) va (2) suy ra: IF2=1J.ID. Talai co:
DB DI
H~ADAC _>—=—
ADB ©®)=1 = b
=DB.DC=DH.DA (3).

VA 112 < 1) 1D~ 147 ID(1D D)

2UDID=1D? I~ (ID v IA)( 1D~ IA)
=DA(ID-IH )=DAHD (4),
DB _ID
DC
BDI=JDC=90" va

Tir (3) va (4) suy ra: DB.DC=ID.JD=>

ADBI  va ADJC c¢é:

=>ADBI ~ A])J(,(cg,c):D[B DCI(S)

Do BS//AC, BF LAC= BSC=HBA (cing phu

v6i SBE). Lai cé: BCS=BAH (cing phu véi

Zé\C), suy ra:

SB BC 2.BK BK

BH HA 20H IH

ASBK va ABHI c¢6: SBK =BHI va £ “BK
BH HI

= ASBK ~ABHI (c.g.c)=> BKS = HIB=> BKS=DIB (6).

Tt (5) va (6) suy ra: BII(T9=5-61, ma hai goc nay
& vi tri dong vi nén KS//CJ.

ASBC~ABHA (g.g)=

Bai 9. Cho tam gidac ABC c6 ba canh ziép Xuc voi
duong tron (I). Goi E, F lan luot la tié/) diém cua
duong tron (I) véi AC va AB. Goi M, N lan luot la
trung diém ciia BC va AC. Chirng minh ba dirong
thang BI, MN, EF dong quy.

Lai gigi. Goi K 14 giao diém cia BI va EF. Ta c6:

~

Bic-1800-2_C oA Fr 9004
272 2 >

Theo tinh chét hai tiép tuyén cét nhau, ta co:
AE=AF = AAEF can tai 4

i ~
180 Azgoo_%

= AEF = AFE =

Suy ra: KIC=AEF md KEC=AEF (d8i dinh).
suy ra: KIC=KEC. Goi P 1a giao diém cua BK va

AC =AIPC~AEPK (g.g)=>—-=L¢
PE PK’
Ma EPI=KPC (déi dinh)

= AIEP~ACKP (g.c.g) =>IEP=CKP=90" (hai
goc turong ung) hay BKC =900 (1. Goi K'la giao
diém cia B/ va MN. Vi MN 1 dudng trung binh
cua AABC nén MN // AB. Suy ra: BK'M = ABK’

TOAN HOC

S3675(5-2025) & Tusifre ()







DE THI CHON HOC SINH G101 MON TOAN

LOPY TINHNAM DINH

Nam hoc 2024 — 2025 - Thoi gian lam bai: 150 phit

Cau 1. (4.0 diém)
1) Cho a. b, ¢ 1a cac s6 thye thoa man:
\ 3
a+b+cz0vaa +b'+¢° =(a+b+c)3.

Chimg minh r?mg

() ) )
— | | ——— | +|———]| =L
at+b+c a+b+c (a+b+c)

2) Cho x>0, y>0 va

.\_1-+\/(x3+3)(;-3+3)=3\/§. Tinh gid tri cua

biéu thic P = x\/y: +3+ _\'\/x: +3.
Cau 2. (4,0 diém)
1) Co ba xe 6 t6 xuat phat cung thoi diém tir vi tri
A, chay cung mot tuyén dudng di qua vi tri B.
Trong mdi gid, xe thir nhat chay nhanh hon xe thir
hai 15 km va chay nhanh hon xe thir ba 5 km.
Mot ngudi quan sat ding tai B thdy rang: Xe thi
hai t¢i B cham hon so voi xe thir nhit 28 phit va
cham hon so voi xe thir ba 20 phut. Tim toc d¢
cua mbi xe 6 to theo don vi km/h (xem nhu ca ba
xe déu duy tri toc do trén sudt hanh trinh tr 4
dén B).
2) Giai hé phuong trinh

{x_z e

Yy x Xy

[2x(x+y2 —l)=2y2 +y—1
Cau 3. (3,0 diém)
1) Chirng minh rang véi n la s6 nguyén thi

(n* =1)(n* =2°)(n* =3)..(n* ~2027')

chia hét cho 2027.

2) Tim tat ca cac cap sO tu nhién (x;y) thoa mén

x? —xy2 -2y+2=0,

Cau4.(7,0 diém)

1) Cho tam giac ABC ndi tiép duong tron (O;R),
4B = AC va BAC>90". Goi H la trung diém
ciia canh BC va E la diém chinh giita cta cung
I6n BC trén duong tron (0). Xét diém M thay
ddi trén canh BC sao cho BM >MC, D la giao

diém khéc A cua duong thing AM va duong
tron (0), N 1a giao diém ciia duong thang ED
va duong thing BC.

a) Chimg minh ring MAMD = MBMC va
BN.CM = BM .CN.

b) Goi J la giao diém gitra duong thing BE va
dudng tron ngoai tiép tam giac MBD (J # B).
Chimg minh rang duong thang MJ vudng goc
voi dudng thang BC .

¢) Cho biét AB=§. Khi biéu thirc

f=2A4M + AD dat gia tri nho nhét, tinh ti sb
oM

f
2) Ban Joe va gia dinh dang nghi dudng ¢ mot
khu sinh thai rong 1ém. Tai day co6 mdt vong quay
ma trén d6 co cac cabin dé du khach cé thé ngdm
nhin phong canh toan khu virc tir trong cabin cua
vong quay (tham khdo hinh vé bén duwdi). Vong
quay ngoai cung c6 dang duong tron véi chu vi
bang 350 mét, tim cua vong quay nim ¢ d¢ cao
60 mét so v6i mat dit. Mi cabin déu c dinh
duoc gin cb dinh vao vong quay ngoai cung va co
mdt co cdu han ché rung lic. Joe lya chon trai
nghiém vong quay nay, khi Joe vao mét cabin ¢ vi
tri thip nhét A4 ciia vong quay thi n6 bat dau hanh
trinh quay déu va duy tri ¢ tdc do an toan.
Bé phén didu khién cho biét voi toc do dang quay,
vong quay sé di hét mot vong trong thoi gian 45
phit. Tinh ban kinh cia vong quay ngoai cung va
tinh do cao cua dinh cabin C ma Joe ngdi so véi
mit dat tai thoi diém 20 phut ké tr lac Joe 1én
cabin theo don vi mét (két qua tinh lam tron dén
hang phén chyc).

‘Q ‘ »
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Céu 5. (2,0 diém)

1) Xét 100 s6 thyc tiy y co tong bing 0 va co
tong cac binh phuong cua ching bang 1. Goi T 1a
tich cia s 16m nhét va sé bé nhét trong 100 s6 do.
Tim gi4 trj 16n nhét cua 7.

2) Cho bang vuéng kich thudc 2025x2025 gdm
2025 dong, 2025 cjt, bang duge phin déu thanh
20256 vudng con. Xét viéc dién tAt ca cac sb

nguyén duong 1, 2, 3,..., 20252 1én bang theo ba

diéu kién:

SUDUNG TONG . .. (Tiép theo trang 6)
Vi (3%-1)i(3%-1)=242 va 242=1122!11 nén
(3% ~1)i11. Tir 46 suy ra 32" +2 chia hét cho
11 v6i moi s6 ty nhién n.

Bai toan 10. Tim so tw nhién n sao cho:

~n

a) 22" +27+1 chia hét cho 7:
b) 2.3"+3 chia hét cho 11.

Lai giai. a) V&i moi keN thi ta ¢o:
[

(@ -1fi2)=7 [63) )2 -)=7
Do d6 (264-1)17 va (2% -1):7. Ta xét cac truong
hop sau:
TH1: n=3k (keN), ta co:
22427 +1=26k 423k +1=(26k —1)+(23 -1)+3

chia cho 7 du 3.
TH2: n=3k+1 (keN), ta cé:

227427 +1=26k+2 4 93k 41=22(26k _1)42( 23 -1)+7
chia hét cho 7.
TH3: n=3k+2 (keN), ta co:

22n 490 4] =20k+4 +23k+2+1:24(26’<—1)+22(23k—1)+21

chia hét cho 7. Vay 227+27+1 chia hét cho 7 khi
n khong chia hét cho 3.

TOAN HOC
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- M&i 6 vuéng con dién diing mét 0, hai 6 vusng
con khéc nhau dién hai s6 khac nhau.

- Hai s6 bét ki c6 hiéu bang 1 thi dugc dién v,
hai 6 vudng con c6 chung canh,

- Hai s6 bAt ki c6 hiéu chia hét cho 2025 thi duqc
dién & hai 6 vudng con khong cung hang va ciing
khong cung cdt.

Chimg minh ring khong thé dién duoc sb 1én bang
thda man tét ca cac diéu kién trén.

TRAN XUAN PANG
(5/7/136 Phan Dinh Phung, TP Nam Djnh)
Gidi thigu

b) Vi moi keN thi ta co:
[(35)"—1]5(35—1)=242, ma 242=112211 nén

[(35 )k —1} :11. Ta xét céc trudng hop sau:

THI1: n=5k (keN), ta c6 2.3"+3=2[(35)" —1}+5
chia cho 11 du 5.
TH2: n=5k+1 (keN), ta co
2.3"+3:2.35"+1+3=6.35"+3=6[(35)k —1}9 chia
cho 11 du 9.
TH3: n=5k+2 (keN), ta c6:
2.37+3=2.35k+243=18.35% +3=18[(35)" —1]+21
chia cho 11 du 10.
TH4: n=5k+3 (keN), ta co:
2.3143=2.3%+3 13=54 35 +3=54[(35 ) —1}57
chia cho 11 du 2.
THS: n=5k+4 (keN), ta co:
2.3 +3=2.3%+4 43=162.3% +3:162[(35)k -1J+165
chia hét cho 11 (Vi 165=11.15!11).

Vay 2.3"+3 chia hét cho 11 khi n=Sk+4(keN*).



HUONG DAN GIAI PE SO 4
THU SUC TRUGC KY THI TOT NGHIEP THPT NAM 2025

PHAN 1. Ciu triic nghiém nhiéu phwong 4n lua
chon.

41ﬁcgjcl§f\_ 4.C [5B |6.A
7.D 8 A 9.A[10.B |I1.C| I2A

_2(s4°+ 4B%)
S4*

SB?
Taco: —=
SE SA. SM

2(4a +2a2) .
=~ =3= SB=3SE;
4a
sp?  2(S4*+4D?)
SF  SASM SA4?
2(4a* +3d* .
4a 2 2
4, S5C_ B, SD
— e
SE ' SF

SD

SM SN

Ta lai co: §4-+ﬁ+ﬁ+3‘5=4§
:»23'ﬁ+3S_E'+%S—1\7+—;-§17=4§f

PHAN II. Céu tric nghiém ding sai.
Cau 1. a) Sai, b) Pung, c) bung, d) Sai.
Xét hai bién co:

A: “San pham dugc kiém tra bi 16i”;
B: “San phim dugc kiém tra do ph

san xuat”.

4n xuong X

Tach:  P(B)=47%; P(B)=53%;

P(A| B)=0,8%; P(A|B)=0,5%.
Xac suit dé san phdm dugc kiém tra bj 16i la:
P(A)=P(B)-P(A|B)+P(B)-P(4|B)=0,641%.
Néu san phim kiém tra bi 15 thi xac sut dé san
pham 18i d6 do phan xudéng X san xuat la:
P(B)-P(A|B) _0,47-0,008
P(4)  0,00641

——37—6~58 66%.
641

P(B| 4)=

Néu san phim kiém tra bi 13i thi xac suat dé san

pham 18i d6 do phén xudng Y san xut la:

1376290 L 41,34%.

P(B|A)=1-P(B|A)= a1 641
P(B|A) _58,66%
P(B|A) 41,34%
Viy néu san phém dugc kiém tra bj 15i thi xac suat
san phim 16i d6 do phan xuong X san xuit cao

hon xac sudt sin pham 16i d6 do phédn xuéng Y
san xuAt khoang 1,4 lan.

Céu 2. a) Pung, b) Ping, c) Sai, d) Sai.

Goi M(-2+1;2-1;-3+2t) €A, taco:

MA= \fs/—t——2+l—g;
MB = \/T/_—— +——
MC = \f\/_——2 155.

Biéu thitc MA +2MB+3MC dat gié trj nho nhét

el

=1,4.

Luc nay

o t=2 hay M =M, _22-?_].
6 6 6 3
Suy ra: a=—§.b=§,6=—g, nén a+b+c=—3_
6 6 3 3

Ciu 3. a) Dlng, b) Ding, ¢) Sai, d) Sai.

Chon hé truc Oxy nhu hinh vé.

Ta c6 d6 dai truc lon bﬁng 10 m nén
2a=10=>a=5.

TOAN HOC
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D¢ dai tryc nho bang 8mnén 26 =8 = b =4,

Titucy 2c=2 [a* —b* =6=>c=3.
Phuong trinh chinh tac cua elip
4

5 n 5 VZ; 25—‘,\‘2
——‘.+—“, =1¢:>_r‘:b‘.,/l———,© N
a b a‘ 4

y=——125-x"

5 2
Dién tich phan lat gach: S:ZI%JZS—xldx—%
) S

%j\/zs—.\-:dr——’?i ~7.375 m’.

Chi phi lat gach khoang 2950000 déng.

( 4au 4. a) bung, b) Bung, c) Sai, d) Sai.
Chu ki cua dao dong la 7= 3s.

25-Dr

Khi + = 55 thi h= =3>0 nén

3cos

nguai choi khong & vi tri can bang.
Vo1 moi 120 ta cdb

-1 < cos

nén

OS‘*?:COSQ_;Z{;Sl

hay 0<h<3. PDiang

(2t-Nrx

thic h =3 xay ra khi va chi khi |cos =1

(2= _

2t-l)n
< sl = =

0= ko

c>21—1=3/<«:>1=3k+]

(ke 7,3k +1>0).

Do d6 max h =3. Ta thiy:
053%1-'- <1003k +1<20

I 19
> —1€3k<19¢ —— < k<,
3 3

14 T?@uggcaﬂsmsmm

Mia ke nén ke {();|;2;3;4;5;(’}- Cac gia tr
13 19
2
Chimng to trong khodng thai gian 10 giay dau tién,

frromg (g cua 11« (=55, —;
: 12772"7 2
£ A i chai du & xa vi tri cAn bang nhi
¢ 7 lan ngudi choi du ¢ xa vy tri can bang nhat.

PHAN I11. Céu tric nghi¢m tra loi ng'fm.
Cau 1. Dap so: 108 tricu dong.
Goi chiéu rong cua cai be la x, chiéu dai la 2x,
chiéu cao la y, don vilamét (x,y >0).
Thé tich cua bé bang 288m’ suy ra:
144
2x’y =288 = xy =—.
x
Dién tich cuia phan can xay la:
864
S =2x"+6xy=2x" +—.
x

864

Tacod S'(x)=4x——-, S'(x)=0<= x=6.
X

Dé thdy minS =S(6)=216. Vay chi phi thap
nhat dé xay dung bé 1a 0,5-216 =108 triéu dong.
Cau 2. Pap s6: 0,88 (dm?).

Chon hé truc toa do0 Oxy co géc O tai tam cua

hinh vuéng, sao cho bén dinh cua hinh vuéng la
cac diém co toa do (L;1),(L;—1),(=1;1),(=1;-1).

Céc phin bién cua mién 2
(l) 1a cacvcung parabol —
véi tieu diém la O va ., | .
duomg chuan chua canh |
hinh vuong, trong dé phan

bién trén cung la mot cung :

Y

N | X , . , A , .
cua parabol y= . Céac dinh ¢ bdn goc cua

mién () la: (~1+v2;-1++2),
(12512 (- 14+V2:1-42).(1 =231 -V2).
Di¢n tich mién (") la:

S:(2(~l+\/?t)): + 4 l'jb
1-V2
4(4v2-5)

——— 0,88 (dm’ ).

"

l—x
2

—(-1+V2) dv

Ciu 3. Ddp so: 32,



X¢t he truc toa do Oxv: sao cho:

N(-1 1;0;0).PLO;I—}:()).QLO:O;»AQ).I(Izl;l).

-
L

Khi dé mat phiang ( NPQ) c¢6 phuong trinh:
x=2v+2:+11=0.
Net mat cau (8):(x=1) +(y=1)" +(z-1) =12
co tim /(L:1:1) va ban kinh » =12 . R rang ba
diem 4. B, C déu thuge (5). Goi
M (2u-2v—-1Lu:v) e mp(NPQ). Ta thay:
MA"=MB =MC* =MI’ -r* = MI* -12.
Dodo 4. B. C thudc mit cau (8):
(x=2u+2v+11) +(y—u) +(z=v)" =MI* -12.
Mat phang (4BC) chua dudng tron giao tuyén
cua hai mét cau (S). (5'). Do d6 mp(4BC) co
phuong trinh:
(x=2u+2v+11) +(v-u) +(z=v)' =(x-1)’
~(y=1) =(z-1)" =MI*-24
S (2u-2v-12)x+(u-1)y+(v-1)z
-3u+v+2=0 (ABC)
Ta bién doi phuong trinh mp(4BC) vé dang:
(2x+ y=3)u+(-2x+z+1)v+(-12x-y-z+2)=0.

Diém co dinh thuoc mp(4BC) cb toa df la nghiém
cua hé phuong trinh:

Rx+y-3=0 (x=0
2x+z+1=0 <y=3 = H(0;3;-1).
~12x—-y—-z+2=0 z=-1

Vay O =10 3,2,
Cau 4. Pap s6:0,78.
Ta ki hiéu A. B, C, O lan lugt la cic bién cd
“Nguai can tiép mau ¢6 nhom méu la A, B, AB, O
trong  (mg”. Nhu vdy  P(A4)=0,375
P(B)=0,209; P(C)=0,079;P(0)=0,337.
Goi E 12 bién cb “Syu truyén mau khong thé thye
hién duoc”™. Ta ¢o:

P(E|0)=(1-P(O))" =0,439569;

P(E|A)=(1-P(4)- P(O)) ~0,082944;

PCE|BY=(1- P(B) -~ P(O)) = 0,206116; POE[C) -0
Ap dung cong thirc xéc sudt toan phan, ta tinh
duge P(E)=10,222316997.

Vay xac suit dé su truyén mau cé thé thuc hién
dugc la P(E)=1- P(E)=0,777683003 = 0,78.
Céu 5. Ddp so: 4581 budc.

Goi §, la tong cua tht ca cac sb ghi trén duong
tron sau n budc, ne N'. Sau budc 1, trén duong
tronco 2' s61al;1 nén S, =1+1=2=2.3" Sau
budc 2, trén duong tron ¢o 27 s 1a 1;2; 152 nén

S,=1+2+1+2=6=23"

Sau budc 3, trén duong tron ¢ 2° s6 14 1;3; 2; 3;
1;3;2;3nén S, =18=2.3"

Du doan sau n budc tong la S, =2.3"". Ta s&
chimg minh §, =2.3"" (*),Vne N, bing phuong
phap quy nap toan hoc.

That vay, véi n=1 thi (*) ludn dung.

Gia st (*) dung voi n=k,keN’', nghia la sau

k budc trén dudng tron da cho co céac s6 voi tong
la S, =23 Sang buéc thi k+1, ta coi 2°
diém da ghi s 1a 2* diém chia, nén dudng tron
dugc chia thainh 2* cung bang nhau. Do diém
chinh giira cua rpéi cung nay lai ghi tong cua hai
so da ghi & hai dau moi cung twong tng. Do do:

S, =S, +25, =35, =23
Vay S, =2.3"",VneN'". Lic nay:

S, >12%% 2.3 > 12

~2025

< n>1+log, ~ 4580,6.

-

Chimg 10 sau it nhat 4581 budc thi tdng cac 6
dugce ghi trén dudmg tron 1 16m hon 127,
Ciu 6. Pdp so: 12 (A).

Taco P'(I) = E=2R-I nén P'()=0 le%.

Do do, P dat gia trj lom nhat P(/ =12) =72 (W)
tai /=12(A).

NGUYEN VAN XA

(GV THPT Yén Phong so 2, Bac Ninh)

TOAN HOC
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THU SUC TRUGC KY THI THPT QUOC GIA NAM 2025
PE SO 5

(Thoi gian lam bai: 90 phut)

PHAN I. TRAC NGHIEM NHIEU PHUONG AN
LUA CHON (Thi sinh tra 16 tir cdu | dén cau 12,

moi cau hoi thi sinh chi chon mot phieong an)

- \ \ . N ) A
Cau 1. Phuong trinh dudng tiém can ngang cua do

N £ —2x—1 .
thi ham s0 y= — la:
x=2
A. y=2 B. x=2
C. x=-2 D. y=-2.
Cau 2. Tim ho nguyén ham F(x) cua ham so
y 1
F(x)=—+1.
x

A F(.\')z——1;+.\‘+C

X-

B. F(x)=In|x+x+C.

C. F(x)=Inx+x+C D. F(x)=In|q+C.

3 3
Cau 3. Biét [f(x)dr=-5 va [ g(x)dx=3, kni do
1 1

3

[[g(x)-27(x)]dx bing

-
1

A8 B. 13
C. -11 D. -7.

Cau 4. Trong khong gian Oxyz , toa dd mot vecto

n wvubng goc véi ca hai vecto a=(1;1;-2),

b=(1:0;3) la
A. (2:3:-1) B. (3;5,-2)
C. (2:-3;-1) D. (3;—5;—1).

Ciau 5. Bang dudi day thong ké cu li ném ta cua
mot van dong vién.

—— N
| Cvll [19,19,5) (19,520) | 120,205 | [20,5.2)) [21;21,5) I
| (m) ‘ 1
}—"-»TM_“" ——y— —t S - " E—
| Aa 13 45 [ 24 ’ 12 ¢

sb ] B

5 / c L AV ‘ A
Phuong sai cia mau so liéu ghép nhom trén gin
vai ket qua nao?

A.0,277 B.0,727
C.0,772 D.0,327.
TOAN HOC :
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Ciu 6. Cho hinh chop S.ABC ¢6 ddy ABC' 1a tam
giac vuong tai 4. Hinh chiéu cua S 1én mat
phing (4BC)1a trung diém H cia BC. Tinh thé
tich khéi chép S.ABC biét AB=a, AC=a\/3
SB:a\/i

a3\/5 (13\/5

. B.
A 6 2
3 3
N g
6 2

Ciu 7. Téng cac gia tri nguyén cua tham sb
me[-10;10) dé ham s6
y=x3-3x24+3(m+2)x+3m-2025
ddng bién trén trén R 1a:
A. 27
C. 44

B. 35
D. 54.
Cau 8. Cho cip s6 cong —2;x;6;y . Khi dé (x;y)
bang
A. (2;-10)
C. (2;10).

B. (-2;10)
D. (10;2).

Céu 9. Trong khong gian vé&i hé truc toa d6 Oy,
cho hai diém A(1;2;3), B(5;-4;-1) va mat phing
(P) qua Oxsao cho d(B:(P))=2d(4(P)). (P)
cit AB tai I(a;h;c) ndm gita 4B . Tinh a+b+c.

A.4 B. 3

C.2 D. S,

A A ‘A » N iy \ A
Céiu 10. Can bao nhiéu ¢m? thuy tinh d¢ lam mot
<A A . <A <
chice coc hinh try ¢6 chiéu cao bang 12cm,
duong kinh ddy bing 9,6cm (tinh tr mép ngoai
A ’ A L
coc), diy coc ddy 1,8em, thanh xung quanh cde
. £ : 14 A ) & . ~
day 0,24cm? (két qua lay gan ding dén hai chir

sO thip phan)



439 em? B. 202,27 cm®

A. 6
C. 212

lem?

>

D. 666,97 cm?.

Cau 1. Mot binh dung 9 vién bi xanh va 7 vién
bi do. Lan lugt 1y ngau nhién ra 2 bi, méi lén lay
I bi khong hoan lai. Tinh xac suat dé bi thir 2 mau

xanh néu biét bi thir nhat mau do?

3
A. — B. 2
5 16
9 21
C. — D. —.
17 80

Cau 12. Cho ham s6 y=f(x) xac dinh, lién tuc
rén R va co dung hai diém cuc tri x=—1,x=1,¢co

d6 thi nhu hinh vé sau:

Hoi ham s y = f (x? —2x+1)+2025 c6 bao nhicu

diém cuec tri?
A. 4
C.1

B.3
D. 2.

PHAN I1. CAU TRAC NGHIEM DUNG SAL Thi
sinh tra loi te cau 1 dén cau 4. Trong moi y a), b),

c),d)o méi cau, thi sinh chon dung hodac sai.

Ciu 1. Cho hai bién ¢b 4 va 8 , vin I‘(/l) 0.4,
P(B)=08 ., P(ANB)=0,4 .
a) P(A)=0,6 va P(B)=0,2.

b) P(A'B):

c) P(B|4)=

W |-

d) P(ZnB)zg’—.

Céu 2. Trong khong gian Oxvz, cho duong thang
x=—=1+t

Ady=-2+2t va mat cau
z=-3+2t

(S): (x-3) +y* +(z-2)" =25. Goi / la tam
ciia mit cau (S).

a) Mat ciu (S) c¢o6 tam /(-3;0;-2) va ban kinh
R=5.

b) Pudng thing A di qua diém M (-2;—4;-6).

¢) Hinh chiéu vuéng goc cua tam / lén duong
thing A la diém H (1;2;-1).

d) Pudng thing A cit mat cau (S) tai hai diém 4, B
va dién tich AIAB bang 12.

Ciu 3. Cho ham s6 y=f(x) c6 dao ham lién tuc

trén (0;+00) thoa man f'(x)+M=4x2 +3x
¥

va f(1)=2.
a) Ham s6 y=f(x)=x3+x2+1.
b) Phuong trinh tiép tuyén cua do thi ham sd
v=7(x) tai diém c6 hoanh d§ x=2 1a y=16x-20.
¢) Haim s6 y=f(x) dat cyc dai tai v=0.

d) Ham s6 y=f(x) trén (0:+o0) co gid tri nho
: 20
nhit bing TS

Chu 4. Cho hinh chop S.ABC ¢o tam guic ABC
can i A, BC' = b, dudmg cao A7 = h, canh bén SA

bang a vudng poc vai day. M 1a dicm thude dogn

TOAN HOC
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Al sao.cho AM = x. Mt phang qua M vudng goc
Al cit AB, AC, SC. 8B theo thit tu & D. I, I, ;.
a) Thiét dién DEFG 1a hinh chir nhit.

2abx(h-x)

b) Dién tich thiét dién 13 = —
2

as N v ab
¢) Di¢n tich thiét dién 1ém nhit bang e

d) Thict dién chia khéi chop thanh hai phan c6 thé

h(\/}~l)
e

tich bang nhau khi v=

PHAN 111 CAU TRAC NGHIEM TRA

NGANC Thi sinh tra loi tir cau 1 dén cdu 6.

LOI

Cau 1. Mot khéi rubik c6 dang khéi tir dién déu.
Net nhi dién cd canh chita mdt canh cua khéi
rubik, hai mat nhi di¢n lan lugt chira hai mat coa
rubik co chung canh dé. Gia sir s6 do nhj dién la
n'. Gia tri cua n bﬁng bao nhiéu? (lam tron két qua

dén hang dom vi)

Cau 2. Cac khi thai gay ra hiéu ung nha kinh 1a
nguyén nhan chu yéu lam trai dat nong lén. Theo
T6 chirc Hop tac va Phat trién kinh té (OECD) khi
nhiét d¢ trai dat tang lén thi tdng gia tri kinh té
t0an cau giam. Ngudi ta wéc tinh ring, khi nhiét
d6 trai dat ting thém 2°C thi tong gia tri kinh té
10an cau giam 3%; con khi nhiét d¢ trai dat tang
thém 5°C thi tong gi4 tri kinh té toan chu giam
10%. Biét rang nhiét do trai dat tang thém (°C
wng gia tri kinh té toan cau giam S(1)% thi
f(t)=ka', trong dé k, a la cac hang s duong.
Khi nhiét dé trai dat ting thém bao nhiéu do C thi
1ong gia tri kinh té toan cau giam dén 20%7 (lam
tron két qua dén hang phan mudi).

Cau 3. C6 ¢ chiéc ghé duge ké thanh mét hang
ngang. Xép ngau nhién 6 hoc sinh, gdm 3 hoc sinh
1ap A. 2 hoc sinh 1dp B va | hoc sinh lop C ngoi

;o 7. £ 1 ar -
vao hang ghé do sao cho moi ghe ¢6 dang mot hoc

T?g?uggg— So 575(5-2025)
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sinh. Xac suit dé hoe sinh 1gp C khong ngoi canh

hoc sinh Iap B biing bao nhicu?

Chu 4. DE Lap dat hé thong dién nang lugng mp
tron, gia dinh ban A vay ngan hang 80 tién 14 600)
tri¢u ddng vai li suat 0,6% /thang. Sau ding mat
thang ké tir ngay lap dat, gia dinh ban A bit diy
dwa vao véin hanh hoa ludi dién va moi thang cong
ty dién lyc tra gia dinh ban A 16 triéu ddng. Do d¢
sau ding | thang ké tir ngay vay, gia dinh ban A
bat dau hoan ng, hai lan hoan ny cach nhau diing
mot thang, mdi thang hoan ng s tién 14 16 tri¢y
dSng. Ho1 sau bao nhiéu thang, gia dinh ban A sz
tra hét ng?

Ciu 5. Cho ham sb f(x)=ax? +bx? +cx+d (a#0)

va duong thing y=g(x)=mx+n 1a tiép tuyén cua
M . /4 . A , \ ~ 3
do thi ham so f(x) tai diem c6 hoanh d¢ x=-=

(tham khao hinh v&). Khi d6 dién tich phan dugc
t6 dam trong hinh v& bing bao nhiéu? (lam tron
két qua dén hang phan trim)

y wr [

v=j(x)/‘ /'
| "y =glx)

Ciau 6. Cho cic s thue a,h>1 v phwong trinh
log, (ax)logs(bx)=2025 ¢6 hai nghi¢m phdn bigt

‘e . . £ Y .
mmn.  Gia trp nho  nhat bidu  thue

cua
P(4a” +b?)(100mn° 11) bing bao nhicu?

NGUYEN THANH GIANG
(Trweomg THET chuyén Hiung Yén, Hing Yon)
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THEO CHLUONG TRINH M ASGR MY

(Ky 1)

Xac suat - Théng ké 13 mét ndi dung quan trong,
chiém ty trong 16n trong chuong trinh mén Toan
THPT. Dic biét, xac suat cé diéu kién 1a mét kién
thue mdi duoe dua vao giang day, dong vai tro
quan trong trong viéc giup hoc sinh hiéu sau hon
vé xdc sudt va cac img dung thyc té.
Nhiam hd tro théy 6 va hoc sinh dé dang tiép can,
nhin nhan va phan loai cac dang bai tap co ban vé
nd1 dung nay. Ching t61 sé c6 gang trinh bay
nhirng kién thirc co ban, phuong phap giai bai tap,
mg dung thyc tién cua xac suat ¢ diéu kién mot
cach don gian, dé hiéu nhéat. Chung t6i hy vong
rang chuyén dé nay sé gop phan nang cao hiéu qua
day va hoc, giip hoc sinh nim vimg kién thirc va
dat két qua cao trong ky thi tot nghi¢p THPT nam
2025 sap tdi.

Bai viét co tham khao sach gido khoa mon Toan
theo Chuong trinh GDPT 2018 (Bo sach SGK:
Két ndi tri thire voi cuge song va Chan troi sang
tao).

I. MOT SO CONG THUC CAN NHO

Trong cac cong thirc dudi day, néu khong noi gi
thém ching ta xét cac bién cb cung lién quan dén
phép thir ngéu nhién 7' va s6 cac két qua cua T la
hiru han va cac két qua la df)ng kha nang.

1) Xdc sudt cia bién co

Khong gian mau € la tap hop tt ca cac ket qua
c6 thé xay ra cua mot phép thir nghu nhién.

Bién cb ngiu nhién (goi tit la bién c6) 1a mot tip

” ~ v ~ x . K A
con cua khéng gian miu. Tap rong & la bicn co

khong thé, Q la bién cb chic chdn, A=Q\4 la

bién cé déi cua biéh cd A. Xac sudt cia bién cb
n(Ay
n(€)
Tir d6 ta co:
1) P(D)=0, P()=1,

2) 0<P(A)<1 véi mbi bién cé 4;

A: P(A):

3) Céng thirc bién cb dbi: P(A)=1-P(4) voi
mbi bién cb A.
2) Bién co hop, bién ¢ giao. Hai bién ¢6 xung
khic
Cho hai bién cb 4 va B cung lién quan dén phép
thu T .
- Pit C=AUB. Khidé C 1a mdt bién c6 va duoc
goi 1a bién c6 hop cua hai bién ¢ 4 va B, ki
hiéu 1a AUB. Bién cb C 1a bién cd " 4 hoic B
xay ra” hay noi cach khic 1a bién cb “it nhit mot
trong hai bién cb 4,B xdyra”.
- Dt D=ANB. Khidé D la mt bién c6 vi duge
goi 1a bién ¢ giao cua hai bién ¢6 4 va B, ki
higu 1a ANB hay AB. Biéncd D 13 bién cd * 4
va B déng thoi xdy ra”. Néu 4 va B ddng thoi
khong xay ra thi ANB=Q  Tagor 4 va B 1d hat
bién cd xung khic.
- Cong thirc chng xac sudt:
P(AUB)=P(A)+ P(B)-P(ANB). Dac bigt, néu
hai bién ¢6 4 va B xung khic thi P(4NB)=0.

Khi d6 P(AUB)=P(A)+P(B).

TOAN HOC
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3) Xdc sudt cé diéu kién
Cho hai bién ¢c6 A4 va B. Xéc suéit cua bién ¢ A
véi diéu kién bién ¢6 B da xay ra dugc goi la xac

sudt cua A véi diéu kién B, ki hiéu la P(AIB).

——

P(AB)

P(B)
- Néu 4, B 1a hai bién cb bat ki thi
P(AB)=P(A).P(Bl4)=P(B).P(AIB) (Cong thirc
nhan xac sua’it).

- Cho hai bién cé 4 va B véi P(B)>0. Khi dd,
n(ANB)

n(B)
- Cong thirc bién cb doi trong “khong gian mau

thu hep™: P(A4|B)+ P(Z|B)=1.

Néu P(B)>0 thi P(AIB)=

Nhan xét.

taco: P(AlB)=

4) Hai bién ¢6 dbc 1ap

- Hai bién c6 4 va B duogc goi la doc lap néu
viéc xdy ra hay khong xay ra cua bién cb nay
khong lam anh huong dén xac suat xay ra cua bién
c6 kia.

- Cho hai bién cb 4,B 0<P(A)<],
0<P(B)<1. Khi dé: Hai bién cé 4 va B doc lap

voi

< P(AB)=P(A).P(B) < P(A)=P(A|B)=P(A|B)

va P(B)=P(B|A)=P(B|A).

5) Cong thic x4c suat toan phén. Cong thire

Bayes

a) Cing thirc xdc sudt todn phin

- Hé 2 bién cb co sd 12 B va B: Cho hai bién b

A, B vbi 0<P(B)<l, taco:
P(A)=P(AB)+P(AB)

=P(B).P(A\B)+P(B).P(AIB).
- Hé 3 bién cb co s0 1a A, 4y, 4 d6i mdt xung

khic va A Udy WA=, ta co:

TOAN HOC
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A A3
B

AiNB i
Az

AN B

Aj

P(B)=P(AlB)+P(A23)+P(A3B)
=P(B|4)).P(4 )+ P(B|A2).P(4:)+P(B|4).P(4).
b) Cong thirc Bayes
Cho hai bién cb A4, B v6i P(A)>0, P(B)>0, ta
P(B).P(AIB)
P(4)
Nhan xét. Vi P(A)>0, 0<P(B)<1 thi cong thirc

Bayes con co dang:

P(BlA)

co: P(BlA)=

~ P(B).P(A|B)
" P(B).P(A|B)+P(B).P(4|B)

II. MOT SO DANG TOAN
Dang 1. Sir dung cac cong thire tinh xac suat
Thi du 1. Cho hai bien co A,B co

P(4)=0,4; P(B)=0,6; P(AB)=0,2..
Tinh P(A |B); P(BlA).

P(4B
Lot gidi, Ta co: P(A1B)=AB) 02 1,
P(B) 06 3
P(B
P(BlA)= ( A)=0’2:0,5
P(4) 04

Thi du 2. Cho hai bién ¢6 déc lap A.B voi

P(A4)=0,8; P(B)=0,25. Tinh P(A4IB).

Loi gidi. Vi 4,B 1a hai bién c¢b doc 1ap nén
P(A4B)=P(A4)-P(B)=0.8-0,25=0,2.

P(AB
Khi do: P(4 IB)=—(—)—=£= 8.
P(B) 0,25
Thi du 3. Cho hai bién ¢6 AB

P(4)=0,6.P(B)=0.8:P(AB)=0.4. Tinh P(B |4
Léi pidgi A , . A \ A 4.
o1 giai. Theo cong thirc x4c suat toan phan ta co:

P(A)=P(4B)+P(4B).

Suy ra: P(4B)=P(A)-P(AB)=0.6-0,4=0,2.



02 1
P(4) 0,6 3

va B la hai bién co déc lap va

P(§|A)=
Thi du 4. Cho 4
P(A)=0.5: P(B)=0.6. Tink P(BI(AUB)).

Lot gidi. Ta c6: P(BALE)= B AVE)
P(AUB)

trong 46 BN(AUB)=BA4. Suy ra:
P(BN(AUB))=P(BA)=P(B).P(A)
=0,6.0,5=0,3.
Lai c0: P(4UB)=P(A)+P(B)-P(AB)

=P(A)+P(B)-P(4).P(B)
=0,5+0,4-0,5.0,4=0,7.
Tir do ta c6: P(B|AUB)=—= 03_3
0,7 7

Dang 2. Sur dung dinh nghia xic suat cé diéu
kién
Phan nay, chung ta nén st dung so d6 Venn dé
biéu dién cac bién cd dé truc quan va dé hiéu hon.
Thi du 1. Trong ki kiém tra mon Todn cua mdt
rweong Trung hoc phé thong ¢6 500 hoc sinh
tham gia, trong do cé 220 hoc sinh nam va 280
hoc sinh nir. Khi cong bo ket qua ctia ki kiém tra
46, ¢ 150 hoc sinh dat diem gioi, trong do c6 65
hoc sinh nam va 85 hoc sinh nit. Chon ra ngdu
nhién mot hoc sinh trong 56 500 hoc sinh do. Tinh
xXde sudt de:

1) hoc sinh dugc chon dat diém gioi, bhiét rang
hoc sinh do la nir.

2) hoc sinh dwge chon khong dat diem gioi, biél
rang hoc sinh d6 la ni.

3) hoc sinh duge chon la nam, biét rang hoc sinh
do dat diém gioi.

4) hoc sinh diroc chon la nif, hiél rang hoc sinh
dé khong dat diém gioi.
Loi giai.
Ta bidu di&n bai toan bing so do Venn dudi day:

Nix (280)

-\
Diém gioi

1) Xé4c suat dé hoc sinh dugc chon ra dat diém
85 _ﬂ
280 56
2) Xac suét dé hoc sinh dugc chon khong dat diém

gioi, biét ring hoc sinh d6 1a nir 1a:

gioi, biét rang hoc sinh do la nit la A=

280-85 39
B="1% "6
3) Xéc sudt dé hoc sinh dwgc chon la nam, biét
: : 65 13
3ne hoc sinh do dat diém gidi 1a B=——=—.
rang hoc sinh do dat diem gio1 anB 15030

4) Xac suit dé hoc sinh dugc chon la nit, biét rang
hoc sinh d6 khong dat diém gioi la:
280-85 195 37

4T500-150 350 70’

Thi du 2. Mgt cong ty dugc phcftn gidi thiéu mot
dung cu kiém tra bénh sot xudt huyét. Ve kiém
dinh chat lrong cia san phdm, ho cho biét nhu
sau: S6 nguwoi duoe thir nghiém la 9000, trong s
46 co 1500 ngueoi da bi nhiém bénh sot xudt huyét
va ¢é 7500 nguoi khong bi nhiém bénh SOt xuat
huyét. Khi thir bang dung cu cua cong ty, trong
1500 ngwoi da bi nhiém bénh sot xuat huyvér, co
1140 nguoi do cho két qua dicomg tinh, con lai cho
két qua dm tinh. Mat khdc, trong 7500 nguoi
khong bi nhiém bénh st xudt huyét, ¢6 525 nguei
cho két qua dwong tinh, con lai cho két qua dm
tinh khi kicm tra. Chon 11g(?~u nhién mot ngueoi
trong $0 nhitng ngwoi thir nghiém. Tinh xadc sudt
dé nguoi dwpe chon ra bj nhiém bénh sor xuat
/nr_tf’é'/, biét rang nguoi do co két qua thir nghiém
cwong tinh (lam tron kér qua dén hang phan
muoi). Nha san xudt khang dinh dung cu cho kér
qud diing voi hon 90% SO trweong hop o kér qua
duwong tinh. Khang dinh do ¢6 ding khong?

Lai gidi.

S6 575(5-2025) TgﬁNuggg 2 1




diromg
tinh

S6 nguoi xét nghiém duong tinh la:
1140+525=1665 (ngudi).
X4c suat dé chon duge nguoi bi st xuét huyét biét
rang ngudi do dwong tinh voi thir nghiém la:
1 140
1665
Do 0,7=70%<90% nén khang dinh cua nha san

=0,7.

xuat la khong dung.

Thi du 3. M 10 hop swa chua dau va 20

A, cac ne

p suwea chua co kich

nhau. Co 18 hop sira

' § < Hrlu
odi khong duong, trong do co 7
sica chua nha dam

Tinh

MU ddu vad 11 N«

ra chua trong ti.
duoc lay ra la dau, biet rang

< wa chua duwoc lay ra la nha dam, biet

/ PP
« a0 Kiong duong

hua duoc lay ra la dau, biét ru://f\'
hua do co duony
chua duoc lay ra co duong, biét rang
: nha dam
Loi giai.
Ta su dung so dé Venn dé minh hoa cac dir kién
cua bai toan:

Déu (10) Nha dam (20)

3 9

[ g
dirong
) T?Q?ugmé S8 575(5-2025)

1) Xac suat dé lay duoc hop sira chua dau, biét
7

rang do 1a hop khong dudng la: A = 13

2) Xac suat dé lay duge hop sira chua nha dam,

I
biét ring do khong dudong la /4 =—

18
3) SH th stra chua ¢ duong la 30-18=12, Suy
ra xac suat dé Idy dugc hop sira chua dau, biét

31
rang do 1a hop c6 duong la A =—=—

18 6
4) S6 hop sira chua nha dam c6 duong la
20-11=9. Suy ra xac suat dé 1ay dugc hop sira
chua c6 duong biét rang do hop sira chua nha dam

9
la Py=—,
720

Dang 3. Sir dung so do cay tinh x4c suat

Khi phép thir chia ra lam cac cong doan lién tiép
nhau, sy kién lién quan dé bién c6 4 xay ra truéc
va sau d6 dén su kién dién ra bién c6 B xay ra
sau thi chang ta s€ 1ap mét so do cay c6 dang nhu
sau:

O
P(A N P(A)
\\\\
A A
AN - _ -
P(B|A) \\P(B-A) P(B|A P(B/A)
AN N
B B B 8

- Duya vao 1§ trinh (0-4-B)dé tinh P(4B

cach la“'ly tich cac xac sut, cu thé:
P(A4B)=P(A4).P(B|A).

- Dya vao 1§ trinh dan dén B la (0-4-B) va

) bang

(O-Z-B) dé tinh P(B) bang tong xac sudt cua 2 10

).P(B|4)+P(4). (Bf 1).

- Dya vao 1o trinh din dén B la (O-A-Z_?) va

trinh, cu thé: P(B)=P(4

(()—Z~E) dé tinh P(E’) bing tong xdc sudt cua 2

).P(B|4)+P(4).P(B|).

- Cong thire Bayes dé tinh P(A|B): 1 phin sé ma

1§ trinh, cy thé: P(b‘) P(A

tr thire dyra vio 1§ trinh (O-4-8), mau thire dya

vao 1§ trinh din tdi B, gdbm (O-4-B) va (O-4-B).



Thi du 1. C6 mor con kién bo doc theo cdc canh
cua luci 6 vuong tir diem A. Biét rang tir mat hedi
nay kien bo theo phuong ngang thi dén mat luci
tiep theo xac suat kién bo theo phirong thang dung
la 04. Con néu nr mdt luci nay kien bo theo
phwong thang dirng thi dén mat ledi tiep theo xac
suat no bo theo phwong ngang la 0,7. Gia su tir A
kien bo theo phwong ngang. Tinh xac suat dé dén

mat lwoi thir 3 kien bo theo phuang thang dung.

—1" iy

Léi gidi. Ki hiéu A4 1a bién cb: "Tai mdt hedi thir
2, kién bo theo phwong thang dimg";

B 1a bién cb: "Tai mdt hei thir 3, kién bo theo
phuwong thang dimg".

Ta vé so dd hinh ciy nhu sau:

0,4

tai mat lwdi thir 2 A

o/ 07
tai mat lwdi
B B

thir 3

@ |

B

C6 hai nhanh cay di t6i B 13 O-A-B vi O-A-B
suy ra: P(B)=0,4.0,3+0,6.0,4=0,36.

Thi du 2. Mot xuweong san xudt nhdp nguyén li¢u i
3coso A, B.C theo ti I¢ lan lwot la 25%,35% va
40%. Biét /'dﬁg t le nguyen licu bj hong cuad 8o
so A. B. C lan luot la 5%,4% va 2%. Chon
nedau nhién mot nguyen ligu nhap ve, tinh xac sudt

cua cac bien co:

M: “nguyén licu cua co so C, biét rang nguyen
licu khong bi hong™.
N: “nguyén liéu bi hong hiét rang nguyén liéu
thuoc ('r; so A hoac C”
Lai gidi. Goi
A 14 bién cb:
B 14 bién cb:
C 14 bién cb:
H 12 bién cb:
Ta c6: P(A4)=0,25, P(H|4)=0,05,
P(H|A)=1-P(H|4)=0,95;
P(B)=0,35, P(H|B)=0,04,
P(H|B)=1-P(H|B)=0,96;
P(C)=0,4, P(H|C)=0,02,
P(H|C)=1-P(H|C)=0,98.

Ta xay dung so do cay:

“nguyén liéu thudc ¢ s A”;
“nguyén liéu thugc co s B”;
“nguyén liéu thudc co s& C”;
“nguyén li¢u bi hdng”.

005 ~H  AH 00125
dos~H  AH 02375
004 -H  BH 0014
J9s~H BH 0336
002 -H CH 0008
99%~H CH 0392

Tir so d6 ciy ta céz Xac suat @& chon dugc nguyén

liéu khong bi hdng la:
P(E):P(TJA)+P(EB)+P(EC):0,9655.

Do M=C|H nén

P(CH) 0392 392

P(ﬁ) 0,9655 9655

P(M)=

Tacs: N=H|(40C)=H|B

P(HB) P(B|H).P(H)

:>P(H|E)= P(E) - p(E)
Lai cb: P(E]H):l_p(gly)zl_fzf:lf))
0,014 41

T1-0,9655 69

TOAN HOC
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H(1-0,9655)

41
Tirdo ta co: P(N)=52

1300

0,65

Thi du 3. Co hai chiéc hép, hop 1¢o 5 vién bi mau
trang va 7 vién bi mau do, hgp 11 ¢o 10 vien bi
mau trang va 15 vién bi mau do. Cac vién bi c6
cung kich thuoc va khoi heong. Lay ngau nhién
hai vién bi tic hop 1 roi bo vao hop 1. Sau do, lay
ra ngau nhién mor vién bi tir hop 11. Tinh xdc sudt
dé vién bi lav ra tr hop 11 la vién bi dioc Chuyé"n
ir hop 1 sang biét rang vién bi @6 c6 mau trang.
Loi giai. Goi A 1a bién c¢d vién bi ldy ra tir hop 11
Ja vién bi duoc chuyén tir hop I sang;

B 1a bién cb vién bi lay ra tir hop Il c6 mau trang.
Ta can di tinh P(4|B).

Ta st dung so d6 cay tinh P(B): Xac suat dé vién

bi lay ra tir hop II mau tring.

R [poman]
Pn
Hép I1: 10T, 15D Pu
| Hop1: ST, 7D l 2; Ly ra 1T, 10 {’:n
P Hopll: 107,150 |  py, »
Hop II: 10T, 15D Ps
Liyra 1D
Taco: p c?z 5 » 5.7 35
¢ | === 2:—:-—-—’
2 2
c 3377y 66
; c3 7 , 12 4
3= = DTS,
cz 22 2779
11 » 10
p2]:—9 3=
27 27

Tu do ta co:
P(B)=P1-PH+P2-P21+P3-p31

162
Ta tiép tuc s dung so do cay tinh P(AB): Xac

_65 ().

suat d& vién bi lay ra tir hop II 1a vién bj dugc
chuyén tir hop I sang ddng théi né c6 mau tring.

TOAN HOC
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l Ly ra 27

Po IUleTc\'thpl I

l Hop Il: 10T, 15D
P

» Ly ra 17, 1D [ P
oo |
A Hop II: 107, 158

Ldy ra 20

Lily ra 1T cGa hgp |

| Hop I: 5T, 70

Loy ra 1T cha hop |
Py

Mop II: 10T, 150

2 1 .
Tacod p3=—,pr3=—:,p33=0. Tir d6 suy ra:

27 27
5
P(AB)=pi.p13+p2.p23 T (2).
: : , _P(4B) 1
Tir (1) va (2) taco P(A|B)= P(B) 13

Dang 4. Str dung bang mo ta
Trong phan nay, cac xac suat dugc mo ta boi bang

sau:
Biénco A | BiéncéB = Tong
Bién co M x Y Xty
Bién co N m n m+n
Téng X+m ytn |

Trong bang trén, céc cgp bién cé {4,B} xung

khic va {M,N} ciing xung khic. Khi d6 ta co:

P(A|M)=$;P(A|N)= m'Z —
P(M|A)=x_):m ;P(N|B)= vzn.

Thi du 1. Tai mét so thu X, dé nhdp vé mot trong
hai con vt la sw tu hodc voi ho tién hanh lav v

kién ciia 1000 em bé (500 bé trai va 500 bé gai)

(OF Y <

Cau hoi dat ra cho cdac bé la: “Vweon thi sap 161 sé
nhdan nuoi théem mot con vat niva, con thich sie nr

hay voi hon?”. Keét qua khao sat cua cdac bé nhie

Sdlul.
- Swnr | Voi | Tong
Bé trai 390 | 110 500
- Bégai 175 l 325 500
Tong 565 | 435 1000

Chon ngau nhicn mét bé tham eia khao sat, tinh
Nac suat de:
a) bé thich sie e, bict bé dicoe chon 1a bé trai.

b) bé la gai, biet bé duoce chon thich voi.



Loi giai.
a) Xéc suit dé chon dugc bé thich su tir, biét ring

bé duge chon 1 bé trai: py=>20-32,
500 50
b) Xéc suét dé chon dugc bé gai, biét ring bé thich
VOI: ) %) —ﬁ—ﬁ
435 87

Thi du 2. Trén gia sach ¢6 10 quyén sich Khoa
hoc va 15 quyén sach Nghé thudt. C6 9 quyén
sach viét bang tieng Anh, trong do 3 quyén sach
Khoa hoc va 6 quvén sach Nghé thudt, cdc quycfn
sach con lai viét bang tieng Viet. Ldy ngau nhién
not quyén sach. Tinh xdc sudt dé quyén sach duoc
a) la sach viét bang tieng Viét, biét rang quyén
) la sach Khoa hoc.
b) la sach nghé thudt, biét rang quyén sdch do
t bang tiéng Anh.
Loi gigi. Vi c6 9 quyén sach viét bang tiéng Anh,
trong d6 3 quyén sach Khoa hoc va 6 quyén sach
Nghé thuat, cac quyén sach con lai viét bang tiéng
Viét nén ta c6:10+15-9=16 quyén sach viét bing
tiéng Viét, trong d6 c6 10-3=7 quyén sach Khoa
hoc va 15-6=9 quyén sach Ngh¢ thuat. Ta tom

tat bai toan boi bang sau:

o ,,*lﬁ?aﬁ hO_CM ' /ngte thuat ' Téng
=
,;Z,g | | ¢ |
Ttl/:tg 7 9 16
Tong | 10 | 1
Tir d6 ta co:

a) Xac suit dé quyén sach dugc lay ra la sach viét
bing tiéng Viét, biét rang quyén sich do 13 sach

Khoa hoc: py=—

b) X4c suat dé chon dugc quyén sach Nghé thuat,

6 2
biét rang sach viét bang tleng Anh la: py= —9 =—

3

Thi du 3. Mot vién nghién ciru vé An toan giao
thong mudn tim hiéu ve moi quan hé gitta viéc that
day an toan khi tham gia giao thong va nguy co tir
vong cua nguoi lai xe khi xay ra tai nan giao
Vién tién hanh xem xét 577006 tai nan thi

thong.

co ket qua nhw bang sau:

! Tw vong So"ng sot
Khong thit ddy an toan | 1601 162527
C6 that ddy an toan 510 ’ “412368

a) Tinh xdc sudt ngudi ldi xe tir vong trong trucng
hop khéng that déy an toan.

b) Tinh xdc sudat nguoi lai xe tir vong trong trucng
hop co that ddy an toan. So sinh hai trueong hop
trén.

Loi gidi. T gia thiét, ta c6 bang sau

Tir vong | Song sot Tong
héng thi
Khong that 1601 | 162527 164128
dady an toan
Co that dd
omarey |51 412368 412878
an toan ‘
Tong 2111 | 574895 577006

a) X4c suét nguoi lai xe tir vong trong trudng hop
khong thit diy an toan 1a:

1601
=00 0.00975 .
= l6a128

b) Xéc sudt ngudi lai xe tir vong trong truong hop
¢6 thit ddy an toan la:

pr= 210 =0,00124
T 412878 T

I
P2
d6, khong thit ddy an toan c¢o ty I¢ nr vong cao
gip 7,86 lan so véi vige thit day an toan.

So sdnh hai truong hep trén ta ¢o: =7.86. Do

(Ky sau dang tiép)

OAN HOC
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CAC LOP THCS
Bai (Lop 6). Biét x, v, z, 1 1d cac sb
nguyén duong thay d6i thoa man:

2025xy =2026z1.
Hoi tong § = 2025(x" + »?) + 2026(z° + ) 1a 6
nguyén té hay hop 6?

/5878

HUYNH THANH TAM
(Bueu dién thi xa An Nhon, Binh Dinh)

Bai T2/575 (Lép 7). Tim tat ca cac b nguyén t6 p
va g sao cho p* + 1 chia hét cho g va 27 + 1 chia
hét cho p.

NGUYEN TRONG HIEP
(GV THCS Tdy Ho, Ha Noi)

Bai T3/575 Vi n la sé nguyén duong 16n hon 1 va

p 12 56 nguyén t6 sao cho n 1a udc sb cua p—1lvap

la uc sb cuan’ — 1, chimg minh ring 4p — 3 1a s6
chinh phuong.

PHAM VAN HOANG

(SV K49, lop CNNL-01, PHBK Ha Noi)

Bai T4/575. Cho ngu giac ABCDE. Goi M, N, P,
0. K lan luot 1a trung diém cia cac doan AC, BD,
CE. DA va EB. Goi 4, B), C, D), E, lan luot 14
trung diém cua cac doan NP, PQ, OK, KM va MN.

ST ’ SAB('I 2
Tinh ty s dién tich —422%
ABCDE

PHAN THE HAI
(GV CDSP Ba Rja - Viing Tau)

RBai T5/575. Chimg minh bat ddng thirc sau:

1 +—= ] l > 147
TR f3 )
Hay néu bai toan tong quat.
NGUYEN VAN TIEN
(GV THCS Ldam Thao, H. Lam Thao, Phu Tho)

CAC LOP THP1
Bai T6/575 Cho ham s6 f:N* >N
cac dicu kién:
i) flxy) = flx).Ay) véi moi x, y thoa man (x; y) = |
i) flx + v) = fix) + Ay) véi moi s6 nguyén t6 x, y,
Hay tinh /(2021).

thoa min

NGUYEN HUNG CUGNG

(85 Bién Cuong, P. Ngo Mdy, TP. Quy Nhom, Binh Dinh)

Bai T7/575. Cho a, b, ¢ 1a 4§ dai ba canh ciia mét

tam gidc nhon c6 mdt goc khac 60°. Chirng minh
a'+b*+¢'

:" y =
rang T a’b’ + b*c* + *a’

khong phai la s

nguyeén.
NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bic Ninh)
Bai T8/575. Cho hinh binh hanh OEMF véi

0=60", OF = 18, OF = 2. Pudng thing d di qua
M cit tia O, OF lan lugt tai 4, B. Xac dinh d¢ dai
nho nhét cua doan thing AB.
LA DAI CUONG
(GV THPT Cam L, Quéng Tri)
Bai T9/575. Cho a, b, ¢ 1a cac sb thuc duong thoa
man a + b + ¢ = 3. Ching minh ring

2\/a2b+b2c+c2a +2\/ab2 +bc? +ca?

>3Jab+bc+ca +Jab? +bc +2a.

HOANG NGQC MINH
(GV THPT chuyén KHTN, PHOG Ha Néi)

TIEN TO1 OLYMPIC TOAN
Bai T10/575. Cho hai s nguyén duong m va n.
.a,va b.b,,...b thoa

man didu ki¢n: [a, +q]+[a: +q]+...+[am +q]

Gia st cic so thue a,,a,,...

:[I\ +q]+[b3 +q]+...+[b,, +q]. qu[O:l)
trong d6 ki hi¢u [x] 1 s nguyén 1on nhit khong
vugt qua x. Chirng minh ring

ata,+o.ta,=b+b +. . +b.

LE VIET AN (T7. Occan Education,
40 dwong s0 9, khu city Land, P. 10, TP. Ho Chi minh)

NGUYEN TUAN ANH
(GV THPT Nguvén Quang Diéu, Dong Thap)



Bai T11/575 Cho day s6 (x,) thoa man:
=3 x,,=x:-2,VneN".
Ta xac dinh day (y,) boi
1 1

.“n=_+ +*‘
X XX, X)X,

l
Hay tim gio1 han lril)n.\'".

NGUYEN DUC TUONG

(Pleiku)

Bai T12/575 Cho hai dudng tron (O) va (O,) tiép

xuc ngoai nhau. Tiép tuyén chung ngoai d. Pudng

tron (O) tiép xtc ngodi (01). (0,) va d. Léan luot

goi tiép diém cua (O;) va (0,) 1a B;, cua (0y) va

(03) 1a B,. cua (O3) va (O)) la B,. Goi tiép diém

cua (0)). (0,), (03) véi d lan lugt 1a 4, 4a, 4.
Chimg minh ring 4,B). 4,B8,, 43B; dong quy.

TRAN QUANG HUNG

(GV THPT chuyén KHTN, PHQG Ha N¢i)

Bai 1.1/575. M6t thiang kin co chiéucao h =3 m
chira diy nuae. () day thung c6 hai bot khong khi
thé tich bing nhau. Ap suat ¢ day thung la
po = 150 kPa.
a) Néu ca hai bot khi 1én sat nép thi 4p Suat p; o
day thung la bao nhiéu?
b) Néu c6 mot bot khi di Ién sat nép, con bot khi
kia vin & sat day, thi 4p suat p; ¢ day binh la bao
nhiéu?

VIET CUONG (Ha Noi)
Bai 1.2/575. Mot mau phong xa phat ra 220000
hat anpha trong ngay dau tién va 400000 hat
anpha nira trong hai ngay ké tiép. Biét rang hat
nhan con bén, chu ki ban ra cua hat nhan phong xa
trong mau 1a bao nhiéu?

THANH LAM (Ha Noi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL
Problem T1/575 (Grade 6). Given that x, y, z, ¢
are positive integers satisfying 2025xy = 2026zt.
Is § = 2025(* + %) + 2026(z* + £) a prime of
composite number?

Problem T2/575 (Grade 7). Find all prime
numbers p and g such that p 2+ 1 is divisible by g
and 2 7+ 1 is divisible by p . :
Problem T3/575. Suppose that n is a positive
integer greater than 1 and p is a prime number such
that # is a divisor of p —1 and p is a divisor of n’~1.
Prove that 4p ~3 is a perfect square number.
Problem 14/575. Given a pentagon ABCDE. Let
M, N, P, O, K be the midpoints of the line
segments AC, BD, CE, DA and EB respectively.
Let Ay, B;, Cy, Dy, E, be the midpoints of the line
segments NP, PO, OK, KM and MN respectively.

Calculate Suncon
SABCDE

Problem T5/575. Prove the following inequality:
> 147.

1 1 1 |
—_—t—=t—="..t
B2 P 3999

Eﬁ?ﬁﬁtate a more general problem if possible.

FOR HIGH SCHOOL
Problem T6/575. Given a function f:N" >N

that satisfies the following conditions:

i) £ 0p)=f (x).f () for all x, y satisfying (x; ¥)=1;

ii) £ (x+y) = fix) + f (y) for all prime numbers x, y.

Calculate f(2021).

Problem T7/575. Let a, b, ¢ be the lengths of

three sides of an acute triangle with at least one

angle with the measurement different from 60°.
a*+b* +c*

T = ,

S — iIs not an
a‘b”- +b’c" +c'a’

Prove that

integer.
Problem T8/575 Given parallelogram OEMF
with O=60°, OF = 18, OF = 2. A line d passes
through M and intersects the rays OF and OF at 4
and B respectively. Determine the smallest length
of line segment 45,
Problem T9/875. Let a, b, ¢ be positive real
numbers satisfying ¢ + b + ¢ = 3. Prove that
2Jatb +bic+cia + 2\ ab? +be? +ca?

> 3Jab +be +ca +ab? +b*c? +ciad.

(Xem tiép rang 43)
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Bai T1/571. Cho x, y la cdc s6 nguyén dwong théa

man x*+y' —x chia hét cho xy. Churng minh x la

SO chain

h phwong.

Léi giai. Cho x, y 1a cic s6 nguyén duong, dat
a = (x.y)la udc s6 chung 16n nhét cua x va y thi
X =amvay=anvdia, m,ndéula sd nguyén
duong va (m, n) = 1. Theo gia thiét sé
F+yx=d'm*+ a’ni— am = a(am®+ an® - m)

chia hét cho Xy = a:mn, do d6 sb am® + an® — m
chia hét cho amn, hay am® + an®* — m = amnk *)
Vvai k 1a s nguyén duong. Tir (*) suy ra:

m = a(m*+ n*— mnk),
do d6 sb a phai la udc sé cua m,datm = at vgitla
sO nguyén duong. Tir (*) suy ra:

an” = amnk — am®+ m
hay an® = m(ank —am+ 1),
nén sb m phai 13 udc sé cua an®, ma (m, n) =1
nén sb m = at phai 1a udc sb cua q, suyrat=1,
tac lam = a. Lac 46 x = am = 4° va x 14 s chinh
phuong.
Nhan xét. Co ban cho rfmg néu mot s6 chia hét cho x
va chia hét cho y thi s6 d6 chia hét cho xy. Piéu nay
khong phai luc nao ciing ding, ching han sé 12 chia
hét cho 4 va chia hét cho 6 nhung 12 khong chia hét
cho 24 = 4.6. Cac ban sau c6 1oi gidi ding. Vinh
Phac: Vi Nhat Thanh, 6A6, THCS Yén Lac, Yén
Lac; Ha Noi: Nguyén Phuong Ioa, 6A2, THCS
Linh Pam, Hoang Mai; Ngh¢ An: Dinh 7 Diing,
Bui Hiru Anh Qudn, 6E, THCS Ly Nhat Quang, Do
Luong.

NGUYEN VIET HAI

TOAN HOC
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Bai T2/571. Ngay thir 300 trong nam N la thir Ba.
Ngay thir 200 cua nam N + | cing la thir Ba. Hej
ngay thir 100 cua nam N -1 la thir ///(izx".’

Lai gidi. D¢ giai bai nay ching ta can luu y:

+ Nam nhuén c6 366 ngay va nim khong nhuan
365 ngay.

+ Ngay 13p lai ctia tuan 1a 7 (modulo cua 7).

Tt Iyu y thir nhat, mot nam khoéng nhuan c6 365
ngay va nam nhuén cé 366 ngay. Vi vay, con 65
ngay hodc 66 ngay nira ké tir ngay tha 300 cho
dén hét nam cua nim N. Suy ra, gilra ngay tha
300 cua ndm N va ngay thir 200 cia ndim N+l cé
265 ngay hodc 266 ngay. Vi ca hai ngay nay déu
1a thir Ba nén s ngay cach nhau phai chia hét cho
7. Ta dé dang kiém tra dugc 266 chia hét cho 7.
nén ndm N la ndm nhuén, cit ba nim khong nhuan
thi dén nam thtr tr 13 nam nhudn. Tir d6 suy ra
nam N-1 khong la nim nhuan, do d6 con 265
ngdy ké tir ngay thir 100 ciia nim N—1 cho dén
hét nam N-1. Pidu nay ciling c6 nghia la co
265 + 300 = 565 ngay giira ngay thr 100 cua nam
N-1 vangay thir 300 ctia nam N.

Tt lyu y thit hai, chung ta c6 thé giam con sé nay
xuong theo modulo 7, vi cac tudn 13p lai cur sau 7
ngay va ching ta chi quan tam dén ngay thu 100
Xay ra 1a ngay nio trong tuin. Khong kho dé kiém
tra ring 565=5(mod7) . vi vdy ngay tha 100 cua
nam N-1 xdyra 5 ngay trong tuan trudce ngay thu
300 cia ndm N | tic 13 ngay thir Ba. Viy ngay thir
100 cua ndim N-1 13 ngay thir Nam.

Nh(m xét. Co nhicu ban tham gia giai bai nay va da
s6 déu cho két qud dung. Mot s ban ¢o cach tinh
ding dén 565 ngdy ké ngdy tha 100 cua nam
N=1"dén ngay the 300 coa nam N . nhung dén

phin két ludn 1gi tinh nhim thanh Chu Nhat. Tuyén
duong cic ban sau ¢ 11 giai tét:
Nghé¢ An: Dang

Ba Hoang Minh va Nguyén Thdi
Diing,

1B; Dinh Tri Dang va Bui Hitu Anh Quan,



6E; Hoang Van Duy, 8D): Ngo Tran Bao Ngoc, TD;
Nguyén Tat Hoang Anh va Nguyén Cong Linh, 9C
THCS Ly Nhit Quang, Yén Son, Do Luong; Vinh
Phac: Vii Nhat Thanh, 6A6, THCS Yén Lac, Yén
Lac; Long An: Lé Minh Hiéu, 9/2, TH va THCS
Thanh Pha. Bén Lirc; Cong hoa Ao: Lé Bach Hii
Pang. 2B, Qubc té Song ngir cap 2,3 GIBS, TP,
Graz.

TRAN TH] KIM THANH

Bai T3/S71. Tim 1at ca cac so nguyén duong n sao
cho |Nn =1+ */H ¢ \ \ \,//l 4 \/H 1| (1) trong do

ki hicu [x] la so nguyen lon nhat khong vt qua

Lai gidi (cua Nguyén Nhat Huy va mjt s6 ban).
Voi n=1:

VT()=[V2]=122= VP =[VI+V2]=[2.41]
Vi n=2: VT(I):[ﬁ+J§]=[3,96]=3
=VP(h)=[V2+3]=[314]
Nhu vay, n=2 lasd can tim. Véi n >3, ta cé:
\/nT-_lz\j(n—l)(nH) >\ J(3-1)(n+1)
=\/2(n+])>\/n+]
va it 415 \n? =n. Suyra: Vn +1-n
>n=n=In(Vn-1)=3(V3-1)=1,26 > 1.
Véym>\/;+l. Do dé:
\/n2—1+\/n2+1>\/;+\/;+—]+1
va [\/:12—1+\/;2+IJ>[\/;+\/71TI].

Vay khong c¢6 n 2 3 nao théa man (1).

Ddp so: Co duy nhat n =2 théa man (1),

Nhdn xét. 1) Tit ca cac ban guri bai c6 10i gidi tot:
Céng hoa Ao: L¢ Bach Hai Pang, 2B, Truong Qubc
t¢ Song ngir cap 2, 3 GIBS, TP. Graz; Ha Ni:
Nguyén Thanh Nam, 8A1, THCS Linh bam, Hoang
Li¢t, Hoang Mai; Nghé¢ An: Nguyén Tat Hoang Anh,
Nguyén Van Hdi Anh, Nguyén Cong Linh, 9C,

Hoang Van Duy, 8D, THCS L¢ Nhat Quang, Do
Luong; Vinh Phac: Trieong Khanh Chi, Pham Duy
Hai, Nguy(:n Nhat Huy, Nguylih [ueng Thuy, TAE,
THCS Vinh Yén, TP. Vinh Yén.

2) Ban Nguyén Vin Hai Anh can ghi ré tén truong,
huyén.

3) Cac ban co thé tham khio Chuyén dé Phan
nguyén trong [1], va lam cac bai tap lién c6 quan
sau:

Bai 1 (Cugc thi mang tén Niels Henrik Abel, 1995-
1996, vong chung két, [1]; Bai 3.2.2a, trang 143).
Cho n la so tw nhién. Chirng minh rang

[Van+1]=[ Van+2 ]

Bai 2 (Thi Olympic Ao, 1974, Thi chon dgi tuyén
Hong Kong dy thi toan Qudc té, 1988; [1], Bai
3.2.2b, trang 143). Cho n la s6 tw nhién. Chimg

minh rang I:\/;+\/n—+T] :[\/4n+2}.

Bai 3 (Thi Olympic Canada, 1987, [1], Bai 3.2.2c,
trang 144). Cho n la s6 twe nhién. Chimg minh rang

[\/;+\/n+l]=[\/4n+1]=[\/4n+2]=[\/2n+3}
Bai 4 (Kvant M532; [1], Bai 3.2.2d, trang 145). Cho
n la s6 tw nhién, a, =Jn+Jn+1 vab, =V4n+2.
Chirng minh rang

1

D [a,]=[ba]: —

Bai 5 (Thi Olympic Iran lan thir 13, 1996, Crux, No
1, Vol. 22, 2002; [1], Bai 3.2.4, trang 149). Cho n la
s6 tw nhién. Chimg minh rdng

[x/;+\/E+\/n—+_5]=[9n+8].

Bai 6 (Crux 3446. No 4. Vol. 36, 2010; [1], Bai
3.2.4, trang 149). Cho n la so tw nhién. Chirng minh

2) 0<b, —a, <

rang

[\/"2 -n+l +\/I12 +n+l}+[\/n2 +n+ \/n: +3n+2j|

= [41:2 + 3} 4—[4;12 +8n+ 3].

[1] Nguyén Thi Hong Hanh, Nguyén Thj Binh Minh,
Ta Duy Phugng, Nguyén Thj Bich Thuy, Phan
nguyén va img dung trong gidi toan, Nhi xuit ban
Giao duc Vi¢t Nam, 2020 (303 trang).

TA DUY PHUQONG
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e e . R e 1ai A
Bai T4/571. Cho tam giac AB( ne tai A. |
fiecm trén canh AB. Oua M ke «

Loi giai. (Dya theo 101 giai cua ban Nquwfn Thanh
Nam, 8A 1, THCS Linh Dam, Ha N¢i)
D

M
4 Q b C

Gia su MAPQ 1a hinh vuéng, khi d6 ta co:
MN = MQ.
Ke duong cao AH cua tam giac ABC. Ap dung hé
qua cua dinh li Thales ta co:
MN-_ BM MQ AM
AH BA BC 4B’
AH.BM  BC.AM

Do MN = MO nén

AB
hay Al (1).
BC MB
Trén tia doi cua tia HA, liy diém D sao cho
HD = BC. Khi dé: Mﬁ:—]ﬁ dan dén MH // BD
MB HD’

(dinh li Thales dao). Nhu vay, ta c6 thé dung diém
M nhu sau dé MNPQ la hinh vuong,.

Cach 1. Tacé AH =€ nen MA _ be

4 MB 4

Vay M la diém chia doan 4B theo ti sb k = ”—2
da
Cdch 2. Dyng diém D trén tia dbi cua tia HA sao

cho HD = BC. Qua H ké duong thing song song
voi BD cit AB tai diém M.

Nhin xét. Ngoai ban Nam, ban Pham Nguyén Nguyét
Minh, 7B, THCS Ly Nhét Quang, Do Luong, Ngh¢ An
cling cho 101 giai dlng,

NGUYEN THANH HONG

~; N ?OHN HO(
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Bai TS/871. Gial phieong trinh
v/ X / ’,"‘l ]
Loi gidi. DK: -7<x<9.

Vi VP=4yx2 150 nén VT=xv/x+7+v9-x 0.
Ap dyung bat ding thirc Bunyakovsky:

|ax+by|S\/a2 +b? .\/x2 +y? (a,b,x,yeR),
(d4u “=" xay ra khi va chi khi ay=bx), ta c6:

0<xVx+7+14/9=x <x2 +1./x+7+9—x
hay VT =xvx+7 +/9—x<4vJx2+1=VP.

Do d6 phuong trinh trong dau bai thoa man khi va

x>0
chi khi xv/9- =\/x+7<:>{

x2 (9—x) =x+7

{xZO
=

x3-9x2+x+7=0
Taco: x3-9x2+x+7=0
<> x2(x—1)-8x(x-1)-7(x-1)=0
x=1
& (x-1)(x2-8x-7)=0<>| x=4—23<0 (loai).
x=4++/23

Ta thiy x=1 va x=4+/23 théa man PT di cho.
Vay tap hop nghiém cua bai toan 1a {1; 4+\/§}.

Nhdn xét. 1) Ta co: |ax+by|$x/a2 +b2 .\/.\'3 +3
= (ax+by)2 S(a2 +b? )(.x2 +y? )

<a’x2+h2y2 +2abxy<a’x?+a?y? +h2x2 +p2 2
<a’y? +h2x? —Zah.(v2()@((1.\'—[1\')2 >0.

BDT cudi dang, diu =" Xay ra < av=hy,

2) Vi cac dicu kign cua phuong trinh, ta ¢ thé giai
.\‘m+\/:)j;:4 T+l
(a7 + \/—)—\) VETH9- ) (a7 ).

sau khi bién dbi va rat gon, ta dugce:

bai toan bing cach:



(303 ~Va+7) =010 x =47,

3) Mot sb ban khong kiém tra lai cac diéu kién nén
da 13y thira nghiém x=4-23<0.
Cac ban sau day co6 bai giai tot:
Ha N¢i: Ngu_\'(’:n Thanh Nam, 8A1, THCS Linh
pam. Hoang Liét, Nguvén Thanh Ting, 8A8, THCS
Hoang Liét Hoang Mai, Nguyén Kim Thanh, 10
Toan 2, THPT chuyén DHSP Ha N¢i; Ngh¢ An:
Nguvén Cong Linh, 9C. THCS Ly Nhat Quang, Do
Luong. Hai Phong: Dang Dinh Minh Tri, 9D2,
THCS Lac Vién, Ngb Quyén; Phu The: Vi Hoang
Som. 9A. THCS Van Lang, Viét Tri; Séc Trang:
Nguvén Tan Phat, 10A2, THPT chuyén Nguyén Thi
Minh Khai: Thai Binh: Phan Trung Hiéu, 10Al,
THPT Tay Tién Hai; Cong hoa Ao: Lé Bach Hai
Dang. 2B, Truong Québc té Song ngir cap 2, 3 Gibs,
TP. Graz.

NGUYEN ANH DUNG

he phwong trinh

J X4 =5x+v (1)

4 S e

S5y (2)
Lai giai. Ta cd voi moi x,yeR thix?+y?2>0.
4 =0 -
« V@i x2+y2 :O<:><[X o Thax =0, y=0vao hé
=
phuong trinh thy thoa man.
o Xét x2+y2>0,
~ Néu x = 7 thay vao (1) tim dugc y = -35.
Nhung x =7, y = -35 khong thoa mén (2).
+ Néu y = 4 thay vao (2) tim dugc x = 20.
Nhung x = 20, y = 4 khong thoa man (1).
Vay x#7vay#4,khido x-7+0,y—-4+0. Chia
hai vé cua (1) cho x — 7 va chia hai vé cua (2) cho

x=7 y-4

X af S5x+y —x+5
y— 4, din @én; 22T

< xP+y?=27x-31y (3).
Mat khéc, binh phuong hai v¢ cua (1) va (2) rdi

cong theo vé ta nhan duoc:

(v 77 =)’ [ (5x0 ) +(xr5y)

(.)(2 43\57)
e>(x74 ",2)(‘,‘.2 Fy?—14x-8y+65)= 26(x +y?)
x4y —14x-8y=-39 (4).

Thay (3) vao (4), ta cO:
27x - 31y 14x - 8y
Thay (5) vao (3), ta co:

(3y-3)2 492 =27(3y-3)-3ly<>5y2 -34y+45=0

39, nénx 3y 3 (5)

9
6 hai nghiégm y=5vay= 5

Véi y = 5 thay vao (5) tim dugec x = 12. Thu
x =12, y =5 vao hé phuong trinh thiy thoa man.

12 ;
Voi y = —z— thay vao (5) tim dugc xz?. Thur

x=-15£, y=% vao HPT thay khong thoa man.

Vay HPT da cho c6 hai nghiém (x; y) 1a (0; 0) va
(12; 5).

Nhin xét. C6 nhiéu ban giri bai giai vé Toa soan va
déu cho dap sb daung. Tuy nhién, trong lap luan mot
s6 ban con thuc hién phép chia theo vé cua hai PT(1)
va (2) dé din dén PT(3) nhung khéng xét diéu kién
cho da thuc chia phai khac 0 1a thiéu chinh xéc.
Tuyén duong cac ban sau c6 101 giai lap luan chat
ché va ngin gon:

Ha N@i: Nguyén Thanh Nam, 8Al, THCS Linh
DPam, Hoang Mai; Nguyén Kim Thanh, 10 Toan 2.
THPT chuyén Dai hoc Su pham Ha N§i; Nghé An:
Nguyén Céng Linh, Nguyén Tat Hoang A4nh, 9C,
THCS Ly Nhat Quang, D6 Luong; Long An: Tran
Lé Trong Pirc,10T1, THPT chuyén Tran Vin Giau;
TP. Hd Chi Minh: Nguyén Pham Minh Phi. 10E1,
TH, THCS&THPT Lé Thanh Téng; Ddng Thap:
Nguyén Bicc Phan, 11T\, Tran Hong Vi. 12T,
THPT chuyén Nguyén Quang Diéu; Kién Giang:
Nguyén Hoai Thanh, 1072, THPT chuyén Huynh
Man Pat; LAm l){\mg: Huvnh Nguven Lé Minh, 9A7,
THCS Phan Chau Trinh, TP Da Lat; lrwong Gia
Bao, 10, THPT chuyén Thang Long, TP. Da Lat.

PHAM TH] BACH NGOC
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Bai T7/571. Cho x,

y la cac so thuc duong thoa

man 3x* +4y* +4xy-9x-10y+8=0. Tim gia tri

Tx+11y+13

2x+3y+5

nho nhat cua bié u thire P =-

Loi gigi. Taco: 3x* +4y” +4xy-9x-10y+8 =0

& x’ +4xy+4y" —5(x+2y)+6 = -2(x* —2x +1)
S (x+2y)’ =5(x+2)+6=-2(x—1)> <0
= (x+2p) -5(x+2y)+6<0

S 2<x+2y<3=>x4+2y-220. Suy ra:

P Tx+11y+13 _3@2x+3y+5)+x+2y-2
2x+3y+5 2x+3y+5

=3+Mz3(dox,y>0vax+2y—220).
2x+3y+5

1. Vay minP = 3.

Nhdn xét. 1) Cach giai trén 1a cua tic gia dé toan va
cung la cua mot s6 ban. Mot sb ban sir dung phuong
phap mién gia tri (cua P theo ting bién x, y) va dung
bat ding thuc Bunyakovsky dé danh gia cung cho
két qua dung nhung 16i giai dai hon. M6t sé ban
cung cho 1oi giai ngin gon khi dung phuong phéap
phan chimg ching t6 P < 3 dan té¢i v ly, tir d6 tim
duoc minP.
2) Céac ban sau c6 1oi giai tét: Hung Yén: P56 Quang
Anh, 10 Toan 1, THPT chuyén Hung Yén; Ha Noi:
Nguyén Kim Thanh, 10 Toén 2, THPT chuyén DHSP
Ha Néi; Kién Giang: Nguyén Hoai Nhanh, 10T2,
THPT chuyén Huynh Mén Dat; TP. H3 Chi Minh:
Nguyén Chanh Thién, 10CT1, THPT chuyén Lé
Hong Phong, Nguyén Pham Minh Phu, 10E1, TH,
THCS&THPT Lé Thanh Téng, Q. Tan phu; Nghé
An: Nguyén Tudn Khai, 10A2, THPT Hoang Mai,
TX. Hoang Mai. C6 mét ban gidi dang nhung quén
ghi tén va dia chi trong bai lam.

TRAN HU'U NAM
Bai T8/571. Cho hinh chép O.ABC 6 tan

OBC déu canh a,

1 gidc
OAL(OBC),OA=a.l lg trung

diem BC, M la diem thay doi trén doan thang Al

TOAN HOC
" cTugitre
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Goi dy, d», dy lan luot la khoang cach tir diem M

o _ B e s
deén cac duong thang OA, OB, OC. Tim gia tri nho

+2d;

nhat cua 'l":fw/f +2d, theo a.

Lai gid.

Goi a, B, y lan luot la goc tao bai dudng thang
OM va cac dudng thing O4, OB, OC va N 1a hinh
chiéu vuong goc cua M trén OA. Ta co:

OM =(1-k)OA + kOl
=(1—k)(‘)7i+§(cﬁ+&f) O<k<):

2
OA.OB=0A.0C =0,0B.0C =%

2
cos OAOM (1-k)a?
OA OM 2 2 2 2 2 2
a,/(1 )2a2+ﬁ_+La ka
4 4
1-k
T (l);
3k?
(I-k)”+—
y 4
@k
cosB—OBOM —2 4
OB.OM 3k2 42
a\|(1-k)? g2 + 2% 4
4
3k
_ 4
‘\2 (2);
(1-k)? 43K
— 3k
OC.OM y
cosy =

4
0C.OM \37 Q).
(1-k)* + .

Tir (1), (2), (3) ¢6: 3cos? o +2¢0s? B+ 2 cos? Y=3;

df = MN? = gjn2 a.OM?.



Tuong ty: d; =sin’ BOM’ di = 2sin’ y.()M".
Do do:

T'=3d; +2d; + 2d, : (.‘.\in: o+ 2sin” B 2sin’ y)()M“

w

= L -(3\‘\\\: a+2cos’ B+ 2cos’ y”()M2
=40M’ 2 40H°
vO1 H 13 hinh chiéu vudng goc cua O trén 41,

Xét tam giac vudng 047 vudng tai O cé:

1 1 1 4 ,  3a?
L LT e 3
OH® 0A> oI & 3d° 3d i
_ N by 5 . 124°
Do do: T=3d; +2d; +2d; 240H" = :
. .. . : £ R 2 12(22 . 5
Vay ga tnn nho nhat cua T bang khi M la

hinh chiéu vuéng goc cua O trén canh A7,
Nhdn xét. Day la bai toan vé hinh hoc khong gian
kha hay. Lai giai bai toan chu yéu sir dung kién thic
hinh hoc 1¢p 10 nhu do dai cua vecto, tich v hudng
cua hai vecto. ... Tuy nhién, khong c6 ban ndo lam
theo hudng nay. Mot s6 ban dung phuong phép toa
d6 dé giai nhung két qua khong dung.

NHU HOANG

Bai T9/571. Giai phuong trinh

- —3x+2025-v27x -2x+2025

P ——

~rv

25 = /7x? —dx +2025.
Lo gidi. D3t a=-/8x7-3x+2025,
b=/27x7 - 2242025, c=/26x2 -3x+2025..
Ta thay:

a2 —b? +¢2 =(8x1=3x+2025)-(27x% -2x+2025)

+(26x% -3x+2025)
=T7x? ~4x+2025.

Phuong trinh da cho tro thanh

”__/)‘( = \/uz 'l)) *(",

o
—q’ +h? 4+’ =2ab-2bc+ 2ca-ar b4

“

=2b* ~ba-bc+ca) O=2(b-u)b-—c)-0.

Xay ra hai truong hop sau:

THY: h=a. Khi d6

27x7 - 2x+2025=8x7 - 3x 12025 hay 1957 +x-0

: I
Ta tim duge x=0 hodc x- T (thda mén)

TH2: h=c. Khi d6:
27x2-2x+2025=26x2 -3x+2025 hay x? +x=0.

Do 46 x=0 hodac x=-1(thdéa mian). Vay tap

nghi¢m cua PT da cho la S={();— l;]_—;} .

Nhdn xét. Day 1a mot bai toan dé nén c6 nhiéu ban
giri 107 giai vé toa soan. Tuy nhién van c6 vai ban
giai sai. Nhiéu ban gidi bing cdch binh phwong hai
vé hodc nhan lién hop ciing cho lai giai ding. Co hai
ban giai ding nhung quén khong ghi tén va dia chi.
Cac ban sau day co 11 giai dung:

Quing Binh: Vuwong Khanh Toan, 11 chuyén Toan
1, THPT chuyén V6 Nguyén Giap; Nam Dinh: Tran
Thanh Hing, 10 Toan 1, THPT chuyén Lé Hong
Phong; Nghé An: Nguyén Céng Linh, Nguven Tat
Hoang Anh, Nguyén T at Han, Nguyén Van Hai Anh.
9C, Hoang Vin Duy, 8D, THCS Ly Nhat Quang. D6
Luong; Nguyén Pirc Bdo, 10A1, THPT Yén Thanh
2; Lam Ddng: Hupnh Nguyén Lé Minh, 9A7. THCS
Phan Chu Trinh; Trwong Puc Gia Bao, C10, THPT
chuyén Thing Long, TP. Da Lat: Séc¢ Trang:
Nguyé'n Tdn Phat, 10A2, THPT chuyén Nguyén Thi
Minh Khai; Phi Tho: Nguvén Thanh Mai. SA.
THCS Nguyén Quang Bich, Tam Nong: Ddng
Thap: Nguyén Pic Phit, 11T1, Pdao Chi Hiéu,
1A, Tran Hong Vi, 12T1, THPT chuyén Nguyen
Quang Diéu; TP. Hd Chi Minh: Nguyén Chanh
Thi¢n, 10CTI1, THPT chuyén Lé Hong Phong: ¢
Thuy Trang, 10ES, Nguvén Quoc Binh, 10A1,
Nguwfn Phuc Thién An, x\"gu\'efn Pham Minh Phu,
Tran Nhat Nguyén, 10E1, TH, THOSQTHPT L¢
Thanh Tong, Q. Tan Phu; Thai Binh: Phan Trung
Hidu, T0A1, THPT Tdy Tién Hai, Humg Yén: Pham
Van Phong, Do Quang Anh, Irdn Gia Phu, 10 Toan
I, THPT chuyén Hung Yén, Thim Thién Hud:
Nguyen Duy Phue, 11 Toan 1 THPT chuyén Quoc
hoc Hué¢, Kidn Giang: .\'.L"N\'lffl Hodi Nhanh, Nauven

TOAN HOC
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Duec Mgnh, 10T2, THPT chuyén Huynh Mén Dat;
Hii Phong: Ddng Dinh Minh Tri, 9D2, THCS Lac
Vién; Long An: Nguyén Thanh Mai, Lé Nguyen
Anh Thu, Lé Anh Khoa, Tran Lé Trong Phuc,
Nguyén Lé Thao Nguyén, Lé Hoang Phong, Huynh
V6 Huy Khanh, 10T1, THPT chuyén Tran Vin Giau;
Ha N@i: Nguyén Kim Thanh,
chuyén DHSP Ha Noi.

10 Toan 2, THPT

HOANG NGOC MINH

Bai T10/571. Cho f(x)=3x"-7x +ax’ + bx

Gl & /U
da thuc voi h¢ so thue c¢o bon nghiem thuc trong

khoang (0: 2). Chung minh I(Ul”

.'\ I: )

(2a+b—-14) +(h+c+2) (l).

Lo giai (dwa trén dap an cua tac gia bai toan)
Voiila don viao,cha y ring i2=-1 ta co:

SA+D=3014+0)* ~7(1+i)3 +a(1+i)? +b(14i)+c
=b+c+2+(2a+b-14)i

=|(+i)f =(2a+b-14)2 +(b+c+2)2.

Goi x1,x3,x3,x4 12 bén nghiém thyc nghiém cua
flx). Ta co:

4 4
S=3]x-x)= FA+)=3]T0+i-x;)
k=1 k=1

4
=] T[(-x)2+1],
k=1
- 13
Do d6: (1) = [[(1-x)2 +1]z(5)
k=1 \

4
c>21n[(1—x,‘)2+1]281nE (2).
P 12
bat X, =1-x,. Tacé: X €(0;2)= X, e(-=11).
2 13
(2)<:>Zln[l+X,§:|281nE (3).
k=1

Xét ham s6 g(X):ln(]+X2). Ta co:

2(1-X12)

ﬂX —_— 7
g1(x) (1+X2)2

>0,VX e(-1;1).

Do d6 g(X) 1a ham s6 16m trén (- 1 1). Ap dung
bat dang thirc Jensen ta co:

3 4 T?Q?w‘% S6 575(5-2025)

4

> X

4
> g(Xi)>4g ‘—'4— (4).
k=1

Mat khac theo dinh ly Viéte ta co:

4
2 X
4 4
N
k=1

p 3 4 12

4 b)
Thay vao (4) ta duge: D g(X;, )->.4g(ﬁj
k=1

4 5 2
@kz_}ln[HXﬂzMn P{Ej

Vay (2), do d6 (1) duge chimg minh.

4ln]ﬁ=8]nl—

144

Nhdn xét. Day la bai toan kho, khéng cé ban nao
tham gia giai bai toan nay

DANG HUNG THANG
Bai T11/571.
f: RoR

Tim tat ca cac ham sé lién tuc

thoa man dieu ki¢n

{ x +6x-2)

f(x)=f| — |
U
voi mei xc R,
Lai gidi. (theo da s6 cac ban)

(D4 f (x)=4x= ,{MP,M

p ,VxelR

2 4+6x-2

hay g(x):g(x j,‘v’xe]R (2)

trong d6 g(x)=f(x)—4x 1a ham lién tuc trén R.
Thay x boi x-3 trong (2), ta thu duoc:

¥2_
g(x—3)=g( ] hay h(x)= h[ 1] VxelR (3),

trong do h(x)=g(x~3) 1a ham lién tuc trén R.

2
Phuong trinh x=2 L

cH 2 nghiém a s —21\/—
Tiép theo, ta chimg minh rang ham A(x) 1a ha
hang Nhan xét rang h(x) 1a ha

can xét h(x) trén R+

am

am chin nén ta chi



Xét ddy so (x,) xac dinh theo cong thirc

xi+1
X=a20,x,= 1—4—-.,;:1. 2,...(4).

Truong hgp ae[0:a)). Xét diy (4). Khi do:

0<x <a. Gia s x; <ap. Khi do:

xp+l af 4l
~<———=a.
4 4

Vay nén day (x,) bichin trén.

N1 =

X2 —4x,+1

Mat khac, x,,—-x, = >0 (do x,<a).

Tu d6. suy ra day (x,) tang va do do héi tu:

lim x, =x<a.

n— oo
Tir (4). chuyén qua gi¢i han n—oo, ta thu duge

x-+1

x= nén x =a;. Suy ra:

X7 +1
h(a)=h(.1‘1)=hLL4—]=h(x3)=...=h(x,,),VneN'.
Chuyén qua gidi han khi n—o va sir dung tinh
lién tuc cua A(x), ta thu duge h(a)=h(a).

- Truong hop ae(aj.az). Xeét day (4). Khi do
a,<x;<a; . Gia sur x; >a;. Khi do:

xf +1 af +1
> =aq.
4 4

Xk1=

Vay nén day (x,) bichan dudi.

x7 —4x,+1

Maiat khac, x,.—x,= <0 (do x,>a).

Tir do, suy ra day (x,) giam va do d6 hoi tu:

lim x,=x2a.

n—»7.
Chuyén qua gioi han n—o*, la thu dugc
2
x=+1 . )
nén x=aj. Suy ra

X=

2 ] .
/1((1):/1()(|)'—‘h(ﬂf-):h(.ﬁ) L =h(x,),Vne N,

Chuyén qua gioi han khi n— va sur dung tinh

lién tuc cua h(x), ta thu duge h(a)=hlay)

- 'I‘rlr&ng hop a>a, . Xét diy:

W=, Yy =y, e N (5).
Ta co yy>ay. Gia sir y, >a,. Khi db, theo (5) thi
Vil > \/4(1;7_77 | =ay nén day (y,) bichdn dudi.

by, ~1-y4
Jay, 14y,

(do y,>ay). Vay day (y,) giam va do d6 hoi ty:

Mét kh{lc Vol = ¥Yn= \/V4,Vn I Vi = <0

lim y, =y2a,. T (5), chuyén qua gidi han khi

n—»on

n—oo , ta thu duge h(a)=h(ay).

Tiép theo, dé ching minh h(a) la ham hfmg, ta

can ching minh h(a))=h(az) .

Xét day s6 (z,) xac dinh nhu sau: z,=a; _iz thi
n

0<z,<a, va limz,=a;. Do 0<z,<a; nén theo
n—

két qua cua cac truomg hop 1 va 2, ta duoc
h(z,)=h(a)) v&imoi neN".
Chuyén qua giéi han, ta thu duoc:
h(ay)=lim h(z,)=h(lim z,)=h(az).
0 n—20

Két lugn: h(x)=c v&i moi xe€[0;+) va do A(x)
1a ham chan nén A(x)=c,VxeR. Tir do suy ra:
f(x)=g(x)+4x=h(x+3)+4x=4x+c,VxER.
Thir lai, ta thdy ham nay thoa man cac dicu kién
bai ra tmg voi moi ceR.
Nhén xét. Diy la dang toan phuong trinh ham mot
bién lién qua dén dinh ly Weiestrass. Cach giai co
thé rat gon néu ta sir dung bién d6i ddi s6 chuyen 2
nghi¢m cua phuong trinh bac hai @,.a> ve phuong
trinh c6 nghiém 0 va 1 dang x=x".
C6 mot s6 ban giri 1i giai nhung chi han che xet
trong 1op ham da thire 1d chua ding yeu cau bai ra.
Ban Huynh Ngu\'grz Lé Minh, 9A7. THCS Phan Chu
Trinh, TP. DA Lat, Lim Dong o 1ot giar dung wrong
ty theo phuong phiap dd trinh bay o trén.

NGUYEN VAN MAL
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Bai T12/571. Cho tam giac ABC ngi ri(‘:;,' duong
tron @ va co triec tam H. MN va PQ la hai dav
cung cua @ vuong ¢oc voi nhau tai S. Goi giao
diem cua dwong thang Simson weng voi M, N cua
tam giac ABC la K. Goi giao diém cua dwong
hang Simson ung voi P, Q cua tam giac ABC la
L. Chirng minh rang HKSL la hinh binh hanh.

Loi gigi. Trong 101 giai ndy, néu X thudc dudmg
tron ngoai tiép tam giac ABC thi ki hiu sy chi
duomg thing Simson cua X dbi véi tam gidc ABC.
Ta can c6 ba bo dé.

Bo dé 1. Cho tam gidc ABC néi tiép duong tron
(O) va hai diém M, N thuéc (O). Khi do:

(Sam.sn )E—;-(af—\",W)(modn’).

Bo dé 2. Cho tam gidgc ABC néi tiép ducng tron
(0), H la truc tam. Diém P thuéc (O). Khi dé sp
di qua trung diém ctia HP.

Céac bod dé 1 va 2 rat quen thudc, khong trinh bay
cach chung minh ¢ day.

Bb dé 3. Cho tam gidc ABC néi tiép duong tron
(O) va hai diém M, N thuéc (O). P la diém bdt ki
trén duong tron dwong kinh MN. Cdc dwong thdng
m, n theo thw tv di qua M, N va song song vdi
Sy ,Sn. m’, n’ theo thir tw la anh doi xung cua m,
n qua PM, PN. Khi do m’, n’ cdt nhau tai mot
diém thuge (O).

Chieng minh.

Goi R 14 giao diém cham’ van’. Cha y ring

(PM ,PN)=EE—%E(PN,PM )(mod ),

theo bd dé 1, ta co:
(RM,RN)E(m',n')E(m',PM)+(PM,PN)+(PN,n')(mod/r)

=(PM ,m)+(PN,PM )+(n,PN)=(n,m)
E%(O_M,o_z'vxmodn).

Do @6 R thudc (O) (dpcm).

Bb a2 4. Tich cia hai phép dbi ximg truc cé hai
truc doi xirng vudng géc la mét phép déi ximg tam
c6 tém doi ximg la giao cua hai truc doi xing.
Phép chimg minh bd @ 4 rit don gian, khong
trinh bay & day. Tro lai gidi bai toan T12.

Goi (0) l1a duong tron w ; T la trung diém cia SH;
K, L’ theo thtr tu 1a anh d6i ximg cua H qua qua
K, L; Ry, R, theo thir ty 14 anh dbi xtg ctua K*, L’
qua MN, PQ.

Theo b6 d& 2, K'M,K'N theo thir tr song song
Véi 5,5y . DE thdy RiM, RN theo thir tu 12 anh
ddi ximg ctia K’M, K’N qua SM, SN. Vay theo bd
& 1: (RM,RN)=—(K'M ,K'N)=—(spr,5n)

(OM ,ON)(modr).

Do 46 R, thugc (0) (1).

Tuong ty, ta c6 R, thude (O) (2).

DE thay S thudc dudng tron dudng kinh NP (3).

Tir (1), (2) va (3), theo bo d& 3, suy ra R =R, =R.

Do d6, cht y ring MN L PQ , theo bé dé 4. ta c6
L'=Rpg(R)=Rpg (R (K")

=RpgoRmn (K')=Ss(K".

Két hop v6i L, K, T theo the ty 1a trung diém cua

HL', HK’, HS, suy ra T 13 trung diém cta LK.

Diéu d6 co nghia 1a HKSL 1a hinh binh hanh.



Nhdn xét. Bai toan nay kho, khong c6 ban nao tham
gia giai.

NGUYEN MINH HA
Bai L12/571. Mgt binh cach nhiet co day dot
nong bén trong, chira 2 kg nueée da va 2 kg mot
chdr X dé nong chdv va khéng hoa tan trong
meoc. Nhiet do ban dau cua ca binh la —40°C,
ddy dot nong bat dau hoat déng (cong sudt tod
nhiét cua dday khéng @oi). Nhiét & trong binh
hién thién theo thoi gian nhie & do thi hinh duwdi.
2000
Jkg.K. ctia chat rdan X la ¢ = 10000 J/kg.K. Hay

xdc dinh nhiét néng chay cua chat ran X va nhiet

Nhiét dung riéng cua nudc da la cq =

dung rieng ¢, cua chat X o trang thai long.

Loi giai.

12 15 T(ph)

Goi khéi lugng nudc da va chit X 1a m = 2 kg.
Céc khoang thoi gian img vai cac doan 4B, BC,
CD l4n lugt 1a T; = 3 phit ; T, = 5 phat; T3 = 4
phaut.

Bién thién nhiét 46 img voi cc doan 4B, CD la:
At, = 20°C ; At, = 20°C.

Goi cong suat cua day dot 1a N.

- img véi doan AB: nudc da va vat rén X cung hap

thu nhiét: (cq4 + c)mAt, = NT, (1).

- img voi doan BC: chi co vat X hép thu nhiét dé

nong chay: Am =NT; (2).

- irng véi doan CD: nudc da va vat X ¢ thé long

cung hép thu nhiét: (cs + c)m.At, = NT; (3).

_(C+Cd ).AI].TZ

Tur (1) va (2): 1 =4.10° J/kg.

1
Tu (1) va (3): ¢y =(cd_+c)_At|_.T3__
At T,
Nhan xét. Hoan nghénh ban Lé Khanh Duy, 10ES5,
TH, THCS&THPT Lé Thanh Téng, Q. Tan Pha, TP.
Ho Chi Minh di giai ding bai nay.
PINH THI THAI QUYNH

Bai L12/571. Tir mét may phat dién nguoi ta

ca=14.103J/kg K.

muon truyén t6i noi tiéu thy bang dwong day tai
dién c6 dién tré tong cong R = 40 Q va co hé 56
cong sudat bang k = 1 va khong doi va cong sudt
duoc xac dinh bﬁng cong thirc PP = kUL Biét hiéu
sudt fr*u_1'c5n tai la 98% va murc tiéu thy nhan duoc
céng sudt dién 196 kKW. Tinh dién dap hiéu dung U
duoc dwa lén duong day.

Loi giai. Ta co:

H=%=0,98=>9?’=—gi= L =200kW
P 0,98 0,98
AP=(1-H)P=(1-0,98)200=4 kW
2 3)2
A@=2R:>U2=@ R _(200.10 )-.40
U? AP 4.103

= U=20000V=20kV.

Nhin xét. Hoan nghénh cic ban sau da c6 101 giai
dtng: Nghé An: Nguyén Tat Hoang Anh, 9C, THCS
Ly Nhat Quang, Nguyén Tudn Khdi, 10A2, THPT
Hoang Mai, TX. Hoang Mai; TP. Hb Chi Minh: Lé
Khdanh Duy, 10ES, TH, THCS&THPT Lé Thanh
Téng, Q. Tan Phu; Ddng Thap: Trdn Thdo Quyén,
10 Ly, THPT chuyén Nguyén Quang Diéu.

NGUYEN XUAN QUANG

TOAN HOC
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Dé chimg minh bai toan dang thirc hodc bét ding
thitc nhiéu bién hodc bac cao thi chung ta da co
nhicu phuong phap giai nhu ap dung cac hing
dang thue. cac hé thirc da co hodc cac bit ding
thirc ¢d dién (Cauchy, Schwarz, Jensen, Bernoulli,
-+)-... Viéc tham khao tai lidu dé tim 10i, tong hop
thém mot so6 phuong phap ching minh khac dé
giup cho cac ban hoc sinh THCS, THPT va gi4o
vién day chuyén toan 1a rat cin thiét. Baj bdo nay,
tac gia sé trinh bay viéc van dung mot sé phuong
phap da co6 dé giai quyét mot loat bai toan néu
trén:
1) Phuong phap truy hdi dua trén tinh chét c6
nghiém cua phuong trinh bac 4 dé xac dinh cac
cong thure truy héi cho bén bién, bac cao; thi du vé
két hop bat dang thic cd dién va phép bién ddi
trong duong cho bai toan bt dang thuc 4 bién;
ii) Van dung két qua cua bat déng thic Schur ciia
bai toan 3 bién;
1i) Dac biét, tic gia md rong bd dé “chin tich”
cua bai toan 3 bién s6 thuc khong 4m phat tridn
1én bai todn 4 bién s6 thuc khong am.
I. Xac dinh cong thic truy hoi tong quat cho
bai toan 4 bién
Xét phuong trinh bac bon véi 4 nghiém a, b, ¢,
deR: (x-a)x-b)x—c)x—-d)=0 (1).
Phuong trinh (1) dugc bién déi tuong duong;:

x* - px3 + qx2 —sx+r=0 (2).
Vi cac hé s6 p, g, 5, r dugc xéac dinh theo a, b,

c,dnhusau: p=a+b+c+d,
g=ab+ac+ad+bc+bd+cd,

s=abc+abd +acd +bcd;, r = abed.

TOAN HOC
' Cludilge
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Ncuvﬂ:N MINH THO
(214 Dién Bién Phi, 0.3, mmﬂcm Minh)

Béng bién dbi dai s0, ta d& dang tinh dugc cac
tong sau:

Sy=a+b+c+d=p;

S, =a*+b* +c* +d? :p2—2q;

S;=d> +b+ +d° = p* -3pg+3s.

bat S, =a"+b" +c" +d", v&i n 12 s6 nguyén

duong, n > 4. Nhan 2 vé cua (2) cho x"™*, ta

dugc phuong trinh:

X px" gt —sx =0 (3).

Via, b, ¢, d 1a cic nghiém cua (2) nén cling la
nghiém cua (3), ta co:

-3 +rx

+qa""* —sa
ﬁbn _pbn—l +qbn—2 _

C" _ pcn—l

a" - pa"! Syra"™t =0 (1)

sb" 4" =0 (i)

+ qcn—Z —sc n—4

Bt 20 (idi)
sd"2 +rd"* =0 (iv)
Cong vé theo vé cac phuong trinh tir (i) dén (iv),
ta thu duoc hé thirc truy hdi sau:

S,=pS,_ 1 =4S, 2 +sS, ;-

d" —pd"' +4d"? -

Sn-a (4).
Tir dy, bang bién dbi, ta tinh dugc: S, Ss, S,
bang cong thirc truy héi nhu sau:

Sy = p —4p q+4ps+2q —4r;

Ss = p5 —5p3q+5p2s +5pq2 -5Spr—>5gs:;

Se =p° —()p4q+6p3s +9p°g° —6p°r

=12 pgs —2q3 +6qr+3s°:
S, =p’ -1p° q+7p's +14p° q-1p'r ~21pgs
—7pq +14pgr +7 ps* +7q‘s-7rs:

Sau ddy 1a mot s6 thi dy ap dung cong thirc truy

hoi dé giai quyét cic bai toan ding thirc hojc bat
ding thirc bdn bién.



Thi du 1. Cho a, b, c,deR thoa man
a+b+c+d=0a"+h +c"+d” =4 Chung
minh rang:
i B S 4 B 5 )5 } ) } .
a) da +bh +c +d))=10a +b +c +d)

6 6 6 y | | |
[.‘) a 1 /‘ [ +l/( > ;((u’ t /‘1 t ( 1 1/ ) «\

Loi giai.
Via+b+c+d=0;a” +b* +c* +d” =4 nén
S,=p=0; 53:,172~2q=4:>q=—2
vi Sy=p —3pg+3s=3s. Tiép theo, ta tinh
S,. Ss. Sg. ... theo cong thic truy hoi, ta dugc:
S4=p4—4p:q+4ps+2q2—4r=2q2—4r:8—4r;
S = p5 —5p3q+5p25+5pq2 —5Spr—5qs =10s;
S¢ :p6 —6p4q+6p3s+9p2q —6p2r—12pqs
—2q3 ~|—6qr+3s2 =35 —12r +16;
S-=-Ts(r—-4). ‘
a) Tacod: Sy =3s: S5 =105 = 355 =10S;
=3’ +b° + +d%) =10 +b° + ¢ +d).

b) Ta co:
2
S, = 3s* —12r+16=%—12(2—%)+16

53
=5 +35,-8235, -8

Do do:
a® + b0+ +d®>3a* +b* +c* +dt) -8,
Dau bang xay ra khi va chi khi S; =0« s =0.
Thi du 2. Cho a.b,c.d la cac 5o thwe. Chirng
minh rang
vt +d*)>¥Na+b+c+ c/)2
> &(ab +ac+ad +bc + bd + cd).

10" £.0F

Loi gigi. Taco: Sy =a® +b* +c* +d” = p* - 2¢.
Taco:
(a—b)2 +(a—c)2 +(a—al)2 +(b~c)2

+(b—d) +(c—d)* 20

3@ +b% + +d2)22q

= A4a’ + b+t +(12)2(u2 +bh* +c? +d2)+2q
:pz.
< d(p’ —2q) 2 p? < 3p” > 8q (dpem).

Dau bang xayra <> a=h=c=d.

Thidu3.Cho a, b, ¢, dc P

Dat p=a+b+c+d.;
q=ab+ac+ad+bc+bd + cd,
s =abc+abd + acd + bed; v = abcd
Chumg minh rang: gs = 6 pr.
Loi giai. Ta co:
qgs=(ab+ac+ad+bc+bd+cd)x
x(abc+abd +acd +bcd)
—a*b*c+a*b d +a*bed +b*acd +a* c*b+a*bed
+acd +ctabd +a*bed +a*d*b+a*d*c +d* abe
+b*c2a+bPacd +ctabd +b>crd +bracd +b*d*a
+d2abc+b2d2c+ctabd +d*abc+c*d*a+ctd b
—a?b2c+dicrd +atd b+ a*brd + b ca+bid c
+c2d2a+atcPb+bictd +atd e+ b d a+ctd b
+3(a2bcd +b*acd +c*abd +d*abce).
Theo BDT Cauchy ta co:
a*bc+a’c?d +a*d*b>3a’bed;
a*b*d +b*cta+b*d*c>3b%acd:
crd’a+a’cPb+b*c*d >3ctabd;
a*d*c+b*d*a+crd*b=3d abe.
Do d6: gs>6(a’bed +b*acd +¢*abd +d” abc)
=6abcd(a+b+c+d)=6pr (dpcm).
DAu bang xay rakhia=b=c=d.
1. Xdy dung m@t bai toan bat dang thuc 4 bi¢n
tir bat diing thic dabiét
a) Ap dung bat dang thire Schur bic 3 cho bd 3 s6
khong am, ta lan lugt ¢
(a+b=c)Xb+c—a)c+a—b)<abe,
(atb—d)b+d—-a)d+a-b)<abd,
(a+c—d)d+c—-a)d+a-c)<acd,
(b+tc—d)Yd+c—b)b+d—c)<bcd.

Cong theo vé cac bt dang thirc trén, ta thu duoc:
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=33 @ +2Y a*(b+c+d)-2) abe <Y abe

cye oyve ove cye
& -3Ya +2Y a*(b+c+d)<3Y abe

cyc cye cyc

& -3(p3 -3pg +3s)+ 22(:2(17—0) <3y

<1852 -3p° +1 1pg 1a bat dang thirc kha manh!

b) Tuwong ty nhur trén, ta xét bat dang thirc sau voi
cac bién a.b.c.d 20:

T'=(a+b+c—-dYa+b+d-c)a+c+d-b)x

x(b+c+d-a)<(a+b)*(c+d)? (b.i).
Khéng mat tinh tong quat, gia st a>b>c>d >0
- D¢ thay, dé chimg minh (b.i) ta chi lwu y truong
hop s6 hang cudi o vé traila b+c+d —a (vi3sh
hang luon

dau khong

a+b+c-d2a+b+d-c2a+c+d-b20).

am;

R
m+n ,
,Vm,n taco:

Ap dung BDT mn S(

(a+b+c—d)a+b+d—c)<(a+b)’;
(a+c+d-b)b+c+d-a)<(c+d)>.

Suy ra dpem (b.i). Tuong ty, ta c6 2 bat déng thirc
sau:

(a+b+c-d)Ya+b+d-c)a+c+d—-b)x
x(b+c+d—-a)<(a+c)*(b+d)* (b.ii)
(a+b+c-d)a+b+d-c)a+c+d-b)x
x(b+c+d—a)<(a+d)*(b+c)® (b.iii).
Cong vé theo vé 3 bat ding thirc (b.i), (b.ii), (b.iii)
va bién d6i theo P.q,s,r tathu dugc:
3T <(a+h)(c+d)* +(a+c)(b+d)
+(a+ d)2 (b + (')2
= 3pt +22ps+2g* 212p*g +40r .
Nhu vay ta ¢6 BDT sau:
3/)/1 +22ps + 2(/2 z Iszq +40r,
Déu bang xay ra khi va chikhi a=b=c - d.
Chiang han, ban doc hay kiém tra véi a, b, ¢, d 1
céc so thye khong am thoa min
a+b+c+d=2,ab+ac+ad+bc+bd+cd |
thi 20abcd < 22(abc + abd + acd + bed) + 1.

TOAN H
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I11. Xay dung bo dé “chin tich” cho bai toan
hat diing thirc 4 bién

Trong bai toan bat déng thitc 4 bién a, b, ¢, d ¢6
xuét hién tich r = abcd thuong s& gay kho khan
cho ngudi giai, va nguoi giai phai di tim rang
budc r tir cac yéu to gia thiét cho trudc cua bai
toan. Viéc xdy dung bb dé “chian tich” cho bai
toan bat déng thirc 4 bién nham giai quyét mot sb
bai toan nhu trén.

Bé dé. Cho a, b, c, d la cac s6 thuc khong am thoa

manp=a+b+c+d=4.Tén tai 56 thuc t [0, |

: : 2. 2,42, .2, 42 19,2
thoa man q=6-6t";a“+b"+c"+d“=4+12t".
Chirng minh rang:

2

44 »,
a)s=abc+abd +acd +bcd > __2_/‘_ +4>4-20r";

(1- 12 )s > 4r.

b) (1 —3t)(—9z3 +12¢% +3t-2+ “4’ |<r

3(1+3r)(9r3 LI = F P |

Chieng minh. Ta c6: (a — b)* + (a — ¢)* + (a - d)’

+(b-cf +(b-d+(c-dF 20

3@’ +b* +c* +d*)>2(ab+ac+ad +be+bd +cd)

©3(p* -29)22g

& 8q<3p*=34%=48

< q<6.

Do d6 ton tai s6 thuc ¢ €[0, 1] thoa man:
g=6-6t"; a* +b* + " +dS =4+ 121°

Ta co:

2 2 N 2 2 2 b+c+ Z’\:
4412t =a” +b- +c’+d“:a'+“—( -

_\
-aQ)”

b
S

hl
=a" +-(~

R

Giai (S), tathuduge : 1= <a<1+3r. Tuong wr
cho cic bién b, ¢, d ta ¢
1=3r<bh<1+ 3
I3 c< 143
=3 <d<1+3,
Két hgp véi a, b, e, d Khong dm nén ta ¢6 cac danh
214 sau:



'Za(b~ 1+ 30)(c—1+ 3INd ~1431)>

Zg(b—- 1=30)(c—1-31\(d -1 - 3 <o ok

ove

Khai trién tfmg dang: za([, ~ W) - w)(d

cve

3 ,
B Z —aw” +(ab + ac + ad)w?

ae

—w)

~(abc +abd + acd)w + abca’]
— __pu + ._(]\\ —3ws +4r

==’ +1200= )W = 3ws 4 4r (%),

Thay w bot 1-3¢ hodc 1+3¢, ta bién dbi (6) tré
thanh:

4r+3s(3r-1)-1087* +1807° 1272 —36t+8>0(1)

4r~ss(%r+l) 1087* —1807° —12¢ +361+8<0(11)
Trir (7.1) va (7.ii) theo vé, ta thu duoc:

181(201° +5-4)> 0= 5 >4-20¢% (vi > 0).
Nhu vay. két qua phan a) cua bd dé duge chimg
minh.

Ngoai ra, theo thi du 3, ta co:
gs 2 6pr < 6(1—1%)s 2 24r < (1-1%)s = 4r.
Theo phan II, ta cé:
18s Z—3p3 +11pg
< 264t> +185-7220
=52 —{J'—;'t2 +4.
T 7.i va 7.ii, ta tim dugc rang budc r, la két qua
phén b) cua bd dé:

3.
(1—3:)(-913+12z2+3z—2+—:—JSr
| 3 ’ 35
<(1+43t)| 9t +12t —3t—2+—‘-1— .
Lueu y. Néu oszs%,kéthqp 524-200 >0, 1a
) 5 g
co: 1‘2(1—3t)(-—9l3+12t +31—2+-4-

> (1=31)(=9r> =3¢* +31+1)

=271 12/ +120.

, 44 ,
Lam » manh hon nira, néu diung s > - HI”’ +4 thi

P LA bYARE T
>t 1207 + 1.

Sau déy 1a mot s6 thi dy.

Thi du 4 (Leo Giugiuc — 2024). Cho cac so thue
khong am a, b, ¢, d thoa man:
S=4a?® +h* +c* 4 d*)-(a+b+c+d)”.

Voi cac ky hiéu nhuw thi du 3, chirng minh rang:
(a+b+c+d) [—2 h/ub(c/J ( +h2 42 +d? ) |
Léi gidi. Vi bat dang thuce 1a thuan nhat, déng bac
(bac 4) nén ta c6 thé chuan hoa tong p = 4. Ta dé

dang chimg minh p228—q:>OSqS6 nén ton

tai ¢ €[0, 1] thoa médn ¢ = 6— 612,

Ta co: S=4(p* - 2q)- p* =48-8g.

theo ¢ vao bt dang thirc can chimng minh ta co:

16[48;8q+\/;J2(16—2q)2

Thay ¢

o Jr 2 32-16)g
12

Nr29* =102 +1= (= DBt - DG+ H(e + 1) (8).
Vi0<t<1va0<r<1néntachican chimg minh

1 . o
(8) voi truomg hgp 0<1r < 3 Ap dung bo dé trén,

tacd: 1-3¢>0; s24-20" >0 nén
r22700 1267 +120.

Pé chimg minh (8), ta can chi ra:
270 — 1268 v 12 (9 1087 +1)°

< (=303 DOt 192 18 20 (9),

Vi ot — 1907 + 8 :9[:3

. |
nén (9) ding voi 0 <r < 3
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Vay bai toan duge chimg minh, dau “=" xay ra khi
1

t=0hoac t=—.
3

+Khir=0thidéthdy a=b=c=d =1.

1 16 16 .
it=— thi p=4,g=—.,5=—,r=0 nén
+ Khi ¢ 3 thi p q ) 9

a, b, ¢, d 1a cac nghiém cua phuong trinh:

& X(OX -36X%+48X -16)=0

422

= .\'1 = 0. 4\72
3
va 2 nghiém phire bi loai.
ThiduS. () ¢ so thuc khong am a, b, ¢, d. Voi
hieu nhw thi du 3, chumg minh rang
4r+p q2q  +4ps.

Léi gigi. Vi bat dang thirc 1a thun nht, ddng bac
(bac 4) nén ta c6 thé chuin hoa tong p = 4. Ta d&

: . . 8 X
dang chung minh pzz?q:OSqS6 nén ton
tai r €[0. 1] thoa mén g =6 - 6>. BDT can chimg
minh trong duong voi

4r +96(1-1%)>36(1—1%)* +16s

<9 +6 +4s-15<r (10).

Lai cé: s <4(1—1%) nén
9% + 6" + 45 -15<9t* + 612 +16(1-12)-15

=(* = 1)(3t -1)(3t +1).
Nén dé chimg minh (10), ta can chi ra:

(-3 -1)3Bt+1)<r (11).
Nhan xét. Vi 13.{1 <1 thi (11) théa man, nén ta
chi can ching minh (11) véi 0 </ < -]
That vdy, theo bd d& trén, véi 0=/« !

va

sz—i?tz F4 taco: 22700 120~ 82 41,

4~ TOAN HOC
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Nén ta cin chi ra:
(* =DB -G+ 1) <27t +1263 - 8% +1

& =203t +1)* <0 (dang).
Vdy bai toan dugc chirng minh.
Twong ty nhu thi du 4, dau bang xay ra khi ¢ = 0
& a=b=c=d=1.
Qua bai viét bao nay tac gia mudn gidi thiéu voi
ban yéu toan m{t hudng tim toi, van dung thém
nhitng phuong phap khac dé giai quyét nhimg bai
toan déng thirc — bét déng thirc nhidu bién .... Sau
day la mot s6 bai toan van dung.
Bai 1.Cho a, b, ¢, d € R théa min
a+b+c+d=2;ab+ac+ad +bc+bd+cd=0.
Chung minh rang;
a)5(a* +b* +c* +d*)=2(a° +b° +° +d°) +16:;
b) 6(a* +b* +c* +d*)<a® +b® + ¢ +d6 +32.
Bai 2. Cho a, b, ¢, d e R*. Chimng minh ring:
a) 16(a’ +b* + +d*)> (@ +b+c+d)?

216(abc + abd + acd + bed).
b) (a+b+c+d)ab+ac+ad+bc+bd +cd)

2 6(abc + abd + acd + bcd).
¢) (ab+ac+ad +bc+bd +cd)(abe +abd + acd + bed)

26abcd(a+b+c+d).
d) 5(ab +ac +ad + be + bd + cd)’

212abed[6(a+b+c+d) ~(ab+ac +ad + be+ b +d) .

Bai 3. Cho a,b,c,deR'  thoa m;:m

p=a+b+c+d=4 Ton it €[0; 1] thoa man:
q=ab+ac+ad +bc+bd +cd =6-6t":

s =abc+ abd + acd + bed:

r=abcd.

Chimg minh rang;

41 -26)(1 + t)2 Sy <4+ 203 — 1),



TIENG ANH QUA CAC BAI TOAN
BAI SO 116

PROBLEM. Sci wp a

recurrence formula 1o

f ; Iserr 1 " ] "
compute the n-digit numbers with no pairs of

| 's which consist the digits |

idjaceni ‘oand 3

Solution. Denote that number x,, .

It is clear that x; =3 and x> =32 -1=8 (why?).
For n>3. we divide the set of n-digit numbers
with no pairs of adjacent 1’s which consist the
digits 1, 2, and 3 mto two disjoint subsets: the
subset A4 consisting of numbers with the first
digit is 1 and the second one is either 2 or 3 and
the subset B consisting of numbers with the first
digit 1s either 2 or 3.

We can casily to show that |A| 2x, 2 and
|Ii|=2x,,.|. Therefore, we get a recurrence

formula x, =2x, 1 +2x,.2,n23 and x; =8, x; =3.
Remark: This problem is based on a problem in
the Mathematical Olympiad Serics, Vol 4.

TU VUNG
ecurrenc 1ru) /f/:/ e g
ll(//tll enl ke
digit chir 50
subsel /r}'/) /l///i CONn

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)
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nhién

BAI TOAN. Chon ngau
;1 mot hinh thap gia

-

-
y 3.
1C Sual ae > L:A“h

Loi gigi. S6 tam giac vuong bang 5 x 8 vi c6 5
cach chon canh huyén phai la dudong kinh cua

duong tron va voi moi duong kinh da chon, ta co

8 cach chon goc dinh gbc vudng. Do do, xac suat

cén tinh 13 g = l
10

Luu y: Bai toan nay dua trén mot bai toan trong
cudc thi Toan cua tinh Bic Giang (2017 - 2018).
Nhdn xét. RAt tiéc 1a Toa soan khong nhan duoc
bai dich nao cua bai nay gui vé Toa soan.

NHU HOANG (Ha Noi)

¥ % ¥ % % % % 7‘(*t?r»*r*f—\';»7"97'.'*‘)r~;:7‘.-*).'~k*7'v7'r*************'}c*‘k*):**k*‘k"k****‘k*‘k‘.'<*:‘.’*}."):'}. %k kk ko h Rk ok

PROBLEMS . .. (Tiép theo trang 27)
TOWARDS MATHEMATICAL OLYMPIAD
Problem T10/575 Given two positive integers m
and n. Suppose the real numbers 4,,4,,...,,, and
b,,b,,...,b, satisfy the condition
(@, +q]+[a, +q]+...+[an +4]

=[b +g]+[b, +q]+...+[bs +q], Vg €[0;1)
where [x] is the largest integer not exceeding x.
Prove that a, +a, +...+a, =b +b, +..+b,.
Problem T11/575 Given a sequence of numbers
(x,) satisfying X, =3; X, =X —2, vneN'.

Determine the sequence (v,) by

1 1 1

y, =—+—+..+
X % X, 58X

Find the limitlim y,.

,VneN".

Problem T12/575. Given two circles (O;) and
(0,) which are tangent to each other externally.
Let the common external tangent be d. Circle (O3)
touches (0,), (0;) and d externally. Let the touch
point between (0;) and (0») be Bj, between (O,)
and (Os) be By, between (O;) and (O)) be B>. Let
the touch points of (0)), (O2), (O3) with d be 4,,
A,, Ay respectively. Prove that 4,8y, 4.8, A,B,
are concurrent,
NGUYEN PHU HOANG LAN
(University of Education, VNU, Ha Noi)
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BAL TOAN 95. Cho cdc so thue diwong x,y thoa
man x+y<1. Tim gia tri nho nhat cua biéu thirc

—+4x.
4xy

B

X= 4+

imh lop 10 THPT nam 2024-2025,
Quang Ngai)

Loi gigi. Cach 1. Ap dung bdt ding thirc

l+—2 voi a>0, b>0.
a b a+b
Bién déi: S=—_ .

X24+y2 2xy 4xy
11 S 4 _ 4
x2+y? 2xy x24y242xy (x+y)2

1 .
+4xy+—, ta co:
xy

>4

(Vi x+y<I). Dau “=" xay ra khi

{x 4 xy<:>x=y=—.
x+y=1
Theo BDT Cauchy co:
1
—+4xy>2 ’L.4xy=2 (1);
4xy 4xy
L2 v 22324 (2).
xy (x+y) 1

Déu “=” ciia (1) xay ra khi

J_l-—4 _.1 ]
4xy xy@ xy—4 Sx=y=—,

]‘x+y=1 x+y=1]
Déu “=" cla (2) xay ra khi x:y:]E_
Do do: S>4+2+4=10. Vay minS=l()<:>x:y--12.

Céch 2. Pug vé

(x+y)?

TOAN HOC ]
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1 1
Bién dbi: S= +—— b ——+Axy+—.

x2+y2 2xy 4xy xy
Ta co + ! 2 4 4
a co: =
x2+y2 2xy x2+y242xy (x+y)2
va -I—Z . 5. Do do:
Vo (x+y)
4 4 1
> + +—+4xy =———— 4 ——+4xy.
)2 (2 Ay (xty) Ay
Ma 8 2§=8 vi x+y<l. Dau “=” Xay ra
(x+y)* 1
x2+y2=2xy
khi {x=y <:>x:y=5.
x+y=I

. 1 f 1
Ap dung BDT Cauchy: —+4xy>2 |— 4xy=2.
4xy 4xy

Dau “=" xay ra khi

iy -1 1
4xy & xy—4 x=y=—.
x+y=] x+y=l

Khi d6: $28+2=10. Vay minS=10<:>x=y=%.

Cach 3. Dung diém roi doi voi x%+y2.

s , 1 1
Bién d6i S= +4(x2+y2)+3] —+4
X242 (x*+2) (4)0; xyj
4
—4(x2 +y?2 +2x,v)+—
4xy

1 1 2 1
= +4(x2+y2 )43 —+4xp [d(x+v)* +—.
x2+y? (x 4 ) [4xy j (x+}) +,\y

Ap dung BDT Cauchy ta c6:
1

1
———+4(x2+y2)>2

I / I 1
Y22 [—4xy=2=3] — 44, ')26 4).
4xy Y dxy - (4.\:\' N ®

A " 2 2 . "
Dau “=" cua (3) xay ra khi

1
x24p2 =4(x*+)?)

A(x2+y2)=4 (3):

1

= yp=—

: b
x+y=1

Déu “=" clia (4) xdy ra khi



—— 4xy xXy=
4xy =1

x+y=I x+y=1

&) —

ox=y=

—4(x+_v)22—~4 (vi x+y<l); —]—2
Vo (x+y)

| —

Déu “="xay rakhi x=y=—. Do do:

(3]

]
§>4+6-4+4=10. Viy minSle@.r:_v:E.
Cich 4. Ding diém roi doi véi 1-2xy.

=x1+y242xy=> x4y <1-2xy

t : 1
=2 . Dau “=" xay rakhi x=y=—.
xs+vs 1-2xy 2
: 7 i e A
Do do Sz +——+4xy. Bién doi:
1-2xy 4xy

S> ] +4(1-2xy)+3 —1—+4xy +—1——4.
1-2xy 4xy xy

Ap dung BDT Cauchy:

1 1
+4(1-2xy)22, [—.4(1-2xy) =4 (5);
1-2xy (1-227) \/'1—2xy ( 2)=406)

L+-4x_v22 —1—.4xv:2:>3 —l—+4xy >6(6).
4xy 4xy - 4xy

Déau “=" cua ( 5) xay ra khi

x+y=1]

Dau “=" clia (6) xay ra khi

(1 1
—=4xy =— 1
ay ei¥7a Sx=y=_.
x+y=1 x+y=1

1 4 .
—2 i Zi=4. Dau “="xayra x=y=—_.
v (x+y) ] 2

Do d6 §>4+6+4—-4=10. Vay minS=10.

Cdach 5. Dung dao ham.
12(x+y)2 =x2+y2+2xy=>x?+y? <1-2xy
= 1 P
xZ+y? 1-2xy

. . 1
. Dau “=" xay ra khi x:y:E.

7
+——+4xy.

Do do: §2
1-2xy 4xy
Bién doi .8'2——L~+——(L+(--—!4—-+4xy ]
1-2xy 4xy \4xy

Ap dung BDT Cauchy ta co:

1 [ ]
—t4xy22 [—Adxy=2.
4xy e 4xy ¥

I
£ s s 7=y !
Dau “=" xay ra khi < 4xy <:>x=y:5.
x+y=1

1 +—6——. bat t=2xy.

Xét F=
1-2xy 4xy

1
Ta co: 12(x+y)2 Z4xy:>2xy£%:>0<t£5.

Khidé Fe——33-372 ocr<t
1-t t t—t? 2

742 _ ,
Ta co: F'=—‘?"—i§’7§<o, we(o;ﬂ:ham 56

(e-22)

nghich bién trén 01| Do do F(t)sF Lls
2 2

Vay §>2+8=10 = minS=10<:>x=y=%.

TRAN VAN HANH
(GV Truong Dai hoc Pham Van Bé‘ng, Quang Ngai)
Nhin xét. Ky nay céc ban: Nguyén Pham Minh Phi,
Nguyén Thdi Huy, 10E1, TH, THCS&THPT Lé
Thanh Téng, Q. Tan Phi, Duwong Phi Tai, 8AS.
THCS Lam Son, Q.6, TP. H6 Chi Minh; Phan
Trung Hiéu, 10A1, THPT Tay Tién Hai, Thai Binh;
Nguyén Hoai Nhanh, 10T2, THPT chuyén Huynh
Min Dat, Kién Giang ciing dong gop mot sd cach
giai tuong ty cac cach ma ban Tran Van Hanh da de
xuét trong bai viét trén. Xin hoan nghénh cac ban.
NHU HOANG (Ha Noi)
Mdi céc ban giri 10 giai BAI TOAN 97 dudi day
vé Toa soan Tap chi TH&TT trudc ngay
30/6/2025.
BAlI TOAN 97. Cho a, b dwong thoa man
a’ +b* =6. Timgia tri lon nhat cua biéu thiee
2ab
a+bA l.
NGUYEN PUC TAN (TP. Ho Chi Minh)

)
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BAI

FTOAN 103 (Korean mathematics

competition 2000). Cho — <a <1 Chimg minh
i

rang phirong trimh x (x+1)=(x+a)2x+a) ct 4

ghicr woe phan big

1 tim cac nghiém nay o

Léi giai. Viét phuong trinh da cho nhu 1a phwong
trinh bac hai theo a:

a +3xa+2x —x —x* =0.
Bi¢t thuc cua phuong trinh 1a:

=9x" —8x" +4x +x* =(x+2x").

Phuong trinh ¢6 nghiém:
—3x+(x+2x%)
B 2
_ }—a =-x+x

la=-x"-2x
Xét a=-x+x hay x’—x-a=0. Do a>%>0

ta duoc cac nghiém cua phuong trinh nay la:
121444
2
Xét a=-x"-2x hay x* +2x+a=0. Do a<]|
nén ta duge cac nghiém cua phuong trinh nay la:

x==1%Jl—-a.
Rorang: -1-Jl-a<-1++1-a
7 l—\/1+4a(l+\/l+4a_
2 ' 2 '

Ta s& chimg 16:

~1+1-a “]2+4"- (*).

TOAN HQC
46 " Clubilre S8 575(5-2025)

That vy, ta c6:
I+ \/I a < I \/i rid
2
e 21-a<3-Jivda (*%)

Vi %<a<l thi 3<4a<4+54-1+4g -5

2 1+4a -5
=3-J1+4a>0.
Do d6: (**) &> 4(1—a) <9+ 1+ 4a - 61 + 4a
< 6/1+4a <6+8a
& 31+4a <3 +4a

<91+ 4a)<9+16a” + 24a
& 12a <16a” < 3a < 4d’

3
o =<a.
4

BDT cudi 1a hién nhién. Viy (*) dugc chimg
minh. Diéu nay chimg t6 4 nghiém tim duoc la
phan biét. Vay ta c6 diéu phai chimg minh.

Nhén xét. Hoan nghénh ban Nguyén Pham Minh
Phi, 10E1, TH, THCS&THPT Lé Thanh Téng.
Q. Tan Phu, TP. Hd Chi Minh di c6 15i giai dung
vai bai toan da cho..

NHU HOANG

Sau day 1 bai tip d& nghi. Ban doc hiy guri 1&i
gidi vé Toa soan TH&TT trudc ngay 30/6/2025.

BAI TAP PE NGH]
BAI TOAN 105. Xét hai duong tron ddng tim
ban kinh R va Ry (R, > R) va mdt tir gidc 18i
ABCD nbi tiép dudmg tron nho. Céc tia 4B, BC.

CD, DA thi ty cit duong tron 16m tai Cy, Dy, 4.
B,. Chimg minh ring

a) Cﬂﬁ(.‘./ﬁ 2&;
ABCD R

SN
SAIH D

trong d6 Crnpo, Syweo 1an lugt ki higu 1a chu vi va
dié¢n tich cua tr gide MNPQ.

KHANH HOU (Ha Noi)



GIAI PAP: SAI O DAL NHI?
(Dé dang trén TH&TT 56 571, thdng 1 nam 2025)

Phan tich sai lam. Lo giai cua ban Hung bj sai
2025

xX= (sin: .\') 2

2028

khi cho rang: sin

2025

Baivi sin™™ x=(sin” x) 2 chi dung khi
g

sinx > 0.
Sau day I 167 gidi diing.
(~1<sinx <1 sin®® x <sin’ x
=

Bm \'i S

—1<cosx<l 202

cos’™ x<cos’ x

Do do: cos™™ x +sin’™ x<sin’ x+cos’ x=1.
Dau dang thire xay ra khi:
rmx:O
'sin®™ x=sin’ x sinx=1
)

'\0‘\4 9 @
_cos™ x =cos’ x [cosx =0

cosx ==l

. x=krx
sinx=0

= kelZ.

Ssinx=1" x:§+k27r’
Vay tap nghiém cua phuong trinh la:

S= {kﬂ;%+k27r,k e Z}.
Nhin xét. Hoan nghénh ban Nguyén Hung Cuong da

phat hién dugc sai 1am va dua ra 1oi giai ding..
KIHIVI

PDAP SONAO!

bé bai: Cho cac oy thiee x.y thay doi va thoa

man 1’ + 1} lr Ry + 13 (). Tim gia try

lom nhat va gia tri nho nhat cud bicu thue

P = 31 1 Y

Loi gidi ciia ban Hitu Thing: Ta c6:
P=3r—-y+9
3y + 9+ (:n’ Fy’ Az — 8y + 13)
ot byt T 9y + 22
9 21

, A¢ ‘ %1
4T+ —+y -9+ — —
4 4 2
7\ 9] 21 21
— [.'F ‘, — ,{, !l . ;_ I / —
2 2 2 2

«

Déng thic P = — 21

xay ra khi
72
s+l =0 |,_-_T
ju 2 2
) :
9 9
Ta lai co:
P=3z—-y+9

=3z —y+9— (o +¢" +4z -8y +13]
=2 -y —z+Ty—4

1 49 17
2 2
=z -z———y +Ty——+—
4 Y Yy 1 i
1 7 17 17
2 [y 2 92 = 2
2 , 17 ]
Pang thitc P = — xay ra khi
12
1
2 T = 5
) 72 A o
[?J""i] =0 y:E
21 _ 'J':—i
Viay min P = - dat dugce khi l g 2t
y=13
Al

17 o | 5
va max P - ‘) dat duge khi ‘ 2

2 .

9

Cdc bgn co tim ra ddp s giong nhw dap 30 cua
ban Hitu Thing khong?

NGUYEN VAN XA

(GV THPT Yén Phong so 2, Bac Ninh)

TOAN HOC
565757(5-2_925)_*_15@@ 47
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XUAT BAN TU 1964
SH 575 (5.2025)
Toa soan : 1878, Glang Vo, Bong Ba, Ha Nol
DT Bién 1ap:  024.35121607,
DT Phat hanh: 024.35142649, 024.35682701
Email: toanhoctuoltrevietnameogmail.com

BAN CO VAN KHOA HOC
GS. TSKH. TRAN VAN NHUNG
7S.NGUYEN VAN VONG
PGS TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN

Tong Gidm d6c NXBGD Viét Nam
NGUYEN TIEN THANH
Téng Bién tap NXBGD Viet Nam
PHAM VINH THAI
Vién trudmg Vién nghién ciru Sdch va HLGD
LE HONG SON

HOI DPONG BIEN TAP

Téng bien tap : TS. TRAN HUU NAM
Thu ki Toa soan: CN. VO THI HONG THU

Phé téng bién tip : CN. TRAN THI KIM CUONG

7S. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, TS. TRAN NAM DUNG, TS. NGUYEN MINH PUC, TS. NGUYEN MINH HA,
7S. NGUYEN VIET HAL PGS. 7S. LE QUOC HAN, ThS. PHAM VAN HUNG, PGS. TS. VU THANH KHIET,
GS. TSKH. NGUYEN VAN MAU. Ong NGUYEN KHAC MINH, 7S. PHAM THI BACH NGOC., PGS. TS. TA DUY PHUONG.
ThS. NGUYEN THE THACH. GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAI, ThS. VU KIM THUY, PGS.TS. VU

DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

o Danh cho Trung hoc Co so
For Lower Sec r'//hfd!‘_\‘ School
Nguvén Anh Tudn, Nguven Thi Thity Binh — St
dung tong céc lily thira dé giai bai toan tim s6
du khi chia mét liy thira cho mot sb nguyén to.

@ Huong din giai dé thi chon hoc sinh gidi Todn
9 tinh Thanh Hoéa nam hoc 2024 - 2025.

@ o: thi chon hoc sinh gioi mén toén 16p 9 tinh
Nam Dinh, niam hoc 2024 - 2025.

@ Thir sirc trude ky thi THPTQG — Hudng dan
giai dé sb 4 - Dé s6 5.

0 Dién dan day hoc toan
Tran Quang Thuén, Ha Van Thang — Xéac sudt
¢6 diéu kién (ky 1).

@ pé ra ky nay

T1/575, ..., T12/575, L1/575, L.2/575.

Problems in Thiy Issie

Bién tdp: KIM THANH, NHU HOANG
Tri su, phdt hanh: TRAN THI MINH HIEN

€ Giai bai ki truéc
Solutions to Previous Problems

T1/571, ..., T12/571, L1/571, L2/571.

@ Phuong phap gidi todn
Nguyén Minh Tho - Tim toi phuong phap giai

cho bai toan — Bat dang thic bon bién.

@ Tiéng Anh qua cac bai toan — Bai sO 116 -
Bai dich s6 114.

@ nNhidu cach giai cho mdt bai toan — Gidi bai
toan 95 — D& bai toan 97.

@ Du lich thé gidi qua cdc bai toan hay — Giai
bai toan 103. D& bai toan 105.

o Sai lAm & diu?

Mi thugt: QUOC HIEP, THANH LONG
Thiét ké, ché ban: MINH HOA



’ c E" d A XUAT BAN GIAO DUC VIET NAM
S A H TlOT'! €6 PHAN DAU TU VA PHAT TRIEN GIAO DUC HA NO!

s S

ooV
‘‘‘‘‘

N3m tron kién thuc s
Hoc ding, nhé lau! &
%

Hé théng ly thuyet tinh gon, dé hiéu, d3y du
trong tam giup hoc sinh ndm chic kién thdc va
van dung linh hoat vao bai thi.

Téi uwu phuong phap _
Lam bai nhanh, liy diém cao! .
iai tung dgng bti trénhlli

Huéng din chi tnét céch gi

Luyén dé bam sat
Tu tin trudc moi dang dé!

80 dé thi dugc bn&n soan theo ma trén cia timg
: , la vﬁl cSu tric

HO TRO - GIAI PAP - TU VAN

@ held.vn - hoclleu.vn Y 1900636 01
QO 10 BN hotro@hoclieuvn




BAI TAP NANG CAD
VAMOY SO CHUYEN BE

OAN | |

&

BAI TAP NANG CAO

VA MOT SO CHUYEN bi

(DANH CHO HQC SINH THPT - THEO CHUONG TRINH GDPT 2018)
TAC GIA: TRAN VAN TAN, NGUYEN MINH HA, TRAN QUANG HUNG, TRAN HUU NAM,...

BO sach “Bai tap nang cao va mét s6 chuyén dé
Toan” gém céc cudn:

- Bai tap néng cao va mét s6 chuyén dé - Pai 6,
Giai tich, Xac suat, Théng keé.

- Baitap nang cao va mét s6 chuyén dé - Hinh hoc
Mbi cudn sach gém hai phan:

Phan mot gém céc chuong, bai bam sat Chuong
trinh gido duc pho thong 2018, méi bai gém:

+ Tom tat kién thuc: tém t&t nhiing kién thuc
trong tam cla bai, dugc van dung dé gidi cac
bai tap, cac dang toan trong bai. Tuy theo noi
dung tung bai ma & phan nay c6 thé c6 thém
phan Kién thic b sung nang cao lién quan dén
chd dé cta bai hoc.

- Vi du minh hoa: phuong phép gidi, cac vi du
giip hoc sinh hiéu sau, réng hon nhimng kién

QD

f | AL TAP NANG CAO
| VAMOT 80 CHUYEN D

DAL TAP NANG CAD
VA MOT 80 oHuYEW of

T0AN |()

OA 60 TG rE UAT

ot

LB T _

»y

TOAN

thic da hoc, d6ng thai c6 dugc nhing ki nang
can thiét cho viéc giai toan.

+ Bai tap dé nghi: b6 sung cac bai tap gé nghi
cho méi dang toan. Cic bai tap duogc phan loai
tlf co ban dén nang cao.

Phan hai gom cac Chuyén dé (danh cho hoc
sinh kha, gidi): cac dang toan thudgng xuat hién
trong cac ki thi vao Pai hoc&Cao dang, trong
cac ki thi hoc sinh gioi va Olympic. Cac chuyén
dé sé giup hoc sinh phat trién kién thuc da
hoc, cung cdp cho hoc sinh co s& cla nhiing
phuong phap gidi toan thuding sur dung.

Sach dugc bién soan theo Chuong trinh Gido

d_uc ph§ théng 2018 dé hoc sinh c6 tha cling ¢
kién thuc clia minh ngay sau mdi gi& hoc trén

+ 16p, déng thai b6 sung va khic sau thém mot s6

van dé If thuyét nham béi dudng hoc sinh gidi.

AEZZR CONG TY CG PHAN DICH VU XUAT BAN GIAO DUC HA NO)

Dia chi: Téng 4, Toa Diamond Flower, 5648 Lé Van Luong, Q. Thanh Xudn, TP, Ha N
Dién thoal: 024.35121533 (s6 mdy ¢ 118) - 0904893398 | Fax: 024.35123278
Email; kinhdoanh. heps@gmail.com | Webslte: http://xbgdhn.vn/

Gidy phép XB s 534/GP-BTTTT cép ngay 19.11.2020; Ma s6: 8BT5M25

i Xi ié 6 1-BQP
In tai Xi nghiép Bando 1-B ;
fn xong va ndp luu chiéu thang 5 nam 2025

Gl4: 18.000!
Mugi tdm nghini
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