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TRAO TANG SACH CHO DONG BAO NGUO' VIET
TAI PONG BAC THAI LAN

Ngay 10/01/2025, tai Ha N¢i, Nha xudt bén
Gido duc Viet Nam da co budi trao ting sach
tiéng Viét cho ba con ngudi Viét Nam tai Dong
Bic Théi Lan théng qua Tdng linh sy Viét Nam
dugc ti€n cd tai Khén Kén, vuong qudc Théi Lan.

bén dy c6 ong Nguyén Manh Dong - Phé Chi
nhiém ty ban Nha nuéc vé ngudi Viet Nam &
nudc ngoai. Vé phia Nha xudt ban Gido duc Viet
Nam (NXBGDVN) c¢6 ong Nguyén Tién Thanh -
Chd tich HDTV, Téng Giam ddc cing dai dién
lanh dao cac phong, ban chuyén mon.
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Ong Nguyén Tién Thanh - Chi tich HPTV, Téng Gidm ddc
NXBGDVN phat biu tai budi trao ting sach

Phéat biéu budi trao ting sich, ong Nguyén
Tién Thanh - Chd tich HDTV, Téng Gidm ddc
NXBGDVN cho biét: "Viéc trao tang ting sich
tiéng Viét khong chi cé y nghia quan trong trong
viéc phat trién vin hoa doc va ning cao kha
nang sl dung ti€ng Viét trong cong dong nguvi
Viét Nam 8 nudc ngoai, cdc cudn sach ti€ng Viét
con gop phan khoi day niém tu hao dan toc,
thiic ddy cac hoat dong giao Iuu vin héa, quing
ba hinh dnh Viét Nam véi qudc té".

Trong gan 70 nam hinh thanh va phat trién,
NXBGDVN luén chi trong va duy tri nhiing
chudng trinh mang tinh cong dong nhim dem lai
nhiing 1gi ich thiét thuc cho xa h¢i. Cac sdn
phdm clia NXBGDVN déd gin bo vdi biét bao thé
hé hoc sinh; vugt qua bao kho khdn, vat va dé
trd thanh ngudi ban dong hanh véi hoc sinh,
gido vién va ban doc trén moi ving mién clia T8
quac.

Téng lanh sy Dinh Hoang Linh cho biét, tai
20 tinh thugc Pong Bic Thai Lan hién cd hon
100.000 ba con kiéu bao ngudi Viét dang sinh
song. Nhiing cudn sach tiéng Viét cia NXBGDVN
sé 1a mén qua vo cliing quy gid trong viéc gil gin
ngon ngil dan toc, van hoa dan toc. Ong Pinh
Hoang Linh nhdn manh: "Ching ta da c6 phé
Viét Nam dau tién tai Udon Thani, bong Bic
Thai Lan. Pay 1a niém ty hao va ciing thém y
thitc trach nhiém vé viéc can quan tam dau tu
xay dyng dé phé Viet Nam mang khong gian van
hoa va ngon ngif dan toc, dim nét truyén thong
va lan tod cac gia tri nhan van Viét Nam. Toi tin
tudng va hi vong cic cd quan trong nudc, dac
bigt NXBGDVN cé thé déng gép mot phan quan
trong vao cong viéc y nghia nhu thé!"

Nhitng ndm qua NXBGDVN da c6 nhiéu dong
gop tich cuc trong viéc ho trg sich ti€ng Viét
cho cong dong ngudi Viét Nam ¢ nudc ngoai cing
nhu sy tham gia tich cyc trién khai Dé an "Ngay
ton vinh ti€ng Viét trong cong dong nguoi Viét
Nam & nudc ngoai giai doan 2023-2030" thong
qua cong tdc phdi hgp vdi cdc cd quan dai dién
Viet Nam ¢ nudc ngoai va Gy ban Nha nudc vé
nguoi Viét Nam ¢ nudc ngoai - Bo Ngoai giao
tdng cac "TG sach tiéng Viét" cho nhiéu cong
dong kiéu bao trén thé€ gidi, gop phan xay dyng
khong gian van hod hoc va doc tiéng Viét, dong
gop hiéu qui vao viéc cd vii, khuyén khich ba
con & xa T qudc hoc tap va sif dung tiéng Viét,
thé hién sinh dong tAm long vi cong dong ngudi
Viét Nam & xa T8 quéc.

Tai budi trao ting sich, lanh dao NXBGDVN
va Téng lanh sy Viét Nam dugc tién cd tai Khdn
Kén vudng qudc Thai Lan di trdo ddi bén canh
vitc xdy dyng cdc ti sich ti€ng Viét con md
rong phéi hgp t6 chitc cac khoa tap hudn gidng
day ti€ng Viét tai dia ban dé nang cao gin giit va
phat trién ngon ngi va vin hoa Viét cho ba con
kiéu bao ngudi Viet Nam tai 20 tinh Dong Bic
Thai Lan.

BAN TRUYEN THONG
(Nha xudt bdn Gido duc Viét Nam)

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

G PN U TR HikH Ho PHANG

o,

c
CHOBOC SINH LGP

(GV THCS Ldm Thao, Lam Thao, Phil Thg) j

TRUNG HOC € S
Cuyec trj hinh hoc 12 ndi dung quan trong va thudng
Xuyén ¢4 mit trong céc dé thi hoc sinh gidi Toén
16p 9 cling nhu @& thi tuyén sinh vao 16p 10 THPT
va THPT chuyén. Vi vy viéc rén luyén ki ning
gidi toan cuc trj hinh hoc phéng cho hoc sinh 1a
diéu cAn thiét va hitu'ich. C6 nhiéu phuong phap
dé giai toan cyc tr hinh hoc phing nhu: Van dung
quan hé glua ducmg vuong goc va duorng x1en
ducmg x1en va hmh chleu Van dung cac bat déng
thirc trong tam glac!:, Van d{ung‘ céc bat d;mg thirc
trong dudng tron; Van! dung géc b'c"it dang thirc dai
s6 ¢b dién; ... Tuy nhién phuong phap sir dung bét
dang thirc cb dlen la mot trong nhung chia khoa
quan trong glup chung ta g1a1 quyet cac ba1 toan
cuc trj hinh hoc phang cho hoc smh Iorp 9.

1. Phu’o’ng phap su dung bat dang thlrc
Bunyakovsky(BCS) k. bi Ol

a) Kién thiic can nh¢,

B4t déng. thirc Bunyakovsky: Cho /hai day

a;0;5.-a, vd bl,b;’-*bn, batl‘a? ta .CO T

(ab +ab, +.. +ab,)

<(af +a} +..+a)(B} +8} +..+?).

Ddu“="xdyra < teR:ia =th (i=1,2,..,n)
d (0 g
& Jd=L=.=L(}=%0
0 Bl A

b) Déu hi¢u cdc bai todn cuc trj hinh hoc phing
gidi bing phuong phap sir dung bit ding thirc
Bunyakovsky

- Tim gid tri 16n nhit cta biéu thic c6 dang
a.MA + bMB do 4 beR

MA? +MB = const (hing so) Khi d6 ding bat
déng thirc Bunyakovsky ta c6:

(aMA+bMBY <(a* +b*)(M4* + MB?),

trong va

tir d6 ta tim dugc gid tri 16n nhit cia biéu thirc
aMA+b.MB . |
- Tim gid tr nh6 nhét cta biéu thic MA’ +MB’,
trong d6 a.MA+b.MB=const va a,beR. Khi
d6 sir dung bt déing thirc Bunhiaxopxki ta c6:
(a.MA+bMBY <(a* +b*)(MA® + MB?)

(a.MA +b.MB)’

= MA* + MB* 2 e
a +b

tir do ta tim dugc gia tri nho nhét cta biéu thirc
MA* + MB®.

- Tim gi4 trj 16n nhit ctia chu vi tam gidc, gi trj
16n nhét chu vi tir giac, ...

¢) Cac thi du minh hoa

Thi du 1. Cho nita dwong tron (O;R) dwong kinh
AB. M la mét diém chuyén déng trén mira duong
tron. Xdc dinh vi tri ciia diém M dé MA +~J3.MB
dat gid tri l6n nhat. H

Lai gidi.
; TOAN HOC
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A 0 B

Ta c6 AMB=90° (gbc noi tiép chin nira duong
tron). Ap dung dinh 1i Pythagore cho tam gidc
MAB vuong tai M, ta c6:

MA* + MB* = AB* =4R%.
Ap dung bét ding thirc Bunyakovsky , ta c6:

MA+\/§MBS\/(12+J3_2)(MA2+MBZ) '

=\44R* =4R (khong dbi)

Déu "=" x4y ra khi £A=@QM£=\/§
1 3 M4

o tand=3 o 4=60"
Vay MA+3.MB dat gi4 trj 16n nhit 13 4R khi
M nim trén nira duong tron va A=60".

Thi dy 2. Cho duong tron (O;R) duong kinh AC,
diém B thay doi trén dwong tron va B khong tring
véi A, C sao cho BC>BA. Ké diy cung
BD 1 AC tqgi H. Trén HC ld'y dié)n E sao cho E
doi ximg 'voi A qua H. Duong tron' (0") dwong
kinh EC cat BC tai 1(1#C). Tim vj tri ciia diém

B dé chu vi tam gidgc IHO' dat gid tri Ién nhat.

ok

e
1

Léi gidi.

(L

D
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Chimg minh dugc tr gidc ABED 1la hinh thoi
=DE//AB, mi EI /| AB (cing LBC)

= D,E,1 thing hing = E, = E, (d6i dinh).
Vi AO'IE cantai O'nén E\, =i; , do do:
(1).

Lai vi ABID vudng tai I, IH 1i dudng trung
tuyén nén suy ra: HI=HD= AHID cén tai

H=1=D (.

~

Tir (1) va (2)'suy ra: = I, +f; =Z)\, +E; =90’
= AIHO' vudng tai 1.

Ta c6, chu vi AIHO' béng

=[H +10'+ HO',

CA”{OY
tiohg 46 HO' = %AC 'R (khotig dbi). Do d6 chy
vi AIHO' 16n nht < IH + 10" 16n nhit.

Ap dung bt ding thirc Bunyakovsky, ta c6:
(IH +10")" = (1IH +1.10")°
s(r+1)(mH? +107)
LIHOPIERE
=SIH+I0<R2 =C,, <RV2+R.
Déu "="xiy ra < [H = I0' < AIHO' vuong cén
tai /| =IOH=45"=ACB=22,5=B nim

trén AC 520 cho sd AB = % sd ZE‘

Vay chu vi AIHO' 16n nhét bing RY2 +R. Dhu

n_n

xdy ra’ < B nim trén AC sao cho
sd 4B = % sd AC. C62 vitri ctia diém B nhu vay.

Thi du 3. Mt nha dia chdt hoc dang ¢ tai diém A
trén sa mac. Anh Gy mudn dén diém B va cach A
mét khoang la 70km. Trong sa mac thi xe anh dy
chi ¢o thé di chuyén véi van toc la 30km/h, Nha
dia chat ay phdi dén dirgc diém B sau 2 h. Vi vdy

néu anh dy di thing tir A dén B sé khong thé dén
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ding gio. May man thay ¢o mot con dwong nhira Téng thoi gian ma nha dja chdt hoc di tir 4 dén
song song voi dwuong noi A va B va cich ABmot B 11 T =t,+t,+1,

doan 10km, Trén dwong nhwa nay thi xe ctia nha

V210 Y10 70-(x+)
30 30 801
Ap dung bét dang thirc Bunyakovsky, ta ¢6:

. A \ r X X A P.s A &
dia chat hoc nay cé thé di chuyén vai van toc

50knvh. Lam thé ndo dé nha dia chat hoc dén

sam nhat (dam bdo trong khung gio: cho phép).

Lai gidi, Jxt +10° =\/(x2+102)(—9)—+16)2.2.x+i10

25 25

5
4 70 km B 3
=§x+8
Sa mae 10 km
Dudng nhya x Y =>\fx2+102 >_1_ 3_x 8
H c b K 30,11 30\ 15 O )
Xét hinh v& nhu trén. Chia quing dudng di dugc Déu "=" x4y ra khi
theo ba giai doan sau: , ’ -3—-x—i'10 J..4s 2 _E
Giai dogn I: Di tt 4 dén C (tir sa mac dén NS TG BRI
due ;
uwong nhya song song) - b /yz +10% _ 1 (3y
Giai doan 2: it C dén D (mot quing duong TUOPEHL faCUNg ¢6: —=—rm—2 2 == 48 |
trén dudng nhua)- ' 1 DAu "=" xay ra khi
Giai doan 3: Pitr D dén B' (tir diém ket thic D 3 4 3 2 15
trén dudng nhya di tiép dén B quasamac). §:y=§:1°©§:y:‘2§‘i’y=?

Pit HC=x,DK =y (0<x,y <70). .

A 1 =>T23—10(3?x+8)+3L(§J_’+8) 70-(x+y)
Quéing dudmg di tr 4 C 1: x* +10° (km). 0\3 50
| x 4 y 47 x y 2

oo fa a A1 ik 4R m—t— T — =

ThmgxandltrensamactuA\—-)C'vmvantoc 50715 50 15 5-50 50 15

30kenthy B £ = Y2 it .+ Diing thic xéy ra ki va chi khi x =y ==
30 :

e A Vay thoi gian ma nha dia chit di tr 4 dén B it
Quiing duong di tit D — B la: \/y? +10% (km). e

. _ U7 bt 2 (n).
Thoi gian di trén sa mac tr D — B voi vén toc 15

4 +102 A . h’ ".d b;td: thr C h
30km/h 1a: ¢, =‘___Vy30 (h). 2. Phwrong phip sir dung bat ding thirc Cauchy

a) Kién thirc cAn nhé
Quing dudng ditr C— D la: Bt ding thirc Cauchy:

€D =70~(x+y) (km). Cho n 56 a,;a,;...a, khong am, ta co:

+..+a
a_1-+._az—+"— 2> n'alaz'“a" .

I i)
70— (x+y) ' y
Gy () Déu “=" xdy ra khi vachi khi a,=a,=..=a

Thoi gian di tit C — D véi van toc 50km/h '1a:

n

g TOAN HOC
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b) DAu hi¢u cdc bai todn cye trj hinh hoe phing
giai bing phwong phap sir dung bAt ding thire
Cauchy

- Tim gié trj nhé nhét ciia biéu thirc a.MA4 + b.MB,
trong 46 a,b>0 va MAMB = const. Khi d6 4p
dung bdt ding thic
a.MA+b.MB 22\ ab.MAMB, tx @6 tim dugc gia
tri nho nhét cia a.MA + b.MB.

Cauchy ta co

- Tim gi4 trj 16n nhdt cia MA.MB,
MA + MB = const. Khi d6 4p dung bt ding thirc

MA+MB).
Cauchy ta ¢c6 MAMB SQ

trong do

, tir d6 tim

dugc gid trj 16n nhét cia MA.MB.

¢) Cac thi du minh' hoa ¢ g7 o0

Thi du 1. Cho diém M thay doi bén ngoai duong

tron (O;R), tie M ke tié'p tuyén MA voi duong

tron (4 la tiép diém), diong flufng qua O vuong

goc voi. OM cat tiép tuyén MA tai B. Tim vi tri
; i i ke o

diém M dé tam gigc MOB ¢ di¢n tich nhd nhat.

Lo gidi,

Ta co:

Sawos =';‘OAMB=%RM,B;,=%R'(M+AB)'. ¥

Ap dung hé thire lugng véo AMOB: vudng tai O
tacé MA.AB=04"=R", (khong dm)
Ap dung bat déng thirc Cauchy, ta c6:

MA+ AB 2 2JMAAB =3JR? =2R:

TOAN HOC
4 °Tu61¢e S8 572(2-2025)

Khi d6 SAMOBZ-%R.ZR:Rz. Diu "=" xay ra

& MA=AB=R & OM =RV2 hay M nam trén
duomg tron tAm O bén kinh bing RV2 .

Thi dy 2. Cho dwong tron (O;R) dudng kinh AB
¢6 dinh va dwong kinh CD thay doi khong tring
voi AB, 1iép tuyén tai A ciia dwong tron cat cdc
dwong thiang BC,BD lan luot tai E,F. Goi P,Q
lan lugt la trung diém cia AE,AF. Xdc dinh vi
tri cia duong kinh CD de tam gtac BPQ co dién
tich nhé nhat.
Lo gidi. Ta co:
Sasrg = %BA.PQ

“R(PA+4Q)

=%R(AE+ AF)

Ap dung hé 'thic
lugng vao ' ABEF
vuéng tai B
duong cao BA , ta co:
AE.AF = AB?

v()'i‘Q

=4R?,

Ap dung bt ding thirc
Cauchy, ta c6: ¥

AE + AF > 2JAEAF =2J4R* =4R.
Khidé:

Spspg 2 ;R 4R = 2R2 ‘

Déu "=" x4y ra <> AE = AF < ABEF vudng can
tai B <> ACBD la hinh vudng <> €D L 4B.

Vay khi duéng kinh, CD vubng géc véi dudng
kinh 4B thi ABPQ c6 dién tich nhé nhét bing

2R%.
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Thi du 3. Mgt cdi ao hinh chiv nhat, tai mot goc
nho cia ao ngueoi ta dong mot cai coc o vi tri K
cach'bo AB la 1 mva cach bo AC la 8 m, roi ding
mgt cdy sao ngan nigt goc nho cua ao dé tha bév
(phan in d@m nhi hinh vé). Tinh chiéu dai m,wfu
nhat cua cdy sio dé cdy sao c6 thé dong thoi

cham vao hai bo' AB AC va vdo cdi coc K (bo

qua duong kinh cia‘¢dy sao va 'cid cdi toc).

(VEI 4
K 4 \
il i
M-y e {2~ (O c
Loi gidi . eI /
B

AF 0 il o
Goi P,Q lan lugt 13 giao diém cia ééy $40 vdi hai
bd AB,AC.E,F 1in lugt 13 hinh chiéu ciia X

ten AB,AC. Khi 46 KE=AF=1m,
KF = AE =8m. |
Taco: KE/IAQ =>—K—E-—-£€
AQ P4
KE PE 1 PE
= = = =
AF+FQ PE+E4A ~1+FQ PE+8
14 roiPEX8 | 8
PE PE
8
=FQ=
O=7F

Ap dung dinh'Ii Pythagore cho A4PQ vudng tai
A, taco: EQz.;;APZ +40% - v i

=(AE + PE)" +(4F+ QF)". .

8

. : =(8+PE)2+(1+FE) '

,=64+16PE+PE’+1+£+L4-

PE " PE’
=(8PE+8PE+ﬁ7)+(PE2+i+—8—J+65-
. PE PE PE

Ap dung bat dang thirc Cauchy cho 3 sb duong, ta
co:

3{/1952.1.1 + 65

PQ 23d8PE 8PE—64—
PE’ PE'PE

=3.16+3.4+65=125
= PO 2 55.

fop e PE=2 [4P=10
Dau "="xayra < = .
QF =4 |40=5
(D& kiém tra v6i AP = 10, AQ = 5 thi K thudc canh
PQ). Viy chidu dai ngén nhét cia cdy sao dé cay
sd0 ¢ thé dong thoi cham vao hai by AB, AC va

vao cai coc K 1a; 5\/5 m.

3. Phuong phip si dung bit déng thirc
Minkowski

a) Kién thirc cin nhé

Bit ding thirc Minkowski:

Cho hai day sé thuc (3855
(Brbyo.n

,a,) vd

b, ). Khi dé ta luén cé:

Jat + b +Ja? + 0} +..4Ja} + B}

2\[(a1 ‘ogt..¥a) +(b +b, +..+h).
Déu "=" xdyra IteR:a,=1th (i=1,2,...,n)

a
== (6,2 0)

b) D4u hiéu cdc bai toan ¢we tri hinh hgc phing
gidi bing phwong phép sir dung bt ding thirc
Minkovsky

- Tim gi4 trj nho nhit ciia biéu thic c6 dang
Ja& +52 +4c +d”* , trong d6 a,b,c,d eR. Khi

'd6 4p dung bit ding thic Minkowski ta cé

Ja? +0% +c* +d* 2J(a+g)2 +(b+d) ,tu dé

TOAN HOC
! CTudilre

S
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im dugc gi4 trj nhd nhit cia biéu thic

Ja? +b* +\ct +d* . Dhu"="xdyra < ad = bc.
- Tim gid tri 16n nhat cua biéu thic c6 dang

\/(:+c)2 +(b+d)",

46 4p dung bit ding thic Minkowski ta c6
J(@+c) +(b+d) <o+ +V +d?, tir do

tim dugc gia tri 16n nhit cia bidu thic

trong 46 a,b,c,d eR. Khi

J(a + c)2 +(b+ a')2 . Du "="xédyra < ad = bc.

c¢) Cac thi du minh hoa.

Thi du 1. Hai vi tri A va B cdch nhau 615 m va
ciing nam vé mét phia bo song. Khodﬁgcdch tir A,
B dén bo séng lan heot la 118 m va 487 m (nhu
hinh vé). Mot nguoi di tir A dén bo song dé ldy
nuoc mang vé B. Doan duong ngdn nhdt ma
nguoi do c6 thé di duge bang bao nhiéu mét (lim

tron den mét).

Loi gidi.

Goi C,D lan lugt 1a hmh chleu vudng goc cua
A,B trén bo song. Ké AF 1 BD.

Ta co: BF =487 —118 =369m.

6

TOAN HOC
* Cludilpe

S6 572(2-2025)

Ap dyung dinh 1i Pythagore cho AABF vudng tai
F ,tacod: AF =+/615% -369* =492 (m)=CD.
Dit CE=x (0<x<492)= ED =492 - x.

Quing dudng ngudi d6 di chuyén 1a:

AE + EB=\x +118" +,/(492x)} +487".

Ap dung bt ding thirc Minkovsky, ta c6;

AE+EB> \|(x+492-x) +(118+487)’
= /608089 = 780.
DAu "=" x4y ra khi
487x=118(492 - x) < x ~96m.

Viy quing dudng ngin nhit ngudi d6 c6 'thé di
duoc la 780m.

Thi du 2. C6 hai chiéc coc cao 10 m va 30 m lan
lwot ddt tai hai vi tri A va B. Biét khodng cdch
giita hai coc b&ng 24m. Nguoi ta chon mét cai
chét 6 vi tri M trén mat dat nam gura hai chan c¢t
dé giing ddy n01 den haz d‘mh C va D cla coc
(nhu' hinh vé) Hoi ta phat dat chot & vi tri nao dé
tong d¢ dai ciia hai sgi day do la ngan nhit.

D

30m

y| M B
24m

Loi gigi. D3t AM =x (0<x<24)= MB=24-x.
Tbng 49 dai clia soi day la:

CM + MD =\/102 +x? +\/302 +(24—x)2.

Ap dung bat dang thirc Minkowski, ta co:
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CM +MD 2 J(10+30)’ +(x+24-x)’
=/2176 =834,
Diu "=" xdy ra ¢>10(24 - x)=30x &> x=6.

Viy ta phiai djt chét & vi ti M sao cho
AM =6m,BM =18m thi tdng 49 dai cua s¢i diy

ngiin nhdt bing 834 m.

4. Bai tiip ty luyén,

Bai 1. Mt ngon hai ding dit tai vi trf 4 6
khodng céch dén by bién 1d 4B =5km. Trén bd

bién ¢6 mdt cdi kho & vj tri C cich B m{t
khodng 7km. Ngudi canh hai ding c6 thé chéo dd

tr 4 dén M teén bd bién vé6i viin tde 4km/h 1di
di bd dén C véi vin toc 6kmvh. Vi tri cuia diém

M cich B mot khodng bao nhiéu dé ngudi do di
dén kho nhanh nhit?

Skm

7 km
B M (&

Bai 2. MOt ngudi dan 6ng mudn chéo thuyén o vj
tri A t6idiém B vé phia ha lwu by d6i dign, cing
nhanh cing tét, trén mt bd song thing rong 3 km
(nhu hinh v&). Anh c6 thé chéo thuyén cia minh
truc tiép qua song d& dén C va sau d6 chay dén
B, hoiic c6 thé chéo tryc tiép dén B, hojc anh ta
¢6 thé chéo thuyén dén mét diém D nidm giira C
va B va sau d6 chay dén B. Biét anh dy c6 thé
chéo thuyén 6km/h, chay Skm/h va quing
dudng BC =8km. Biét vin toc cia dong nudc 1a
khong déng ké so véi tdc 4 cheéo thuyén cua
ngudi din ong. Tim khodng thdi gian ngin nhat
(dom vi 13 gi&) d& ngudi din dng dén B .

3km

R I
8 km

Bii 3. Cho dudmg trdn (O;R) va diy AB ¢ dinh

sa0 cho khodng céch tt O dén AB bing g. Goi

H 1a trung diém cia AB, tia HO ciit dudng tron
tai C. Trén cung nhé AB liy diém M
(M # 4,B), CM cit AB wi K. Goi R,R, lin
lugt 1 ban kinh cia dudng trdn ngogi tiép AMAK
vi AMBK . Xdc dinh vj tri cia diém M dé R .R,
dat gié trj 16n nhét.

Bai 4. Cho dudng trdn (O;R) va diém A nim

ngodi dudng tron sao cho OA=RV2. Tir 4 V&
céc tiép tuyén AB,AC véi dudng tron (B,C 1A
céc tiép diém). trén cung nhd BC ldy diém M,
tiép tuyén tai M cla dudng trdn cit AB tai D va
cit AC tai E. Tim vj tri cia diém M dé dién
tich tam gidc ADE dat gi trj 16n nhét.

Bai 5. Hai thanh ph6 A vd B céch nhau m{t con
song. Nguoi ta xdy dung mét cdy cdu EF bic qua
song, biét ring thanh phd A cach con sdng mdt
khodng 1a 5 km va thanh ph6 B céch con song
mdt khodng 12 7 km (nhu hinh v&), biét tdng 49
dii HE+KF =24km. Héi cdy cdu cich thanh
phé A mét khoang 1a bao nhidu dé duong di tir
thinh phé A dén thanh phé B 13 ngin nhét (di
theo duong AEFB).

A igerank it

TOAN HOC

S6572(2-2025) ¢ CTusitre
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HUGNG DAN GIAI DE THI CHON HQC SINH GIO1 LOP 9 TINH HAI DUONG
NAM HOQC 2023 - 2024

Ciu 1. 1) Rit gon bicu thire

\./‘\“‘ ~4(x-1) k I

Vorx3iixe

2) Cho cac so thiee x, v, = khic 0 thoa man diéu

kien x+ y+z=0. Clumg minh rang:

ox° 6)° 6:°

= + +
\".\': -y =7 ’

y =z =x
la so nguyeén.

Loi gidi. 1) Ta cé:

T e

D + Jx+J4__ )
V-2

\/:‘/_xT \/“\/‘_*_‘_1 (x 2)

|x 2| x-1
pit T=[x—J4(x-1) +y/x+ J4(x=1) (T >0)
oI —2x+ P-4(x-1)

‘—2x+2‘/(x—2) ~—2x+2|x-—2|

{4x 4 (khi x>2) sl = Jhyed 2J—

4 (kh11<x<2)=>T 2

Do do6: :
+Néu'x>2=>P=2‘x-1.(x-2)= 2
x-2 \x-1) Jx-1
#Nby 1€t 2 P v .("‘2)= =
2-x\x-1) x-1
2 ]
khi x>2
Vay: P= "’;" .
—— khil<x<2
x-1

2)Do x+y+z=0=>y+z=—x

8 T?g?-'ug% S& 572(2-2025)

w~\'\4\. (\—l) : I }

Y& =4(x-1) (l )
b

= (y-{-z)z =(—x)2 =.\'2 =>.l’2 —_}’2 '-Z2 =2)’2.

Tuong ty y’ —2° =x' =2xz; 2 =x* -y’ =2
Mitkhic: x+ y+z=02>y+z=—x

3

S(y+z) =(=x) ==X 2y +2+3pz(y+2)=—x

Sy +2+3z(-x)=- =27 +) +2 =30z

Tir d6 suy ra:
6x’ 6y* 6z’
§= e P e L
XAyl <Y uyli-gtwidt sglwx =y
2 2 2 (P +y*+2°
_\/i A A L LA A
yz oz xy xyz
_ 3.3.\)’.?:3.
0z

Cau 2. 1) Giai phuwong trinh:
20" +4x+4=(2x+3)Vad +x+2.

2) Giai hé phwrong trinh:

VX +2p4542y-1=0 ()
2(2_\9‘ +x:‘)+3y(x+1): +6x(x+1)+2=0 ()
Loi gidgi. 1) Pt t=vx* +x+2 (t>0)

ot=x+x+2=x =t -x-2.
Khi d6 phuong trinh

2 4 dx+4=(2x 43P +x42
i thnks: 21 - x-2)+4x+4=(2x+3)t
© 26 +2x-(2x+3)t=0
&+ (X +3x+2)=(2x+3)1=0
&(f+x —2xt)+3(£—t)+2=0
o (x-1) +_'3'(x—t)'+’2=0

o(x—t+l)(x—_t+-2)=0¢>[

Néu x—t+l=0.@x+‘l=t

x>-1
:>x+l—\/x +x+2<=>{

(x+]) =x'+x+2

x—-t+1=0
x-t+2=0

|
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x2-1
o oS x=1.
{x:l

Néu x—t+2=0x+2=¢

x2>-2
Dr+2—\1x +x+2 <:>{

(x+2)' =x* +x+2

x=>=-2
Ll =) € X ==,
x=—2- ‘ 3
3

Viy phuong trinh di cho ¢6 nghiém x=1; x= -_3—2

2) BK: x* +2y+520. Taco:

(2)2(2y° +2°)+3p(x+1)" +6x(x+1)+2=0
=0 (3).

Néu y=0 thay vao phuong trinh (1) vé nghiém,
do d6 y =0, khi d6 phuwong trinh (3) twrong duong

voi: Z(xtl) +4+ 3(x+l)

4 y?

< 2(x+1)" +4y° +3y(x+1)’

=20 +4+30 =0 (véi =210
y

©2(f +8)+31(r+2)-6(r+2) =0
o (r+2)(20 -t+2)=0

t+2=0
o ’
2t* —t+2=0 (v6 nghiém)
x+1

V6i t+2=0=>—==22y=—(x+1).
¥y

Thay vao phimng trinh (1) ta dugc:
Jx—x+4-x-2=0

oVl -x+d4=x+2

x=-2 "
= . < x=0.

X -x+4=(x+2)
Véix=0tasuyra y=—%.

Vay hé da cho c6 nghiém (x; )= (o;-%).

Céiu 3. 1) Tim tdt ¢ca cae so nguyén x,v,z thoa

man 3x° + 6y +22° +.s\ %2 _24x=-15.

2) Cho a, b la cic so ne nhién thoa man:
2a° +a=3b" +b. Chimg minh 2a+2b+1 va
3a+3b+1 déu la cdc 56 chinh phicong.
Loi giai. 1) Ta cé:
3x7 +6y" +222 +3y’27 —24x=-15

& 3(x* -8x+16) +3y* (2 +2)+22° =33

& 3(x—4) +3y}(21 +2)+27 =33 ()

=3(x-4)’ <33 (x-4) <11

= (x-4)" €{0;1;4; 9}.
THI1: (x-4) =0 x =4, thay vao phuong trinh
(*) ta duge: 3y’ (z2 +2)+ 222 =33, tir ddy ta suy
ra 2:'13 ¢ 2% i3va 227 <33=> 27 €{0;9}.

+Néu 22 =0=> 6y’ =33 )* =12l (loai);

+Néu 27 =9= 33y’ =15 )* =;—§- (loai);

TH2: (x—-4)2 =1, thay vdo phuong trinh (*) ta
duge: 3)° (z2 +2)+2z2 =30, tuong ty nhu trén
ta suy ra z* €{0;9}. Xét timg trudng hop khong
ton tai s6 nguyén y.

TH3: (x-4)' =4, thay vao phuong trinh (*) ta
duge: 3y* (2% +2)+22" =21, tuong ty nhu trén
ta suy ra z* €{0;9}. Xét timg truong hgp khong
ton tai s6 nguyén y.

TH4: (x—4)2 =9 xe{7;1}. Thay vio phuong
trinh (*) ta duge: 3y’ (z2 + 2)+Zz2 =6, tuong ty
nhu trén ta suy ra z2° =0=> y’ =1 ye{l;-1}
= (5732) € {(7,1,0);(7,1,0);(1,1,0); (1,-1,0)}.
Vay nghi¢m nguyén cua phuong trinh da cho la:

(xy32)=(7,1,0);(7,-1,0);(1,1,0);(1,-1,0).

2) 2" +a=3b" +be> (207 ~26%)+(ab) =1}
< (a-b)(2a+2b+1)=b (*).

Do a, b 13 s5 tir nhién nén tir (*) tasuyra a—b 13
F4 A
sO tur nhién.

) TOAN HOC
S§572(2-2025) ¢ Cludifre 0
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(a-b)id
(2a+2b+1):d
=(a-b)(2a+2b+1)id* = b*:d* = bid,

md (a-b)id =>aid = 2(a+b)id, két hop voi
(2a+2b+1)id = lid =d =1,
Do d6 (a=b)va (2a+2b+1)1A hai s6 nguyén t6
cing nhau, ma (a-b)(2a+2b+1)=b'1a sb
chinh phuong, suy mdi s6 (a—b)va (2a+2b+1)
la cdc sb chinh phuong. Viy (2a+2b+1) 1a s6
chinh phuong. Mt khac 2a* +a=3b"+b

& (32’ -3b*)+(a-b)=a’

& (a-b)(3a+3b+1)=a’ (**).

Chimg minh twong tr nhu trén ta suy ra
(3a+3b+1)1a s6 chinh phuong.

Viy céc s0 (2a+2b+1)va (3a+3b+1)1a cc s

chinh phuong (dpem).

Chii y. C6 thé chimg minh (2a+2b+1)va

(3a+3b+1)la cic sb chinh phuong 14 cic sb

chinh phuong nhu sau:

Tur céch phan tich (*) va (**) ta suy ra:

(a-b) (2a+2b+1)(3a+3b+1)=a.

Do d6: -Néu a=b=>a=b=0

=2a+2b+1=3a+3b+1=1 la sb

phuong.

- Néu a#b=(2a+2b+1)(3a+3b+1) 1a sb

chinh phuong nén djt
(2a+2b+1)(3a+3b+1) =K%,

(2a+2b+1)id

(3a+3b+1)id

Goi d =(a=-b2a+2b+1) =

chinh

Goi d=(2a+2b+l;3a+3b+l):{

=[3(2a+2b+1)-2(3a+3b+1)]:d
=>lid=d=1, do d6 (2a+2b+1) va
(3a+3b+1)1a hai sb nguyén t§ cing nhau ma
(2a+2b+1) (3a+3b+1)=k> 1a sb chinh
phuong, suy mdi s6 (2a+2b+1)va (3a+3b+1)
1a c4c sb chinh phuong (dpem).

TOAN HOC
10 cusige

S48 572(2-2025)

Cau 4, 1) Cho tam gidc ABC can tai A, O la trung
diem cia BC. Duong tron tam O tiep xice voi hai
canh AB, AC tai H va K. Goi P, Q la hai diém
thuge cdae canh AB va AC sao cho POQ = ABC.

a) Chung minh rang PO la tié’p Iu_y(;’n cua dicong
tron (0).

b) 1K edt OQ tai D. Chirng minh PD vudng goc
voi OQ).

2) Cho tam gide nhon ABC co ba goc nhon va true
tam H. Goi D, E, FF lin luot la chén ba dwong cao
ké ur cac dinh A, B, C cia tam giac ABC. Ching

2 2 2
minh rang: L +(£] +(9—J > 36.
HF HD HE

Loi gidi. 1) a) (h.1)

Hinh 1

Vi tam gidc ABC cén tai A nén C = B két hop véi
a8 bai POO =B = POD=B=C.
Ta c6:

POQ + POB +QOC =180° = B+ POB + BPO
= POQ +Q0C = B + BPO.
Ma POQ =B = QOC = BPO.
Xét hai tam gidc BPO vA COQ ¢6 BPO=00C

~ o BP OP

va B=C = ABPO ~ ACO g)D—=—.

0 (e8) =500

Ma CO = BO nén EI:=Q’ mi POQ=B
BO 00

= ABPO~ AOPQ (c.g.c) = P, = Pa.
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Ha ON L PQ Qi N. Vi Py=P:= ON=0H nén
PQ 1A tiép tuyén clia dwdng trdn (O).
b) (h.2) Theo tinh chét tidp tuyén suy ra
AH=A4K, 4AB=AC
- :‘Z AKX . HK /1BC = D\ =Q0C = P;

4

Hink 2

Goi E 1 giao diém cia HK v&i OP. Xét 2 tam gide
EPH va EDO ¢ D\ =P;va PEH = DEO (d6i
dinh) nén = AEPH ~ A EDO (29)

=AEPH ~A EDO=> L

ED EO

= AEDP ~ A EOH (c.g.)
= EDP = EOH = EOH + P, = EDP+ D
Ma tam gidc HPO vudng tai H nén

FO’?‘I‘?) =90%
Suy ra EDP+ D, =90° hay ODB=90°, tirc I
PD 1 0Q (dpem).
2)

AACD ~ ABHD;A4ABD ~ AAHF

AC _ 4D _AF
37 BD ar O
Twong tyr ta cling ¢6:
ABCE ~ AAHE; AABE ~ AHBF

AH
T (1) va (2) suy ra:
FA+FB_AC BC _ 4B _ AC | BC
HF  BH AH HF BH AH’

Ap dung BDT (a+b)’ 24ab suy ra:

(.48) ( 4C | BC) 54 ACBC _
HF BH AH BH . AH
Dit x =830 = Spues 2 =S

DS pc=x+ytez
Siae 2.S,x BC.AD
2..84,,,s " BHAE'

Sum
4D AC
Ma A4DC ~ A4EH 4D _AC
(gg)= T

Swec _BCAD _ BC.AC
" BHAE BH.AH

BC AC
"BH AH’

Ta ¢d:

Suy ra:

SJ"B
4BY _ . BC 4AC y =z
Y E- N PORL R (e I
(m‘) BH AH 4(l+x+x)

BC B £ 4.
Tuong tyr: (HD) 24(1+;+;),

2
(&) 24(l+ +y)
- \HE) g2
: 2 2 2
Do dé: (AB) +(BC] +(CA
HF HD HE

(e} )]
Xy zZ )y x 3
249=36.

Ciu S. Cho cdc s6 thye dwong a, b, ¢ théa mdn

B o
a+b+c <= Tim gid tri nho nhat ciia bidu thiee

a(I\ +l) b(ca +1)° c(ab+ 1)’
¢ (m+l) a*(ab+1) b (be+l)
Lai gidi. Ta cé: &
: TOANH
S3572(2-2025) & CTUQ% 11
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DE TU LUYEN THI VAO LOP 10 THPT CHUYEN TOAN
(Thoi gian lam bai: 150 phit)

BAi L (2.3 didm) Gidi cde phuong trinh saw:

) Lx’+i:)-4(\- -) ~9=0,
X X

b) (\l\ +5-Jx + 2)(l+J\ +7x + 10) 3

Bai 2. (2.0 didm)
2) Cho 3 8§ @, &, ¢ khdc 0 thda min: abe = 1 va
a b ¢ O & a
+ +—=— —_——
b a * b * ¢
Chimg minh R‘% tmug 350 @, b, ¢ ludn tn i
mot sd 13 13p phuong cia mdt trong hai sé cdn lai.

b) Cho x ‘ﬁ‘l— \/-—- Chimg minh

x 0 gid tri A mdt 0 nguyén.

Bai 3. (1,0 diém) Cho céc sd duong x, y, = théa
min: x + y + z < 3. Tim gid trj 16n nhét cda bidu
thire:

A=+ 1 14y #4142 +2(\/;+J;+J;).
Bai 4. (3,5 diém) Cho dudng trdn (O; R) v diém

A nim ngoai dudng trdn sao cho 04 = RV2. Twr
A W cic tiép tuyén 4B, AC véi dudng trdn (B, C
13 céc tiép didm). Liy D thude AB; E thude AC sao
cho chu vi cuia tam gidc ADE bing 2R.

a) Chimg minh tir gidc ABOC 14 hinh vudng.

b) Chimg minh DE 1A tiép tuyén cia dudng trdn
(O: R).

¢) Tim gi trj 1én nhét cia di¢n tich A4DE,

Bai 5. (1,0 diém)

1) Trén mit phing cho 99 diém phén bigt sao cho
tir 3 diém bt ki trong s8 ching déu tim duge 2 diém
6 khodng céch nhd hon 1. Chimg minh ring ton tai
mt hinh trdn 06 bén kinh bing 1 chira khong it hon
30 diém.

2) Trén bang den viét ba sd 2;2; -\}—5
diu thye hign trd choi nhu sau: Mdi lin choi ta
xod hai s ndo d9 trong ba s6 trén bang, gid sit 1A
a va b rdi viét vao 2 vi tri vira xod hai s6 méi

Ta bit

&0 o Ia—ﬂ ddng thdi gitr nguyén s cdn li.

NG
Nhu vily sau mi lin choi trén bing ludn ¢6 ba sd.
Chimg minh ring d0 ta ¢6 choi bao nhiéu lin di
ching nira thi trén bing khong ddng thdi ¢6 ba s6

L V2 1442,

W2
HA VAN NHAN
(GV THCS Hodang Xudn, Hoang Héa, Thanh Héa)
Gidi thigu

AR R R AR AR R R R R RN A R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R R kR kR

_a(be+1)’  b(ca+1)’  c(ab+1)’
“C(catl) @ (abel) B(be+)

&Y.

ca+l ab+1 be+l

a b ¢

2 2 2

o (] o

3 c) . a . b
1 1 1 -

e~ a+— b+-

a b ¢

Ap dung BDT Schwarz:
a b2

c M(x)Ov)Oz)O),..
x y . x+y+z

12 acmgtogce S3 572(2-2025)

? § 2 2

(b+l) (c+ l) (a+l)
ta co: & + . + b
1 1

b+-

1
c+—  a+=-
a b ¢

9
a+b+c

=[(a+b+c)+$]+£. !

4(a+b+c)| 4 (a+b+c)

9 272 15 1
2 +——= n_mw =,
ZJ: el .Diu"="oa=b=c -

2avbtctmtisl 2(a+b+c)+
a b c

LE BA HOANG

(Phong GD&DT TX. Hong Linh, Ha Tinh)
Gidi thigu
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HUONG DAN GIAL DE SO 2
THU'SUT TRUOC KY THE TRUNG HOC PHO THONG QUOC GIA NAM 2028

PHAN L Ciun trae nghigm nhidu phuong dn lya

chon,
LC 2A[3A 4B 8D 6C
.D & A 9C 10.A 1.C! 1C

Ciu 2. Phuong trinh hodnh &) giao didm cda hai
A ihmsd B X —xex-ateant vt <=0
e x=0x=La= -2 Tacd bing xét ddu:
x ' 2 0 1

I exl=2x | = 0 + 0- 0 +
Diga tich hinh phing gidi han boi hai dd thi ham

" M N ) \

fiae ©m Tt m o) efve vt Y e The o v o
8O 1A ‘\“J‘k\“ X)=(x=x l«t\a”\ X 1\{&\*

¢
= j @t -..\').l\*—j(&“‘ +a% =)k --—7-‘ Chon A
Q

Ciu 4 Trae O & qua didm 4(0;2:0) VA 06 mdt
VTCP I A(QL0) nén phuong trinh tham s cda

x=0
dudng thing O 1A {\ 2+t (teR). Chon B.
2=0

Cin S Taok: lsinx-\ﬁ =0 sinx-—.i}

X
x=—+k2x
o . Trén doan [0;27], PT o6 2
J‘=T+k2t

nghitmli x=3 v xa%'-. Chon D.

Ciau 6. BK: x> 1.
log, x+log,(x=1) =1 log, x(x-1) =1

Qx(x—l)=2¢>[x=2
x==1

Két hop véi didu kién xdc dinh, suy ra phuong
trinh 04 t3p nghiém 13 {2}. Chon C.

Ciu7. Vi 2+¥+Z 1 3r+2y-3:=6 nén
3.4 |

mp (P) o6 mit VTPT la n=(3;2;-3). ChenD.

Can 0 Tacdh ¥ s e dvel>d-yx

’
x> -: Chon C,

@ l>2
Cain 1L VI AB-AC=DB-DC e CB=CB
nén ddp dn C ding.

PHAN 1L Cin trie nghigm dung sai.

Cin 1oa) Sai, b) Ding, ¢©) Duing, d) Sai.
Xéthim b £(x)= x4 ——.

x+2
a) T3p xde dinh cda ham s 14 R\{-2}.

Vxst=2

b) Dgo ham cla ham sé 14 £(x)=1-- : I
(x+2)

Q) fl(@) =1~ ! )2=0(x¢-2)°(x+2)2=l

(x+2
oy x+2=1 P x==]
X4 2=-] x==3
Viy nghidm PT f(x) =0 trén [-g;o] I x=-1.
3‘ —i =l —l -]l)l=
nén 'GTNN ‘cla him 's§ f(x)'=x+t—1i- trén

3
-=0] 120,
[ 2 ]

Ciu 2.3) Ding, b) Sai, ¢) Sai, d) Dung.
a) Hoinh d) giao didm cia dd thi ham s§

¥=f(*) v trpc Ox 1A nghi¢m cia phuong trinh
f(®)=0.
b) Phuong trinh f(x) =0 ¢6 hai nghiém phén bigt
x=21 nén dd thj him s6 cit truc hodnh tai hai
diém phan bigt.
¢) Thé tich dugc tinh theo cong thire
|
V=xI(l-—x’)1dx.

d) V=xi(l—x a'.r—%ﬁ
-1

TOAN HOC

S6572(2-2025) ¢ Tusilye
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Ciu 3. a) Dung, b) Sai, ¢) Sai, d) Sai.
Goi 4 1a bién ¢d: “Hoc sinh duge chon bj cin
thi", B 12 bién ¢d: “Hoc sinh duge chon 1 ni™
a) Xdc sudt cia bién d chon duge hoce sinh bj cin
2+47 89
240 240
b) Xdc sudt cia bién ¢d chon duge hoe sinh ni 1:
108 9

thi la: P(d) =

240
¢) Xéc sudt cia bién cb chon duge hoe sinh bj ¢in
thi, biét hoc sinh d6 13 nit 1a:
AnB) 4 7
papy=2808 2 T
P(B) 108 18
d) Xéc sudt cia bién cd chon duge hoc sinh 13 ni,
biét hoc sinh d6 bj cin thi la:
P(BNn4) 42
BlA)=——————=—,
P(B|4) P 8
Ciu 4. a) Dung, b) Sai, c) Sai, d) Dung.
Toa d A4(800;500;7), B(940;550;9).
a)Dm‘mgthing AB céphuonguinhthamsé 1a:
x=800+70¢
»y=500+25¢t.
z=T+t

b) Ta c6 AB=(140;50;2) nén do dii quing

dudng AB 1a AB=1407 +50* +2* .

¢) Vin toc ciia méy bay la:

S _140 +50° 4+ 22
1/6

t

\ 4

~892 (km/h).

d) Piém C thoa min AB=2BC suy ra toa do
C(1010;575;10).

PHAN IIL Ciu triic nghi¢ém tri 10i ngin.

Ciu 1. Dap s6: 0,24

14 "OGRe_ sseraam

Goi M 1 trung diém cia A8, O la giao diém
cia AC va BD. Tacé:
d(G,(S4C)) sG 2
d(M,(84C)) SM 3

= d(G.($4C)) = 3d(M,(S4C)).Goi H lihinh

chiéu cia M trén AC. Khi d6 MH L (SAC) nén

1 1 V2
d(M,(SAC))=MH ==BO=—=BD=—.
22 2
Viy d(G,(84C))=3. == =024.

Ciu 2. Ddp sé: 20.
Chon hé truc Oxy= nhu hinh v@ véi don vi trén
moi truc 1a 1 m.

Khi dé: A4(0;0;0), B(6;0;0),D(0;6;0),(0;0;4),
N(6;0;3), P(0;6;2). Phuong trinh mp(MNP) la
x+2y+6z—-24=0,mp(MNP) c6 mft VTPT la

n(1;2;6). mp(ABCD) c6 mét VTPT 1a k(0;0;1).

Khi dé: cosn® = oos(ﬁ,l?)l
o pos20+61] eddl
JR+22 4620 +02+12 41
Suyra n=20. O 4

]
/

Ciu 3. Pdp so: 10,7.
Chon h¢ tryc toa d§ Oxy nhu
hinh bén v&i don vi cua hai @
truc 1a dm.

Dudng parabol phia trén co
phuong trinh dang y=azcz va
di qua cic diém (-2;4), (2:4)
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nén a=1. Puong parabol phia dudi c6 phwong Ta c¢6: T=CA+CB=CA'+CB2A'B (khéng
tinh dang y=a'x’ va di qua cic diém ddi). Ding thirc xdy rakhi C= MN N A'B.

(=2;,-4), (2,-4) nén a'=-1. Di¢n tich cua hinh B
chir nhdt 13 4. 8 = 32 (dm?). /1#
Di¢n tich cia phan mau sim bing di¢n tich hinh 4 y D
phing gi6i han bdi hai dudng parabol / t
y=x'y==x' vacéc dudng thing x=-2, x=2. D /
M (& N
Ta cé: ]
i 2 ' 32
S= || -(=x* z-=—.-’l ===#10,7 (dmd). 4
:U ( )I( X 3 X =3 ~ (dm°)
Cau 4. Ddp so: 9. Khi dé: E:ﬂ.:ﬂ:l (1). Mt khac
! NC NB NB 2
i M /i 2 o<l
Goi e(C):M(xo,\o+xo+lJ voi x, >-1 MN = AD=JAB - DB
Khi d6 dé thuyén thu dugc séng tot nhit thi IM =\153-9=12km (2).
ngin nhét. Ta tim gié tri nhé nhét cia IM. Tur (1) va (2) suy ra:
2 s g2 ¥,
It‘lz =(_‘-0 +l)2 +(xo +l+—1 1) MC =4krn, NC =8km. Khi do AC—S km.
X, + "
1 Yo Cau 6. Dap so: 0,52.
2
=2(x +1) + () +2. Goi V13 bién cb: “Ban Viét thyc hién thanh cong
’ ' thi nghidm”, N 13 bién c6: “Ban Nam thyc hién
D%_itt=(xo+l) ,t>0thiIAl2=2t+2+;. thanh cong thi nghiém”.

Tacéd P(V)=0,6 va P(N)=0,7. Khi do:

Xét ham s6 y=2t+2+1, t>0.Tacé:
2f ¥ UN. 1a bién cé: “C6 it nhit mot ban thuc hién

1 ] :
? '=2__)~ '=0@t=_. 3 O 1 1em™™
y 7 y ﬁ thanh cong thi nghi¢ém”;
1 VNUVN 1a bién cé: “Co diing mot ngudi thuc
t |0 —_ +00
V2 hién thanh c6ng thi nghiém”.
y e A s Tacé: P(Y UN)=0,6 +0,7-0,6.0,7=0,88 va
\ P(VNUVN)=P(VN)+P(VN)
y | f( 1 ) =0,4.0,7+0,6.0,3=0,46.
2 Xac suét can tinh 1a:
¥ £ o 1 73 ~r
Ham s6 dat GTNN tai xo=q-—l. P(?NuVﬁWuN):P(VNUVN)
P(VUN

Vay n=4a=2b=1=>an+b=9. 046( 24 )
Ciu 5. Pdp s6: 5 =2—=""x0,52.

i 0,88 44

5 A, d.{- 3 '-A N o 5
G‘Ql Don ):m% w;c:lnh ?ua 11'115.’,~ D lz: tr.ung diém QUACH THI T 5T G
W NE. Dp. A, b Gphoén A" eiling o) dinh. (GV THPT THPT chuyén Hing Yén)
TOAN HOC
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THU SUC TRUOC KY THI TRUNG HQC PHO THONG QUOC GIA NAM 2025

DE SO 3
PHAN 1. Thi sinh tra 10i tir cau 1 dén ciu 12.
Mai ciu hoi thi sinh chi chon mgt phwong dn.
A N L - Y a
Cau 1. Cho him s0 y= f(x) ¢d bang bi¢n thién

nhar sau:

X —0 -1 2

fx) *

N2

b 2 4 N .4 a 2 2 2
Ham s0 da cho nghich bién trén khodng nido dudi

+00

0 - 0 + !

F(x)

day?
A. (-L1:2). B. (-5;1).
C. (Z+). D. (~o0;-1).

1
Cau 2. Nguyén ham cua him s6 f (x)=— trén

khoing (0;+0) I

1 I’.“';;:4F(:L
X

G -l—‘+C. D. %+C.‘
4x X

Ciu 3. Trong khong gian véi hé truc toa d Oxyz,
x+2 _y¥-l Al

dudng thing A: = = cd mdt vecto
R o i Sl 0 =205 il 6 T
chi phuong la _
A.a=(3-21). b=(2;-1;-3).
=(-21L3). D. d =(3;2)).

Ciu 4. Bang dudi ddy ghi lai téc do cia mot sb
chiéc xe 6 t6 khi di qua mot diém do tdc do:

l :
Técdo i . '
o rsosz) ! [52:54) | | [5456) | (56:59) | (58:60)
| Soxe | g ‘
3 o1b ' 40 ; 32 ; 25 20 8 !

Khoéng bién thién (don vi: km/h) ciia miu sb liu
ghép nhdm trén 13

A. 8. B. 10.

C. 6. D. 12.

TOAN HOC
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(Thai gian lam bai: 90 phit)

Ciu 5. Tiém cdn xién cua d6 thi ham so

2_
y:f—;%‘]—"l ¢6 phuong trinh 13
A y=x+1 B. y=x-1.
C.y=x+3. D. y=x-3.

Céu 6. Hinh phing dugc t6 dam trong hinh vé
dudi c6 dign tich bing S. Khing dinh ndo dudi
day l1a ding?

);T y=-x49

M )
4
X

o 1 2

2 2
A.S=[@-x*-2x)dx. B. §=[(10-¥ -2x)dx
0 0

C. §=[(10+2c-)dx. D. §=[(¢ +2x-8)dx.
0 0

Cau 7. Cho hinh chép S.ABCD c6 day ABCD la
hinh binh hanh, 4ABD 1 tam giic vudng tai B,SA

vudng géc voi diy va SA=ABV3 (tham khao
hinh duéi). Géc nhj dién [S, BD,C] bing

A. 60°. B. 120°. C.135°  D. 45°.
s
4
B C

Cau 8. Cho ham s6 y=ax* +bx* +¢ c6 db thi la
dudng cong trong hinh duédi. Piém cyc tidu ciua dd
thi ham s da cho c6 toa d§ 13
T
2

-

: >
l\x

C. (2).

[

A. (-1;2). B. (0;1). D. (1,0).
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Ciu 9. Trong khong gian véi h¢ tryc toa d§ Oxyz,
mdt cau (§) ¢ tdm 7(2:-3;1) va ban kinh R=2
¢6 phuong trinh la

A. (x=2+(p+3) +(z-1)' =4,

B. (x+2) +(»=3) +(z+1)’ =2.

C. (x+2+(»=3) ' +(z+1)’ =4

D. (x=2) ' +(»+3)* +(z=1)*=2.
Ciu 10. Cho cip sd nhin (a,) c6 a, =3 vi
a, =6. S6 hang @, cua cdp sd nhan 1a

A.18. B. 192 C. 21. D. 96.
Ciu 11. Nghi¢m cta phwong trinh log,(x-2)=4

1a
A.x=83. B.x=79. C.66. D.x=64.

Ciu 12. Cho hinh chép tir gide S.ABCD cb diy
ABCD 14 hinh binh hanh vd G 12 trong tim cua
tam gidc SCD. Phit biéu nao sau diy ding?

A. AG=24B+AD+4S.

B. AG=AB+2A4D+4S.

C. AG=175+27p+ 135
3 3 3

Y Ty My, My
3 3 3

PHAN I1. Thi sinh tra 151 tir cdu 1 dén cdu 4.
Trong mdi ¥ a), b), ¢), d) & moi ciu, thi sinh
chon ding hoic sai.
Cau 1. Xét hinh hop chir nhit ABCD.A'B'C'D’ ¢b
diy ABCD 1a hinh vudng canh bing a. Goi
M,N,P theo thir ty 13 trung diém cua céc canh
A'B',CC', AD. Biétring BM vi NP vudng goc
vGi nhau.

a) Goc giira hai dwong thing AC va B'D’ bing
45°,

b) Khoing cich giira hai duong thing BP va
MC' bing V2a.

c) Néu ¢ 1a goc giira duong thing CD'va mit

V3

phing (MNP) thi cosp=—=-

d) Thé tich khéi tir dign AMNP bing %a’.
Ciu 2. Mt hé thuy dién c6 9 dap tran, mdi dp cb
thé xa nude véi toc d tdi da 1a 500(m’/s). Do
mua lién tyc nén myc nuée trong hd 1én cao dén
mirc bdo ddng va phai xa Iii khin cép. Khi c6 1énh
xd lii, ngudi ta mo trude 5 dip tran va sau d6 5
phit mé tiép 4 ddp tran con lai. Biét ring tc 4o
hru lwgng nude qua mdi dap tai thoi diém ¢ (gidy,
ki hiu 1a s) 18 w(t)=kt(m’/s) cho dén khi dat
tdc do tdi da, trong d6 ¢ 1a thoi gian tinh tir lic
dap 46 duge m& va k 12 mdt hing sb. Gia sir sau
30 phut tir khi c6 1¢nh bit diu mé dép xa 1, hwu
lugng nuéc qua mdi dip déu & toc d6 toi da va hd
thuy dién da xa dugc 7387500m’ nudc.

a) Khi chwa dat toc d9 tdi da, lugng nuéc ma mdi
dip da xa trong khoang thoi gian tr a(s) dén

)
b(s) dugc tinh theo cong thirc @ = j w(t)dt.
b) Thoi gian tinh tir khi m& ddp xa i dén khi hru
lugng nude dat toe df toi da & 5 ddp trin mé trude
Ak
1a ¢, -‘—‘T (gidy).

¢) Trong 30 phut (1800 gidy), lugng nuéc xa qua
5 dép tran dugec ma trude l1a

1800 1800
®,=5| v(tyde =5 [ kdt.
0 - 0

d) Gia tri cia hing sé & thugc khoang (9;10).
Ciu 3. Két qua khio st nhimg bénh nhén bj dét
quy ctia mt bénh vién cho thiy ty & bénh nhén
hoi phuc sau dot quy 13 35%; ty 1¢ bénh nhan
dugc diéu trj trong 6 gid dau sau khi dot quy 1a
40%; ty 1¢ bénh nhan dwgc diéu tr trong 6 gid
dau sau khi d6t quy va hoi phuc 1a 30%.
Goi A 1a bién ¢ “Bénh nhan dugc diéu tri trong
6 gio dau sau khi dét quy”.
Goi B 1a bién c6 “Bénh nhén hdi phyc”.

a) Xéc sudt P(4)=0,4 va P(4B)=0,3.

b) Xéc suét c6 diéu kién P(A4|B)=0,6.

¢) X4c sudt c6 didu kién P(B|4)=0,4.

TOAN HOC
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&) Vide dra ook nhdn vao denh vign dé didu tny
trong © @i dau sau Khi &8t quy lm ting 1y 1§ hdi

LS
phae a 1% lan,

(du 4. Trong Khdng gian v b trpe toa &) Oz,
cho ha didm A@LDBRER-1D)C021:-19),
it ad (=D e (=) +@=1)" =4 &
tam 7 vadidm D thod min b thie
3D4+2DB+DC=0

Q) Tam 7 Ot ® R (=k=k=1.

b) Didm D od a dd Id (k&-3).

¢) Duing thing @D cit mt cdu (S) tai hai
2193

13

d) Néu didm M di ddng trén mit cdu (S) thi
bidu thie £ =34 +2MB° + MC' &at gid
nhd nhit bing 672
PHAN 1L Thi sinh tri 191 tr ciu 1 dén ciu o.
Cau 1. Cho hinh ling try ddu ABCA'B'C' o6
A4'=3 v khoing cich gitta hai dwdng thing
A4.BC bing 2V3. Cosin cda géc nhj ditn
[4BC, 4) bing bao nhidu? (hmt&nhetquadé\
hing phin trim).

Cau 2, Trong khdng gian véi he tryc toa & Oz,

didm E.F thod min

cho didm 4R3I va dwng  thing
d:’:' -:-= : Mt phing (@) chira dudng

thing ¢ s20 cho khodng cich tr didm 4 dén mit
phing (@) 13 16n ohit, ¢d phuong tinh 1A
acr+dr+ez+3=0. decﬁa a+2b-3¢ bing
bao nhidu?

uu.z..\ladiph&.me&.u\mwtnip&n,
mdt phin o6 dang hinh try (dimg), o6 bén kinh diy
13 1Semva phin cdn lai 06 dang hinh nén, b
chidu cao 13 30cm (dudng cao ciia hinh nén tning
véi truc cia hinh try). Lie ddu phdu chwa 06 nwdc.
Ngudi ta ¢ nude vio phéu, mit nude ding cao
dén ngang diy hinh nén (phin tép gidp gitka hinh

18 TOAN HOC

nén va hinh try). Sau dO ngudi ta tha vao phéu do
ot vidn bi hinh cdu, bing kim
toai (khdng ngdm nude), sao
cho nd vira tidp xie vii mdt
BN ira tiép xie voi ddy cua
hinh ndn (xem hinh minh hoa).
Khi d6 mdt mrde s@ ding cao
Kn. Sau khi thi vién bi vio
phdu thi mit nwée ding cao
bao nhidu em $0 véi lic chra
tha vidn bi? (1am trdn két qua
dén hing phan trim),

Ciu 4. Gia dinh béc Ar cin xdy mdt bé chira nude
mdy dang hinh hdp chit nhit cb the tich 24m’. Ty
sd gitra chitu c20 va chidu ring bing 4. Biét ring
bé chi 06 céc mit bén va mit ddy (khong ¢6 mjt
trén). Chidu dai cla ddy b bing bao nhidu mét dé
xay b tdn it nguyen vit lidu nhit? (lim trdn két
qua dén hing phan trim),

Cau & MJt hoa vin trang tri duge o ra tlr mt
miéng bia méng hinh vudng canh 10 em bing
cich khodt di bdn phin bing nhau ¢ hinh dang
parabol (xem hinh minh hea). Biét' ring
AB =3cm,OH =4cm, di¢n tich be mit hoa vin

5 bing bao nhidu em?? (lim trdn két qua dén
hang phin mudi).

Ciu 6. Cb hai chiée hdp dymg cic vién bi: Hp
thir nhit dyng 9 vién bi tring VA 2 vién bi xanh,
hop thir hai dymg 4 vién bi tring va 5 vién bi xanh.
Liy ngdu nhién tr mdi hop ra mdt vién bi va bo ra
ngodi, sau d6 don sd bi tr hai hop lai v&i nhau vi
cho vio hdp thi ba (hdp thir ba trrde d6 khdng
chira vién bi ndo). Liy ngiu nhién mdt vién bi ot
hép thir ba, xdc sudt dé 1y duge vién bi xanh 1A
bao nhidu? (lim trdn két qua dén hing phin trim).
NGUYEN TIEN TIEN
(GV THPT Gia Vién B, Ninh Binh)
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IDII ™ WD, \N

THEO CHUONG TRINH VA \( k\un

CHUNG MINA HAL GUG BANG NHAU

‘x';s \ : muvtnmmln
' (avm»'lam:nrwmugwm,

(Av2)
Bai 9 (Lép 9). Tir diém A nam bén ngodi diomg
tron (O). ké hai tiép tuvén AB, AC véi dwomg tron
(0) (B. Cla hai tiép diém).
) Chimg minh ni gidc ABOC la tir gidc ni tiép.
b) V'é diwong kinh BD ciia dwong tron (O). Goi E
la giao diém thie hai ciia dwong thing AD wva
dwong tron (0). Duwing thang BC va dwong
40 H. Chimg minh
AB® = AE.AD = AH.AO va HDO = HBE.
¢) Ldy diém M thuéc tia doi ciia tia CB. Goi N la
chdn dwong vuong goc ké tir diém M dén dwong
thang AB. Chimg minh dwong thang BE di qua
trung diém cia doan Ihcfilg MN.
(D& tuyen sinh 16p 10 THPT, TP. Ha N,
“nim hoe 2024 2:2028)
Léi gidi. (h.13) a) Goi K 13 trung diém cia 4O.
Vi 4B, AC 1a céc tiép tuyén cla dudng tron (0)
nén OB L AB, OC 1 AC. Ta cdé BK, CK 1a cic
dudng trung tuyén img v&i canh huyén A0 cia

thang cat nhau tai

cic tam gidc wudéng BAO va CAO
=KB= KC-AZO—K\A=KO nén tr gidc

ABOC 14 tit gidc ndi tiép. | 4

b) Tacé AOBC cantai O c6 OA la tia phin gidc
clia BOC (theo tinh chit cia hai tiép tuyén cit
nhau) nén OA L BC; AHAB« ABAO (g.g)

A0 4B (P
Ta c6 BED=90° (gbc ndi tiép chin nira duémg
tron) vi- ABD =90°(do OB L AB) nén ..,

= AB' = AH.AO (1).

AABD « AAEB(g.g)
= AB' =

= AD.AE (2).

M
Hinh 13
T (1) va (2) suyra: AB* = AE.AD = AH.AO.
Ta cé: AHOB«> ABOA (g. )=QI_ e
OB O0OA
= 0B =0H.0A= 0D’ =OH.0A=> OD =
OH OD

= ADOH «» AAOD (c.g.c) = HDO = DAO (3).
Dé thiy bén diém 4, B, H, E cing thudc dudng
tron ¢6 dudng kinh l1a ABnén ABHE la ti gidc
ni tiép = EBH =DAO (4).

Tit (3) vi (4) suy ra HDO = HBE.

c) Cich 1. Xé CP L AB (P< AB), goi I 1a giao
diém cia CP va BE. Vi ABHE I tir gidc ndi
tép nén ta c6: EIC=PIB=90°-ABE=
=90°— AHE = EHC. Xét tir gidc ¢6 EIC = EHC
= BHI = BEC =180°- BDC =180°— ABH

= BHI + ABH =180° = AB// IH. Xét tam gidc
BPC c6 HB=HC va AB//IH = IC=IP. Nén
theo _bf) dé-hinh_tha.ng suy ra- BE di qua trung
diém cua doan tht"mg MN.

TOAN H
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Céch 2. Vi CP//BD= ICB=CBD=CED. Ma

E: I & w | —— S a—
CDE = CBI nén ACIB AECD(gg):E D
EB BD
T + APIB «» AEBD (g.g)=> —=—-.
uong ty (g2) TR
T d6 suy ra:
¢ EB_1B BD, CI_BDEC )
ECPI cD 1B VP CDEB

Miit khéc, dé chimg minh BE.CD = BD.CE (6).
T (5) va (6) suy ra: %=l:> CI =PI. Theo

theo bd dé hinh thang suy ra BE di qua trung
diém cua doan thing MN.

Bai 10 (Lop 9). Tir diém A nam bén ngoai dwong
tron (O:R ), ké hai tiép tuvén AB. AC véi duong
tron (B. C la cac tié}? diém). AO cat BC tai K.

a) Chimg minh ABOC la ti gidc ni tiép va A0 la
dwong trung truec cua doan thang BC.

b) Goi P la diém bat ki thuge (O) sao cho BO
nam giita hai tia BP va BC. H la chan dwong
vuong goc ke tr B .md'ng PC, M la trung diém cua
BH va PM cat (O) tai O (khdc P). Chimg minh

¢) Chimg minh A0C =90° va AC=2R.tan @

(D& tuyén sinh vio 16p 10 THPT, TP. Ho Chi Minh,
nam hoc 2024 - 2023)

Huwdng dén gidi céu b, c. (h.14)

b)

Hinh 14
Ta c¢6 KM I1i dudng trung binh cia ACHB

:m11c3:gm=g’?c=%mé‘c=éi€:=gﬁ

¢) Xét tir gisc BOKM c6 OMK =0BC nén
90°— AKQ = OKB = OMB

TOAN HQC .
20 = CTudilre__ S8572(2-2025)

= AMP=90°~0PC=90°~0CA = AKO=0CA.
Xét tr gidc AQKC c6 AKO=0CA nén
AQC = AKC =90°. Kéo dii AQ cit dudmg tron
(0) tai diém thir hai 1a D= COD =90°=> CD
la duomg kinh dutng ton  (O)
= AC = CD.tan CDA = 2R .tan CPOQ.

Bai 11 (Lop 9). Cho tam gigc ABC nhon co
AB<BC < AC ngi tiép dwong tron (O). hai
dwong cao BE va CF cat nhau tai H. AH ca;
duwong tron (O) tai diém thir hai la G; GE cgr

cua

dwong tron (0) tai diem thir hai la 1. Goi J lg
giao diém ciia BI va EF, K la giao diém ctia OA
va EF.
a) Chumng minh HF .CE.BC = HC .BF .EF.
b) Clumg minh JE = JF va DK // HJ.
¢) Goi P, Q lan lugt la cdc dif‘.m doi xtng voi O
gua CF va BE: N la trung diém cua PQ. Ching
minh rang NJ L EF.
(D& tuyén sinh vao 16p 10 THPT chuyén
Phan Bi Chau, Nghé An, nim hoc 2024-2023)

Hurdng din gii (h.15)

Hinh 15

a) Dé thiy tir gidc BFEC ndi tiép nén
BEF = BCF, suyra:
AHEF »» AHCB (g.g) =1L -EF.
HB CB

Mit khdc: AFHB «» AEHC ( =— "B
ac: h = .
' 88) =hcCE

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

HE WS BE BE
HE'HC CB'CK
= HECE.BC = HC.BF EF,
b) Ta o GOB = GAB = 90° - ABC = FCH
=D ADCH = ADCG (ge.8) = DN = GD.
D m&; cde x\i\ ABHE A AEDE odi tidp

nénABb Am Hl&f H“ N;n
= ABEF © ADEH (g8) = o ().

DY thiy cde b gide CDME V& BCEF wi tidp

adn 180° = ACB = BFE = GHE. MA Fil-:ﬁ‘
KB

nén ABK/ N AGHE (8= o GH'EE“
N

T (1) va (2) suy e -H?";ﬁ

= BF = 2K = JE = JF.

Goi M B twe tm oda tam gide AEF

= EM //FH VA EM//HE ndn EMFH 1 hinh

binh hinh=> J 1 trung didm cda HM. Ta od:

AHB=180°-ACB=180°-AFE=AME W

AEM =90°-BAC = ABH = ALEM »» A4BH (g.9)

3%3%, Vi A4EM «» A4BH (g.9)

=04E=B4D, mi AEF=4BC nén

A4KE «» A4DB(gg) Pt Ndé suy

D AB
M _AK . uM DK = HIUDK.
AH  AD ~

c)C‘chl(thTadEdingch&ngnﬁnhd\m:
5’11?::’"9 = NHQ = NHE = NHQ - OHE

= EHC-OHE =0HC (3).
. ANHOw NH _HQ _HO
Ta ob: ANHQ ABHC(g)= == (4.
T (3) vi (4 suy ra:
HE

ANHE «» AOHC(c.g.¢) = 22 - HE
OC HC

Tuong M’IIF'ﬂAOHB(c,g.c):EFir-%.

NE NF
oc -0—8‘23NE

HE  HF

\HEE o ANCH = HE _ HE ‘
: e g K& bep Vi

JE = JF ta suy ra NJ L EF.
Cieh 2 (016) Goi T, Z lan lugt 1A giao diém thir
hai cda BE vd CF véi dudmg tron (0). Khi d6
ta chimg minh duge ABAZ = ABAN vA
AFAH = AFAT nén ta & AZ = AH = AT. Goi
X, Y 1an legt 1A trung diém cia AC vA AB; L 1A
giao didm cia OQ vA BE; R 1A giao diém cia
OP vA CF. D& thiy OLNR 1 hinh binh hanh va
OLEX 14 hinh chit nhjt nén NR =OL = EX. MA
NRI/EX, do 46 ENRX 1a hinh binh hanh

™ ¢ suy = NF  (do

NE = RY --’-‘}

Hink 16

Twong t¢ NF= LY—A—zz-. T d6 suy ma

NE=NF, két hop véi JE=JF ta thu duge
NJ LEF,

Bai 12 (Lép 9). Cho ar giac ABCD noi tiép dwong
tron (0) co tam gidac ABD la tam giac nhon va
dwomg chéo AC di qua tam O cua dwomg tron
(0\. Goi I la trung diém BD, H la truc tdm- cua
tam gidgc ABD, E.la giao dicm khdc A cua Al voi
(0) va X la hinh chiéu vuong goc cuia H lén Al

a) Ching minh CEHK la hinh binh hanh va
IB* = ID* = [AIK.

b) Lav diem F trén cung nho BD cuia dwong tron
(0) sao cho BAF = DAL C img minh cac diém
K va F doi ximg nhau qua dwong thang BD.,

¢) Chimg ‘minh cdc dwong phan gidgc trong cdc
goc BAD va BKD cdt nhau rén BD,

TOAN H
‘Cl'udi%ZI
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d) Trén dwomg thing qua H va song song AC ldv
diém T sao cho TH =TK. Chimg minh cic diém
0, K, F, T cung thugc mot dweong tron.
(D¢ tuyén sinh 16p 10 mén Toan (chuyén), PTNK ,
PHQG TP. H6 Chi Minh, nam hoc 2024 = 2025)

Hirong dan gidi (h.17)

Hirh 17

a) D@ thy tir gisc DHBC 1a hinh binh hanh nén
I 1a trung diém cia HC. Ta c¢6 HK//CE (cung
vudng goc véi AE)= AKHI=AECI(g.c.g)
= IK = IE = tit gidc CEHK -1 hinh binh hanh
(do c6 hai dudmg chéo cit nhau tai trung diém cua
mdi duomg). Kéo dai AH, BH, DH lan lugt cit
BD, AD, AB i G, M, L.

TY AAKH « AAGI (g.8),AALH «» AAGB (g.g)
ta suy ra dugc; AI.AK = AH AG=ALAB

oo = A8 s AL4L 0 ABAK (0.g.0)=> Kil,= KBL.
AL AR
Xét tr gidc KIBL o6 KIL=KBL

= IKB = ILB = IBL = AIKB »» AIBA (2g)

= ID* =IB* =IK.IA.

b) Vi BAF = DAl = BF =DE = BE=DF

= ADIF = ABIE (c.g.c) = DIF = BIE = DIK.
Vi ID? = IK.JA=> AIDK > AIAD (c.g.c)

:ﬁ=ﬁ\p=%sd13§=%sdb?=ﬁ.

Tix d6 suy ra céc diém K va F doi ximg nhau
qua dudng thing BD.

¢) D& thdy AKHM 1a tr gidc ndi ticp nén
= KHB =180°~ MHK = IAD = IDK. Xét tit giéc
DHKB c6 KHB = IDK nén KDL = KBM.

292 T?ﬁw& S& 572(2-2025)

Ta d& dang chimg minh dugc ndm diém 4, L, K,
H, M cung thudc mdt dudmg tron
= E[TD:K/M\B Tir d6 suy ra:

DK LD

ALDK «» AMBK (g.g2)=>——=

T

LD

AD
= w X o) =D—=— 2).
Mit khac ALDA «> AMBA(g.g) o r MB( )

X DK AD ]
Te(l)va(2)ta ;6 FK—=—E , suy ra céc dudng
phén gidc trong cdc géc BAD va BKD ciit nhau
trén BD.

d) Goi N la giao diém thir hai cia AH va (0);
O l1a diém d6i ximg véi K qua T (h. 18).

Hinh 18

Tacéo GH=GN va IH=IC nén IG la dudng
trung binh cua tam gidc HNC = NC// BD.
Ma DF = BE = EF I/ BD. Tir d6 suy ra:
EF/INC = NF = EC = HK.

Xét AKHQ c¢6: TH=TK =TQ= HK 1 QK, mi
HK 1 AE nén HQ// AE.
Kéthop v6i HT /I AC = THO = CAE
= HTK =2THQ=2.EAC =sdEC=sdNF = NOF
= AONF = ATHK (do TH =TK,ON =OF,

HK = NF va HTK = NOF)
=TH =0ON =04 = OTHA 1a hinh binh hanh
=OT//AH va OT=AH =20l =0 va T d6i

xung v6i nhau qua BD => OKFT la hinh thang
can. Dén ddy ta d& ding suy ra cic diém O, K, F,
T cung thugc mt dudng tron.

|
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CAC LOP THCS
Bai T1/572 (Lép 6). Cho x, y 1a hai sé nguyén
thoa min 6x* =3y’ —dxy+5x-y+1=0.Chimg to
ring 5x + y + 2 1a mgt s chinh phuong.

DOAN CAT NHON
(GV THCS P. Binh Dinh, TX. An Nhon, Binh Djnh)

Bai T2/572. Cho a, b 1a céc s6 nguyén va p 1a sé
thdéa a’+b*ip*va
a(a® +16ab +b*) p*. Chimg minh ring

nguyén 6 18 man

a(@® +b°):p®.
NGUYEN BUC TAN
(TP. Ho Chi Minh)

Bai T3/572 (L6p 7). Chimg minh ring

P'=\[1'+E\/§+J...+Jﬁ

luén 1a s6 vé ty véi moi # 14 s6 tw nhién 16n hon 1.
PHAN QUANG LINH
(G VAmhmnedes Academy, Ha N¢i)

Bai T4l:72 Cho hai duong tron (O)), (02) cit
nhau tai A va B. Mgt dudng thing qua 4 cit (Oy),

(0>) lan lugt tai C va D. Trén céc cung BC, BD
(khong chira 4) cia (Oy) va (0y), ta lan lugt lay
cic diém M, N sao cho BAM + DAN =90°. Ké
ME L BC (E€BC), NF LBD(FeBD). Chimg
minh EF // CD.

PHAN TH] MUI
(GV THCS Trin Quoc Todn, TX. Tuy Hoa, Phii Yén)

Bai T5/572. Giai phuong trinh
x=V2—x3—x+\B3=xf5-x+V5-x2-x.
NGUYEN TU PHUC
(X6m Tdn Mj, xa Ninh M5, H. Hoa Lu, Ninh Binh)

CAC LOP THPT

Bai T6/572. Cho a, b, c 1A céc sd thue duong thoa

man -2-+3+6<6 va 2+3+6<6

a c D ¢ a

Chimg minh ring a + b + ¢ < abc.

NGUYEN MINH TRUONG
(SV K8, Cir nhin Khoa hoc Tai nang, DHKHTN,
DHQG Ha Néi)
Bai T7/572. Cho tam gidic ABC ¢6 BC =
CA = b, AB = ¢ théa min Ja+Vb+VJc=6. Tim
gid trj 16n nhat cia biéu thirc
1 1 1
= + - .
a+16 b+16 c+16

NGUYEN VAN XA
(GV THPT Yén Phong s6 2, Bic Ninh)

Bai T8/572. Cho tam gidc ABC cin tai A. Gia su
tryc tim / cia tam gidc nim trén dudng tron ndi

in . AB
tiép tam gidc. Tinh ty s6 —.
p 7 g ty‘ B

NGUYEN PUC TUONG

(Pleiku, Gia Lai)

Bai T9/572. Cho cac s thuc a, b thoa man

ab>0. Chimg minh ring phuong trinh

x*+ax’ +bx+m=0c6 nhiéu nhit 1a 3 nghiém
thyc véi moi s6 thuc m.

. PAOQUOC DUNG

(GV THPT Dan téc Nox tru Quy Hop, Nghé An)

TIEN TOI OLYMPIC TOAN
Bai T10/572. Cho da thirc hé s6 thyc P(x)c6 bic
2022 va hé s6 cao nhit bing 1. Biét rang P(x) c6
diing 2022 nghiém thyc phan biét khong phai 14 sb
nguyén. Gid st méi da thic P(x*-2x-1) va
P(—x*+2x+1)déu c6 2696 nghiém thyc phan
biét. Hon c6 bao nhi¢u nghi¢m cua P(x) thude
khoang (—2 2)? |
PO LE HAI THUY
(GV THPT chuyén Bdo Léc, Lim Déng)

TOAN HOC
' cTusitre 2.3
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Bai T11/572. Tim tit ca cdc b hai s§ nguyén
dwong a, b sao cho ¢* -r=2007 véi ¢ 1a thwong

va r 12 s du khi chia a® +b* cho @+b.
NGUYEN VAN HIEN
(GV THPT chuyén Lé Quy Dén, Quang Tri)
Bai T12/572. Cho tam gidc ABC khong cén tai 4,
(1) 1a dudng trdn ndi tiép. D, E, F theo thir tyr 14 1a
tiép diém cia (/) véi BC, CA4, AB. Dudng thing
qua A song song véi BC theo thit ty cit DE, DF tai
M, N. Céc dudng thing qua M, N vudng goc véi
MN theo thit ty cit IF, IE tai P, Q. Chimg minh
ring

1) Ba diém D, P, Q thing hang.

2) Ba dwdng thing DI, PE, QF ddng quy.
NGUYEN MINH HA
(GV THPT chuyén, PHSP Ha Nji)
PAO QUOC CHUNG
(GV THCS Dién Hai, Dién Chdu, Nghé An)
Bai L1/572. Cho dd thj biéu dién sy thay ddi
nhiét 4 cia khéi chit 1ng theo nhiét lugng cung
cdp c6 dang nhu hinh dudi. Biét nhiét dung riéng

cda chat 16ng d6 1a ¢ = 2500 J/kg.K.

a) Xéc dinh nhiét hoé hoi cua chét long.
b) Hiy néu cach xdc djnh nhit hoé hoi ciia chat

long bt ki bing thyc nghi¢m vai cic dung cy :
cdc, bép dun, nhi¢t ké, ddng hd bim gidy. Nhiét
dung riéng ¢ cua chit 16ng xem nhu da biét.

T:"C

B e/
80| - 9

20/ -

126 Q10°)

VIET CUONG (Ha Ni)
Bai 1.2/572. Dién ning tr m{t may phét di¢n dugc
truyén di dudi hiéu dién thé 2000 V. Hiéu suit cia
qué trinh truyén tai dién 12 80%. Mudn hiéu suit
truyén tii dién ting thém 15% thi cAn phai ting
hiéu dién thé noi truyén di thém bao nhiéu? Biét
hé s6 cong sudt bing k= 1 va cong sudt dugc xéc

dinh bing céng thirc P = kUL
THANH LAM (Ha Ngi

_ PROBLEMS IN THIS ISSUE

FOR SECQNDARY SCHOOL
Problem T1/572 (Grade 6). Given two integers x
and y satisfying '6x” -3y’ —4xy+5x-y+1=0.
Prove that 5x + y + 2 is a perfect square.

Problem T2/372. Let a, b be integers and p be an
odd prime number satisfying a’+b*:p' and
a(a2 +16ab+b’)5p‘. Prove that a(a9 4‘-b9)5p2°.

Problem T3/572 (Grade 7). Prqve that

P=\/1+\/2+J§+J;..+J;

is always irrational for every natural number n
whichiis greater than 1.

Problem T4/572. Given two circles (0,), (0,)
intersecting at A and B. A straight line through 4

TOAN HOC
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intersects (0), (0,) at C and D respectively. On
the arcs R‘, BD (not containing 4 ) of (O;) and
(0;), we take points M, N respectively so
BAM +DAN=90". Draw ME L BC(E e BC),
NF 1 BD(F € BD). Prove that EF // CD.

Problem T3/572. Solve the equation

x=V2-x3-x+3-x5-x+/5-x2-x.
FOR HIGH SCHOOL
Problem T6/372. Let a, b, ¢ be positive real

numbers  satisfying E+E+§_ 6 el
a b ¢
—2-+2+£<6. Prove that a+b+c <abc.
c a
(Xem ticp trang 42)
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Bai T1/568. Tim so nguyén dwang n nho nhdt sao
cho S(n).S(n + 1) = 155, trong dé ky hi¢u S(m) la
tong cac chir S0 clia $0 nguyén dwong m.

Loi gidi. Ta thay:
S(n).S(n + 1) =155=1.155=5.31 (*).

Gia su son = a,a,..a, ¢0 k chir sba,,a yeuey Qg
déu khong 16n hon 9. Néu a, khac 9 thi

a,a,..(a, +1)

nén S + 1) =S() + 1, lic d6 S(n) va S+ 1) 1a
hai s& nguyén duong lién tiép nén tich cia chiing
1a s6 chiin, khong théa man (*).

n+l=

Xéta,=9. Gia st sé n= a,a,..4,9..9 véi h chir sb
9 va a, khic 9 (**). Do h > 1 thi S(n) 294 =9, tr
d6 va (*) suy ra S(n) chi c6 thé 1a 31 hodc 155.
Néu S(n) = 155 thi S(n + 1) khac 1, tréi véi (*).
Vay S(n) = 31. S6 n c6 dang (**) v6i h chir s6 9
thi S(n)=31=a, +a;+..+a,+9h nén

atayt.ta =93-h)+4.
Sé n = a,a,..a9..9 nho nhit khi ¢ = 1, lic 6
ay—-4=93-5h).Do0<a <9néna, =4va
h=3.Licdon=4999 va S(n)=31,conn+1=
5000 va S(n + 1) =5, thoa man (*).
Nhgn xét. Céc ban 16p 6 ¢ 16i gidi ding 13: Ngh¢
An: Bui Hitu Anh Quén, Dinh Tri Diing, 6E, THCS
Ly Nhat Quang, D6 Luong.

NGUYEN VIET HAI

Bai T2/568. Cho doan llilflag AB. Trén cung mot
nira mat phang bo AB vé cdc tia Ax, By sao cho
BAx=140", ABy =100"
legt lay cic dtem C, D sao cho AC'= BD = AB

Tinh.sé do goc BCD

Trén cdac tia Ax, By lan

Loi gidi.

Goi E 14 giao diém céc tia phin gidc cua cac goc

EA}, ;179;' Ta co:
BAE=CAE=10°; ABE = DBE =50".

Do dé: AEB=180°-BAE-ABE

=180°-70° -50° =60".

Ta c6 AABE = AACE (c.g.c),

AEC=AEB=60". Tuong tr ¢6 BED=AEB=60",

ta thu dugc ba diém C, E, D thing hang. Vay

ACD=ACE=A4BE=50".

Vi tam giéc ABC can tai A nén
-BAC

— o
ACB—ISO

suy ra

=20%.

1

Tir d6: @=ACD -2?:73:50“ -20°=30°

-----

Cac ban hoc sinh sau c6 191 gidi tht:

Vinh Phiic: Nguyén Bdo Chéu, Nguyén Vin Hodng,
7A6, THCS Yeén Lac, Yén Lac; Ngh¢ An: Hoang
Pirc Minh, 7C, THCS Ping Thai Mai, TP. Vinh;
Cong hoa Ao: Lé Bach Hii Pang, 2B, Trudng
Quéc té Song ngit cip 2, 3 GIBS, TP. Graz; Nam
D!nh Trén Viét Khéi, TAS, THCS Trin Ping Ninh,
TP. Nam Djnh.

HO HAI

Bai T3/568. .Cho day so a,,a,,...,a,,... xdc dinh

voi moi neN . Hoi co bao

boi a,=
- on(n+1)

- ’ A S A 2 l ¢ < <
nhiéu cach biéu dien phan so 2034 thanh tong

ctia m@t 5o hitn han cac so hang lién tiép (nr 2 so
tro lén) cuia day so trén?

TOAN HOC
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Loi gidi. Gid st phin s& ——duge bidu dién
2024

thanh tdng clia mt s§ hiru han céc s6 hang lién

tiép cla ddy a,,a,,...,a,,... nghia 1

=a, +a, +..+a,;

1
2024
kmeN k<m=1,m23. Tacé:

1 1 1 1

= + 4.4
2024 k(k+1) (k+1)(k+2) (m=1)m
L 770 e e e ) U
k k41 k+1 k+2
Suyra km=2024(m - k).
Do dé (2024 - k)(2024 +m) = 2024’,
Do k,m eN'nén 2024 - k, 2024 + m déu 1 s6 tw
nhién va 1a uéc cia 2024%,
Hom nira 2024 +m>2024>2024 k. Tu dé taco
2024-k=a k=2024-a .
2024 < b 2024°

a a

m-1 m

*
-2024 ( ‘)

2024+ m=

(v6i a 1a mjt wéc sb tr nhién nho hon 2024 cia
2024%).

Vi 20247 = 25, 112 23% nén s cic uéc sb tu nhién
ciia 2024 13 (6 + 1).(2 + 1).(2 + 1) = 63, trong d6

c6 mdt ude so 1a 2024, Vi vy sé& c6 7 =31

wéc sb ty nhién ciia 2024” nhé hon 2024, tirc 1a cé

31 céch chon a. Mdi cich chon a, theo (*¥) ta tim

digc mot cip sb (k, m), nén s& ¢ mot cich bidu

di&n phén sb A thanh téng cia mot s hiru han
2024

. Chang

2023,

cic sb hang lién t1ep cua day a,,a,,...,a,,..

han, khi @ = 1 thi ta tim dugc &k =
m = 2024% — 2024 = 2024.2023; khi d6:

1 1 1
= += +
2024 2023.2024 2024.2025
1

+
(2024.2023 -1)(2024.2023)
(gdm 20237 s6 hang lién tiép cia diy da cho).

TOAN H
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Viy ¢6 31 cch biéu dién phan 50 Tmemh

téng cua mdt s6 hiru han céc sd hang lién tiép (tir
2 50 trér 1én) cuia ddy trén.

Nh{n xét. Bii todn ndy lién quan dén viéc suy luin
tinh s8 uéc s6 cia mdt sb ty nhién nhu sau: Né,
N=plp2..p (P Pysees b, 14 cic s6 nguyén 1§

phn bigt; 7,7,...,%, 1 cdc s6 tw nhién) thi s6 cac

uéc s6 cia N1a (7; +1)(r, +1)...(r,, +1).
Cé rét it ban tham gia gii bai va cho dép s6 khong
ding.

PHAM THI BACH NGQC
Bai T4/568. Cho dwong tron (O; R), day cung
BC < 2R. Trén cung lom BC lay diém A sao cho
AB< AC. Goi M la diém chinh giita ctia cung nio
BC. Ké dieong kinh MN ciia-(Q) cat BC tai H
Duong thang qua H song song véi AM cdt cung
lon BC tai I. Puwong thing Ml cat cac dwong
thing AB, AC lan hegt tai P, Q. Chimg minh rang

NE = NQ.
Loi gidi.
D
P
N
o
4
¢
o
B
H c
M

Goi D I diém déi x‘mg véi B qua 1.
D& thy HI 1 dudng trung binh ciia tam gidc BCD,
nén HI// CD, tix 86 AM /| CD. Ta ¢6 DCO =CAM.
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Lai ¢6 M 13 diém chinh gitra cung BC nén /M 1A tia
phin gide goc BIC, két hop tinh chét goc ndi tiép ta
06 CAM = CIM = QIB.

Do 46 DCQ = QIB , nén tir gidc CDIQ ndi tiép. Tir
désuyra @ =®. Ma ICA = IBA \

dintdi  AB// OD. Ap dung h¢ qua dinh Ii Thales, ta

10 _ID ) 1en 1 trung diém cia PQ.
P IB

Miit khéc, do MN 13 dwdng kinh cia dudmg trdn (O)
nén NIM =90°. Do dé tam gidc PNQ can tai N (vi
6 NT 1 trung tuyén ddng théi 13 dwdng cao).
ViyNP=NQ.
Nhin xét. Khong c6 ban ndo c6 101 gidi ding cho bii
todn trén.

. NGUYEN THANH HONG

Bai T5/568. Cho ba s6 thwe khong dm x, y, z thoa
manx +y + = = 3. Chimg minh céc bat dang thirc:

% +_‘.3 +22 Z\/;+J_\_y+\/_:2_\'.\'+_\:+:\'.

Hoi moi ddu.dang thirc xdy ra khi nao?
Léi gidi. Ap dung bt ding thirc quen thude

(a+b+c)2 SB(az +b2+c1)
tach: X +y* +2? 2%(JH»yﬂz)2 =3;

V 2
(\/;+\/;+~~/;)S3(x+y+z)=9

:5 X+ y+w/;$3. _
Do db x* +y* +2* 2/x +[y +Z. Phin thir nhét
cua bai toan dugc chimg minh.
Xét bit ding thirc thi hai:

\/J_C+ y-lHEZAy+yz+zx
,4:’:»2({/;‘+\[;+\/;)2(;+y+z)'—,(x’}y’+z’)‘.
'Qx’+y"+z’+2(s/;+,/;+\/;)29.

Ap dung bt ding thirc Cauchy cho ba s khong
am, ta cé:

o+ dx + e 2 Wl ey =3k
Tuong ty: )-’+J;+J;23)v;z’+ﬁ+ﬁ232.

Cong theo vé ba bit diing thirc trén va sir dung gid
thiét x+ y+2z=3, tadugc:

.\‘2+y2+:1+2(\/;+\[}_'+\/;)29
@J;+J;+\/;2xy+yz+zr.

Phén thir hai ctia bai todn dugc chimg minh.
Viy ta di chimg minh xong bat ding thirc:

2 +yt+s? 2\/:\-'+\/;+\/;2xy+yz+zx.
Mdi ddu ding thirc xdy ra khi vd chi khi
x=y=z=1.

Nhn xét. 1) Ta c6 bét ding thirc:

(a+b+c) <3(a*+b* +¢?)
& 2a° +2b* +2¢* -2ab-2bc-2ca 20
< (a --b)z -l-(b--c)z +(e- a)2 > 0. BDT dung.
2) C6 thé chimg minh Vx +[y +vz <3 bing cich
khac:
Ap dung bét ding thic Cauchy cho hai sé khong am,
ta co: J;Sx;I;J;Sy;I; x/;sz;l; cdng
theo vé ba BBT trén va s dung gia thiét
x+y+z=3 taduge Vx+y+Vz <3.

-----

Céc ban sau ddy c6 bai gidi tt:
Ha Tinh: Ddng Sy Phudc Pirc, 9A1, THCS Lé Vin
Thiém, TP. Ha Tinh; TP. Hd Chi Minh: Lé Khdc
Tri Nguyén, 10E2, TH, THCS&THPT Lé& Thanh
Toéng, Q. Tan Phu; Kién Giang: Pdao Pirc Phic
Nguyén, Tran Khiw Nhdt Anh, 10T1, THPT chuyén
Huynh Mén Dat, TP, Rach Gia; Thii Binh: Phan
Trung Hiéu, 10A1, THPT Téy Tién Hai; Cing hoa
Ao: Lé Bach Hai Dang, 2B, Trudmg Qudc té Song
ngit cép 2, 3 GIBS, TP. Graz.

NGUYEN ANH DUNG
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Bai T6/568. Giai phuwong trinh
16Q2x +vx) -1, 82x+3V)-1 _ o
4(3\/‘4_1) 7\/—4‘1) cua phuong trinh da cho. ‘ .
Viy phuong trinh da cho c6 duy nhat nghi¢m

1

Giai ta tim dwgc x =% va day 1a nghiém duy nhat

8(\+ \/—)7—\—7\/—4_1

eV 47 KM
Léi gidi. Dieu ki¢n xdc dinh: x 0. Nhin xét. Do 15i danh mdy, & dé ding trong sb 568,
Phuong trinh d3 cho tvong duong véi & miu cia phan thirc dau tién thiéu hé s6 3 truée
16(2x+\/;)— (2x+3\/—) 1 J— Toa soan chin thanh xin 16i ban dgc.
+1 |+ Bin chat cia bai giai phuong trinh trén chinh 13 bit
4(3‘/; " l) (2‘/; - 1) ding thirc: véi moi a,b,¢> 0 ta ludn cb
8 x+2\/; +5 ab be ca _a+b+c
+ —(————)+1 =7Jx +4 a+b+b + s A
6\/; +7 +¢c c+a
NGUYEN TIEN LAV

32x+28Vx +3 16x+34/x +4

hay \/_ + \/._ Bai T7/568. Cho tam gidc ABC co d¢ dai ba canh
LN 44 ANE*D AB = ¢, BC = a, CA = b thoa man 2b = a + «
8x+22~/" +12_, Jr44 @<D<0. Biét rang R.r =130 (vdi R, r lan heot
6~l_ +7 " la ban kinh dwong tron ngoai tiép, ngi ticp tam
Phén tich cdc tir s§ thanh nhin tr, ta viét lai gide ABCO). Tim bo ba 56 nguyén (a, b, ¢) nho nhat

phuong trinh trén thanh: théa man diéu ki¢n bai todn.
(4& +3)(8\/§+1) (8& +1)(2Vx +4) Léi gidi. Goi S, p 1an lwot 14 dign tich va chu vi
clia tam gidc ABC. Sir dung gia thiét a + ¢ = 2b (1)

+3)+(8Vx+1) (8Vx+1)+(2Vyx+4
(W) ofpie)) (o) (aled] | fypm e

(Zs/; + 4)(4\/; +3)
(2J' +4) (4J§ +3)

Pit a=4Vx+3,b=8Jx+Lc=2Jx+4 thi

=x +4. S=pr=a_ln‘¢3(a+b+c)r=abc¢ib_r_=a_ln‘
4R 2 4R 2 4R
& ac =6Rr < ac =780 (2).

Dén day c6 mét s cach giai tiép nhu sau

phuong trinh trén trd thinh Céch 1. (Cia ban Nguyén Hoai Nhanh, 10T2,
ab  be  ca _atb+c (0 THPT chuyén Huynh Min Dat, Kién Giang)
a+b b}c ct+a 2 Do (1) va (2) nén a va c 12 nghiém phuong trinh:

x}=2bx+780=0 (3).
¢ PT(3) c6 nghiém <> A’ =b* -78020
<7(x+). Ap dung bét dang thirc ndy, ta & b>+/780 ~27,9.

Bit ding thirc xyS%(x+ y)2 cho ta

xy
x+y

ab be ca Sl(a+b+b+c+c+a) Df) be N flén‘b > 28: Dé ba canh cﬁa‘tam gidc c?
~ d9 dai 14 céc so nguyén duong nhd nhat thi b 14 so

nguyén nhé nhét. Xét b = 28. Khi d6 (3) tr thanh:

=26

=30

Do a<b< cnéntaco:a=26,c=30.

suy ra: +
a+b b+c c+a

_a+b+c
2 x2—56x+780=0@|:x'
Ding thirc xay ra khi va chi khi a=b=c. Theo A
(1), ta phai c6: 4Vx +3=8Vx +1=2x +4.
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Thir lai ta thiy bd ba s6 nguyén (a, b, c) = (26, 28,
30) théa man bai toan.

Cdch 2. (Cia ban D6 Quang Anh, 10T1, THPT
chuyén Hung Yén, Hung Yén va mot s6 ban
khéc)

Vi a,b,ceZ’ vd a + ¢ = 2b nén a va ¢ cing tinh
chin 1é. Lai do (2) nén a va c ciing chén.
Dita=2m, c =2n véi mneZ’ thi do a < c nén
m < n. Theo BDT tam gidctacé: a+b>c

a+c :
:>a+—£—>c¢>3a>c:>3m>n Ta co:

ac=780=>mn=195 =>m’ <mn=195<3m’.

Do d6: 13—5<m2 <195c>8z1’1—§5- <m<+J195=14.

Ma m e U(195) nén m = 13, n=15. Khi do:
a=26,c=30vab=28.

Céch 3. (Ctia nhiu ban)

Vi a,b,ceZ' va a + ¢ = 2b nén a va c cung tinh
chén 1&. Lai do (2) nén a va c ciing chin.

Tir ac=780=2%3.5.13 vagid thita<b<cta
¢ cédc truong hop:

+ a=2.13=26,c=2.15=30 = b= 28 (tht lai
ta thiy thoa mén).
+a=23=6,c=25.13=130= b= 68 (logi, vi
khong théa man BDT tam gidc a + b > ¢).
+a=25=10,c=23.13=78 = b =44 (loai, vi
khong thda man BDT tam gidc a + b > ¢).

+ a=2,¢=235.13=390 = b =196 (loai, vi
khéng théa mdn BDT tam gidc a + ¢ > b).
Viy b 56 nguyén (a, b, c) cin tim 1a (26, 28, 30).

Nh@n xét. 1) Ta nhic lai:

(@,b,¢)=(anbyc)e> a=a,b=b; vic=c;

(a, b, c) # (a;, b, c) < a=#a; hoich = b, hodc
C#Ci

Trong d¢ toan néi tim bd ba sé nguyén (a, b, c) nho
nhét hiéu theo nghia néu c6 bd (a;, b;, c;) ciing théa
min gia thiét nhu b§ (a, b, ¢) thi:a < a;, b< b, c < ¢,
Mt s6 ban da nham Ian trong 13p lun ndy, vi dy:
Néu tim dvgc céc bd: (a = 6, b = 68, ¢ = 130);
(@a=26,b=28,c=30); ... (duthdamina<b<c,
a + ¢ = 2b) ma két luin ngay bd (a, b, ¢) = (26, 28,

30) 14 bd s6 nguyén nho nhdt can tim thi diéu nay
khong ding vi by dau tién c6 a = 6 < 26. Con bd
(a=6, b =68, c=130) bj loai 1a do khong théa méin
BDT tam giéc!
2) Mot s6 ban khéc c6 cich giai tvong ty nhw nhimg
cdch trén nhung lap ludn con dai. Ngoai ban Hoai
Nhanh, Quang Anh, cic ban sau c6 101 gidi dung:
Dong Thép: Vo Hdi Yén, 12H, THPT chuyén
Nguyén Quang Diéu; Long An: Nguyén Minh Tién,
Huynh Vé Huy Khdnh, Tran Lé Trong Phuc, Lé
Hoang Phong; 10T1, THPT chuyén Tran Vin Gidu;
Kién Giang: Hoang Quoc Khdnh, Pao Pirc Phiic
Nguyén, 10T1, THPT chuyén Huynh Man Dat; TP.
Hd Chi Minh: Nguyén Chdnh Thi¢n, 10CT1, THPT
chuyén Lé Hong Phong, Nguyén Dang Phwong Vy,
10A1, Nguyén Pham Minh Phi, 10E1, Lé Quoc
Diing, 10E2, TH, THCS&THPT Lé Thanh Tong, Q.
Tan Phd; Théi Binh: Phan Trung Hiéu, 10Al,
THPT Téy Tién Hai; LAm Ddng: Trwong Quang
Khdnh, 10 Toén, THPT chuyén Thing Long, TP. Da
Lat; Séc Tring: Ha Lé Nguyén Phuc, 10A8, THPT
chuyén Nguyén Thj Minh Khai; Ngh¢ An: Nguyén
Tat Han, 9C, THCS Ly Nhit Quang, D6 Luong,
Tran Quang Nhdt, 11A1, THPT chuyén Dai hoc
Vinh, Ngé Van Truong, 11A1, THPT Hoang Mai,
TX, Hoang Mai.

TRAN HUU NAM
Bai T8/568. Cho tam gidc ABC ngi tiép dwong
tron (O), ngoai ti[:[)- diong tron (I). Puong tron
(K) qua B va tié’p xuc voi Al tai I, diecong tron (L)
qua C va ciing tiep xtic voi Al tal 1. Biét rang
dirong tron (K) cdt AB tai diém thir hai la P va
dieomg tron (L) cdt AC tai diém thit hai la Q.
Chirng minh BCQP vira la nr gidc ngoqi tiép vira
la tic gidc noi tiép.
Loi gidgi. (Theo ban Nguyén Tan Nguyén Chuong,
12 Todn 1, THPT chuyén Luong Van Chanh, Phi
Yén).
Vi hai dudng tron (K) va (L) cling tiép xiic véi AT
tai ] nén AP.AB=AI*=AQ.AC. Suy ra tir gidc
BCQP la tir gidc ndi tiép.

TOAN HOC
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Gia sit tiép tuyén di qua P cdia dudng tron (/) khic
voi PB it AC tai Q'. Ta co:

Q'PB=2BPI =2(PAl + AIP)=180° -0'CB
nén t& gidc BCQ'P nfi tiép. Do d6 Q'1A giao
diém cia AC véi dudmg trdn ngogi tiép tam gidc
BCP, hay Q=(', ta thu dugc i gidc BCOP ngoai
tiép dwong tron ().

Viy tir gidc BCPQ vira Ia tir gidc ngoai tiép, vira
13 tir gidc noi tiép. Ta c6 diéu cin chimg minh.
Nhgn xét. Ngodi ban Chuong, céc ban sau ciing cé
16 giai dang:

Hung Yén: P6 Quang Anh, 10 Toin 1, THPT
chuyén Hung Yén; Thai Binh: Phan Trung Hiéu,
10A1, THPT Téy Tién Hai, Tién Hai; Thira Thién
Hué: Nguyén Duy Phiic, 11 Toén 1, THPT chuyén
Quéc hoc Hué, TP. Hué; Gia Lai: Nguyén Minh
Hiéu, 10A7, THPT Chi Ling; Lam Ddng: Huynh
Nguyén Lé Minh, 9A7, THCS Phan Chu Trinh,
Triwong Quang Khanh, 10 Toin, THPT chuyén
Thing Long, TP. Da Lat; Ddng Thap: Nguyén Mai
Thuy Vy, 10 Ly, THPT chuyén Nguyén Quang Diéu;
Ba Ria - Viing Tau: Do Tién Ding, 11 Toén 2,
THPT chuyén Lé Quy Don, TP. Viing Tau; Long
An: Huynh Ding Khdnh, Tran Lé Treng Phic,
Nguyén Minh Tién, 10 Todn 1, THPT chuyén Trin
Vin Giau; Kién Giang: Cdi Hodng Quoc Khanh,
10T1, THPT chuyén Huynh Man Dat; TP. Hd Chi
Minh: Tir Thdi Qudn, Lé Nguyén Bdo Trdn, 10El,
Lé Khdc Tri Nguyén, 10E2, TH, THCS&THPT L&
Thénh Téng, Q. Tan Phu.

HO QUANG VINH
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xy +yz

Bai T9/568. Cho cdc s6 thiee x. ¥, = thoa man
+ zv = L. Tim h¢ thiee lién hé gitra hai so
dieomg a va b dé biéu thire P = a(x’ +17) + b7 dar
gid tri nho nhdt bang 2024,

Lo gidi. (Dya theo 101 gidi cua ban)

Véi ¢ 1a mdt s6 thye dwong nho hon a (ta s¢ chop
sau), &p dung bt ding thirc m® +n? = 2mn ta g

P=<a—cxx’+y’)+(“2*§”)*(0”+%z’)

22a-c)xy+ 2.\2\/2-? +2 y:‘/b—-f.

) b
Ta can chon -csao cho a-c=\/§ hay

(a—c) =%Ehay c 1a nghiém cta phuong trinh

bac hai: 2¢* - (4a+b)c+2a* =0.

4a+b—8ab+ b
4 &
V8ab+b® —b
a——4——<a.

Khidé: P22(a—-c)(xy+yz +z=x)=2(a—c).

Chon nghi¢m: ¢ =

Déu bing xiy ra khi x=yva Je =\/§z hay

2c - ‘ 3 (1181
z=, ’?cx Thay vao gia thiét ta dugc:

fonfB)n

Tir d6 ta tim dugc:

x:y: \/E Z = 20
\‘\/-l;h/é? b+8bc’

Biéu thirc P dat gié trj nho nhAt bing 2024 khi va
chi khi 2(a —c) = 2024

V8ab+b* —b
S——=a-c=1012

4
& \8ab+ b =b+4048

<> 8ab +b* =b* +8096b + 4048*

Sa= 1012(l+——20bz4).
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Nhdn xét. M§t vai ban co 101 gidi sai vi khong chi y
dén dicu ki¢n du ding thire xdy ra khi ndo.
Ban Tran Gia Huy, 11T1, THPT chuyén Luong Vin
Chénh, Phi Yén ¢d 181 gidi dung theo hudng trén.
Ban Nguyén Chanh Thi¢n, 10CT1, THPT chuyén Lé
Hong Phong, TP. Hd Chi Minh c6 Idi gidi ding
theo hudng dwa vé hrgng gide va khdo sét him sb.
Céc ban Hupnh Nguyén Lé Minh, THCS Phan Chu
Trinh, TP. Da Lat, Lim Ddng, Nguyén Vin Dirc
Thang, 10A3, THPT Hoang Mai, TX. Hodng Mai,
Ngh¢ An va Thi Tién Thanh, 10T1, THPT chuyén
Trin Vin Gidu, Long An gidi theo huéng dp dung
bat d?mg thire Cauchy-Schwarz ciing cho ddp s6
ding.

HOANG NGQC MINH

Bai T10/568. Tim tdt ca cac bo 56 nguvén khong
am (a, b, ¢) sao cho [Jun+b:]=[~/;+w/n.+c] )]

Vo1 moi sé nguyvén khéng am n, trong do ky hiéu

[x] la 56 nguyén lén nhat khéng virot qua x.

Loi giai (Dya theo 101 giai cua tac gid). Tu gla

thiét suy ra: J_+Jn+c—l<sz+b< n+Vn+c+1

:>l+,/l+—-—<"a+ <1+Jl+

Cho n— o tasuyra: \/_ 2=>a=4. Khldo
'[J4n+ ]=[ n+\/n+'c:| véimoi neN". ‘
Cho 7 lan lugt bing 0, 1, 4 ta dwge::
[\/I?]=[JE]=k,[Jb+4]=1+[‘Jp+1], ‘
[Jb+16]=2‘+[Jc+4] véi keN.
-Néuc=0ttﬁ[JE]=o nén b =0 (théa man).
e Néuc>1thi k> 1. Khidé: k<vb, Ve <k+1
o ki <bh, c<(k+1)} 2k <bc<(k+1)’ -1
va K <c+d<(k+1) +4<k? +4k+4=(k+2)
hay k <Jc+4 <k+2. Vay c6 hai truong hop:

[Ve+4]=k hoge [JETE]:kH.

+ THI: Néu [Verd]=k+1thi [Vb+16|=k+3

nén b+162 (k+3) = (k+1) =1+16> (k+3)’
=4k <T=2k=1va [Jl_)]=[\/;]=l

= 1<b,c<3. Khid6: 5<b+4<7nén
+[JE’+—1]=J1>TJ=2 hay [\/c_H]=l. Suy ra:

Je+l<2=c+1<dc<23ce{l,2}).
- Véic= 1, takiém tra cic gid trj be{l, 2, 3}.
Khong khé dé chimg minh véi mi sé nguyén

khong dm n thi: [\/4n+l]=[\/;+sfnTl];
[ 4n+2 ] [ n+vyn+ ][M]:[ n+ n+1].

Nhu vy ta duge 3 b9 (4, 1, 1); (4,2, 1); (4,3, 1)
- V6i ¢ = 2, ta kiém tra cdc gid tri be{l, 2,3}
Chimg minh tuong ty véi moi s6 nguyén khéng
am » thi: [\/4n+l]=[ n+ n+2];
[J4u+2]=[ n+ n+2];[J4n+3]=[ n+ n+2].
Nhu vy ta duge 3 bd (4, 1, 2); (4, 2, 2); (4,3, 2).
+ TH2: Néu [Je+a | =kthi [Vb+16 | =k+2
nén b+162(k+2) = (k+1)* -1+16> (k +2)°
=2%k<12=3k<6=>ke{l,2,3,4,5,6}.

-Véik=1ta cé:
[ﬁ]=l:>lsx/c+_4<2:>c<0 (loai).
-véi k=2tacs: [Vb]=[Ve]=2;
[Vera]=2=Verd <3 c<5;
=[JE]:>2sJE:>4sc. Viyc=4.
Do 6: [Vb+4 |=1+[VA+1]=3=Vb+d23=b>5;
[Vb]=2= Vb <3=b<9. Vay be{5,6,7.8).

Xét be{5,6,7}. Tuong ty nhu trén ta chimg

minh dugc véi moi s6 nguyén khong 4m n thi

[J«W]:[ n+ n+4];

TOAN HQC
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(6 )=o) [am 7)<+ 7).
Véi b = 8 thi ding lh\'m[ n+Vn+ ] [\/JIH- ]

khdng xdy ra véin = 2,
Nhar vy ta duge 3 b (4, 5, 4): (4, 6, 4% (4, 7, 4).
~Véi k=3 ding thire (1) khong xdy ra véi n = 12,
- Véi k=4 ding thirc (1) khong xdy ra véi n = 6,
~Véik=35 ding thic (1) khong xdy ra véin =7,
-Véi k=6 ding thic (1) khdng xdy ra véin = §
Két tugn: C6 10 b§ (a, b, ) thda min didu kign d
bai 1a: (4, 0,008 (4, 1, 1) (4.2,1) (4.3,1)5 (4, 1, 2);
(4,2,2); (4,3,2); (4, 5,4); (4,6,4); (4, 7, 4).
Nhgn xét. Chi ¢6 duy nhit mdt ban tham gia gidi bai
todn ndy nhung ban dd chi tim dwge 4 b (4, 0, 0);

@ LIE 2 D@3 )
DANG HUNG THANG

Bai T11/568. Chio ddy so (¥.) xde dinhi nine sawe

X, =q> \]

\~" b (l\
]1;_4 =X, e Ve N
n"

Tim wit oa ode id o cia a dé dav (x,) hoi R,
Loi gidi ((heo da s céic ban).
D&y ring x,,, —x, >0 véimei neN" nén (x,)
13 diy don digu ting. Ta chimg minh »
x, +nt2n(m+Va,VaeN ()
Véi n=1thi x +122x =2Va.

Gia st (2) ding véi neN', Khido
2

Y +t@+) =(x, +07)+ :;l +2n

2n(n+l)»/—+” +2n= n(n+1)JZ+ S, 0’

2n(n+ l)\/; +~"-[n(n+ l)J;] =(m+1)n +2)J3.

Suy ra (2) ding véi moi neN". Tir (2) suy ra khi
a1 thithi x, 2n vadiy (x,) phin ky.
Xét O0<a<l. Tu(l) va 2) suyra

TOﬁN HOC
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1 |

= <
% Ne %K k(k+DWa
R
i omrene Loips o Ll
(k k+l)\f
a1 1) &1 1)1
R | FLIFRELIER P2, v L YEPR oy I
o Z(x* ~ J Z.(k k+|)f

=1 L
hay -‘l'-—‘—::s(l—"%)—\/%
Suy ra: }l:-— x,,l,, s(l v l l):/%
hay ﬁz}%—(l_;—h)j&_

: 1} ava
suyra ——>=—-—= hay x,,, <—=—.
a Ja a-a

“‘»l

Viy diy (x,) bi chin trén va 1a diy don di¢u ting
nén hoi ty.
Két lugn: Dy (x,) hoi tu khi va chi khi 0<a<1.
Nhgn xét. Diy 12 dang todn co bin vé diy s§ don
di¢u. Da s céic ban giri bai déu ddu cho két qua
ding.
BA Rja - Viing TAu: D3 Tién Diing, 11T1, THPT
chuyén L& Quy Don; TP, Hd Chi Minh: Nguyén
Chdnh Thi¢n, 11CT, THPT chuyén L& Hdng Phong;
Kién Giang: Trin Hodng Bdch, 10T2, THPT
chuyén Huynh Min Dat; Ngh¢ An: Nguyén Vin Dire
Thing, 10A3, THPT Hodng Mai, TX. Hodng Mai;
Long An: Nguyén Trong Nhdn, 11T1, Nguyén Gia
Bdo, 10T1, THPT chuyén Trin Vin Gidu; Quing
Binh: Vwong Khdinh Todn, 11CT, THPT chuyén VO
Nguyén Gidp.

NGUYEN VAN MAU

Bai T12/368. Cho tam gidc ABC ngi tiép duong
tron (0). Goi M la diém chinh gitea ctia cung BC
thong chea A, K la diém bat kv rén AM. Goi (V).
(1) lan heot la dweomg tron ngogi tiép cdc tam gidc
ABK va ACK: P, O theo thic twe la giao diém thie
hai cuia BK, CK va (0). N la giao diém ciia QU va
PV. § la giao diém cia PQ va UV. Chirng minh
rang

a) N la diém chinh gitva ciia cung BC chira A.

b) SK song song voi BC.
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Lk giid, 2) Ggi ' Vi trung Giém cung BC chia
A. DE thay
(UB,UK) =26 AB, AK) = (AB, AC) =(QB,0C)
=(08,0K)(mod 7).
Do &b bon diém B, K, Q, U ciing thuie mit duimg
trim, Tir 86, chis § vhng UB =UK, suy ra QU i
mit trong hai phén gibe cla ghe (QB,0K).
Do &6 QU 1a min trong hai phin gibe cla gbe
(OB,0C). Diku &b eb nghia 1 hoge QU di qua N
hoke QU &i qua M (1), DE thay
(UB,UK) = UAB, AK) = (AB, AC)
=(W'B,N'C)(mod2x),
Tis 86, chts § thng UB=UK v N'B=N'K , suy
13 che tam gike UBK, NWBC bbng dzng cimg
huimg (2).
Git sls QU 8i qua M, Chts § 8én (2), 12 b

0=(QU,OM)=(QU ,0K)+(QK,OM)
=(BU,BK)+(QC,0M )(mod 7)

= (BN',BC)+(BC,BM) =(BN', BM)
glz'-(muz) (méu thudn),

Do 86 QU khong thé di qua M (3). Tis (1) v4 (3)
suy ra QU di qua V', Tuong ty PV cling di qua V',
Viy N=QU PV =N’ (Bpem),

b) Gi 5 14 giao diém ciia PQ vi tiép tuybn ¥0i
(0) i A. Puong nhién tam gise ONA ¢hn 13 O,
DE théy: UV L AK,UO L ABVO L AC,

Do 86; (UV,U0) = (AK,AB) =~(AK, AC)
=-(VU,VO)(mod 7).

Do 86 tam gibe OUV cén 13 O,

Vi NAL MAUV L MA nén NAIIUY,

Vay NA va UV ¢b duimg trung tryc chung d (d di
qua O va vuong gbe voi NAva UY),

Do & 0, U, A 14 4nh 46i ximg cia O, V, N qua d,
Tis 46, ch § ring

(AS'.AO)B%S(I’M,PN)(nx)dz)

viN,P, Vthﬁng hang, suy ra:

(A8, AU) = (AS', A0)+(40,AU)
=(PM,PN)~(NO,NV)(mod )
=(PM,PN)+(NV,NO)
=(PM,PN)+(NP,NM)
=(PM WM )(modz)=(PQ,NQ)
=(05",0U ¥modz),

Do db A, 5, U, Q cing thube mit duimg trom,
Tuong ug: A, 5, V, P cling thude més dudmg trom,
Viy chis ¢ ving QU, PV cing di qua N, 1a cb;

(5'U,5'V)=(5'U,8' A)+(5'4,8'V)

=(QU,08)4(PA, PV )(mod r)
=(QU, PV )4(PA,0A)
s(ON,PN)+(PN,ON)
= 0(mod7),
Ditu a6 o ngia 1 S'elV. Viy
8= POAUY =5 thube tikp tuyén 131 A cia (0),
Tis 86, chts § ving A, K 85i nimg v6i nhau qua UV,
UV L AM; SA L AO,BC L MOvAOA = OM, suy
13 (SK,BC)=(SK,UV)+(UV,BC)

=(UV,54) +(AM ,MO)(mod 77)
=(AM,A0)+(A0,AM)
=0(mod 7).

Noi cheh khée SK 1/ BC,

Nhin xé1, 1) Chn b thém gib thibs K khong phii 14
thm duimg tron ndi tiép tam gike ABC, néu K Vs tim
duimg tron ni tiép tam gibe ABC thi U tring Q va V
tring P,
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2) Bai todn van ding néu thay doan AM bgi dudng
thing AM véi chi ¥ ring K khic 4, M va K khong
phai 13 tim dudmg trdn ndi tiép tam gidc ABC.
3) Cdi kho cua bai todn nay la vin dé “10i giai khong
phu thugc hinh ve&”.
4) Chi ¢4 bdn ban tham gia gidi bai todn ndy, tuy
nhién 10i gidi cua ca bdn ban déu phy thudc hinh vé
mdt cich trim trong.
5) Xin néu tén ca bon ban: Phi Tho: Vi Van Khdnh,
Tran Viét Tung, 10 Toin A, THPT chuyén Hung
Vuong; Nam Djnh: Bui Ngoc Long, 12T2, THPT
chuyén Lé Hong Phong; Gia Lai: Nguyén Minh
Hiéu, 10A7, THPT Chi Ling.

NGUYEN MINH HA
Bai L1/568. Hai binh cdch nhi¢t hinh tru giong
nhau, binh thir nhat dung nwoc o nhiét do
t, = 5°C, binh thir hai dung nwoc da, cung t6i do
cao h = 20 em. Ngudi ta rét hét nwée ¢ binh 1
vao binh 2. Khi ¢é cén bang nhiét, muc medc

trong binh dang cao thém Ah = 0,3 cm so vai luc

vira rot xong nwée. Xac dinh nhi¢t dé ban dau
ciia nwéc da. Biét nhiét dung riéng cia mwdc
¢y = 4200 J/kg.K, nhiét dung riéng cua nweée da
¢y = 2000 J/kg.K nhiét nong chay cua nwoe da
A = 34.10° J/kg. Khoi heong riéng cua nwée va
nwée da lan hegt la D, = 1000 kg/m’ va
D> =900 kg/m’.
Loi gidi. Myc nuéc ding lén chimg t6 c6 mét
lrgng nudc bi dong dic. Goi x 1a chiéu cao ciia
lugng nuéc d6. Sau khi dong dic, ndé co chiéu
cao x + Ah nhung khéi lugng van khéng doi:
SxD, = S(x + Ah)D, (S: dién tich day binh)
D, Ah

x= =2,7 cm.

1 2
Phuong trinh cén bang nhiét:

c.ShD\(n -0)+ l.S.f.D]’= ¢2.5.h.D5(0 - 1,).

i 8: f =240 LS80

c,.h.D,
£ 4?.00.0,2.1000‘5+3,4.10’.0,027.1000~_37 2C
= 2000.0,2.900 Pt

Nh@n xét. Chic muing hai ban sau di c6 1oi gidi
ding cho bai ndy: Phan Trung Hiéu, 10A1, THPT

34 T(Pﬁ-?-l HOECL S§ 572(2-2025)

Tién Hai, Thai Binh; Hoang Agoc Gia Huy, 12 Ly
2, THPT chuyén Qudc hoc Hué, Thira Thién Hué.

NGUYEN XUAN QUANG
Bai L2/568. Mot hoc sinh quan mét may bién dp

véi di dinh so vong day cua cuon so uzp oap hai
lan so vong ddy ctia cuén thic cap. Do 50 sudt én
cuon thir cu"p bi thiéu mot s6 vong day. Muoy, xdc
dinh s vong day thiéu dé quan tiép thém vao cugn
thir (‘(i'p cho dii, hoc sinh nay dat vao hai dau cugn
so edp mét dién dp xoay chiéu cé gia tri hiéu dung
khong doi, roi ding von ké xdc dinh ti 5o dién ap o
cuon thir afp dé hé va cugn so c¢fp. Liic dau ti so
dién dp bang 0,43. Sau khi quan thém vao cugn
thir cap 24 vong day thi ti so dién ap bang 0,45.
B6 qua moi hao phi trong may bién dp, dé dwoc
mady bién ap diing nhie dy dinh, hoc sinh nay phdi
quan tiép vdo cugn thir cap bao nhiéu vong day?
Lai gidi. Goi sb vong cudn so cép 1a N, va sé vong
cuén thir cép ban dau 1a N. Ta c6:

N

A N, =1200
! . Gidgiratadugc: { ' )
N, +24 N, =516

=0,45
1
Theo dé bai, s6 vong cudn thir cip cin c6 1a:
N, = N, _1200
R P

Do d6 sé vong cin bd sung 1a:

AN =600-516 =84 vong.
Nhung hoc sinh nay treéc d6 di quin 24 vong rdi
nén chi cin quén thém 84 — 24 = 60 vong nira.
Nhgn xét. Chic mimg cic ban di c6 1oi gidi diung
cho dé ra ki nay: TP. H Chi Minh: Lé Khdnh Duy,
10ES, TH, THCS&THPT Lé Thénh Téng; Pdng
Thép: Lé Thi Hong Nga, 12H, Trdn Thdo Quyén, 10
Ly, THPT chuyén Nguyén Quang Diéu; Cin Tho:
Bii Thi Twomg Lam, H6 Ha Duy Kha, Nguyén Ngoc
Tram, 10A2, TTGDNN-GDTX, Q. O Mén; Thira
Thién Hué: Triong Minh Phiic, 12 1y 2, THPT
chuyén Quéc hoc Hué.

=600 vong.

DINH THI THAI QUYNH
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Trong nhiéu d& thi hoc sinh gioi khong it lin xubt
hién chc bai todn lién quan dén 3p hgp, Cy thé
trong bii viét nay, the gis mubn giti thigu min sb
bii toén 83 suu thm vé vén 4& mb 4 p hop, the

14 khi 8% biét mit sb diéu kién gilta che phin tis thi
b thé biés thém tinh chét gi vé tp hap db,

Ta bt & v6i mt bhi tokn nhg nhéng sau,

Bai 1, Trén bang o ghi hai 501 va 5, Ta whi cac
56 1idp theo lén bang theo quy tde; niw i hal 56
x,y phan biét trén bang thi ghi thém 50
2= x+y+xy, Chitng minh ring cbe 54 trén bang
(trie 55 ) ) déu i dang % +2 di b la mot s 1y
nhién),
L gidt, $b hang thir ba duge viét 15 11, Gis sir
¢h n b trén bing, trong 46 ¢b n=1 b chia cho
3 du 2 vamit s 1. 86 this n+1 duge viét trén
béng dku 130 bii hai sb x,y ¢b trong n b trude
6, Cb hai trubmg hgp: x=1 vi y=2(mod3)
hoje x,y =2(mod3). RO rang ¢4 hai truimg hgp
néydéutaoménhsé z=x%y+xy chiacho 3 du
2, Theo nguyén 1y quy ngp, 14 ¢b diéu phii chimg
minh,
Binh lugn. Day 14 mit bai trong 8 thi hoc sinh
gioi chp THCS tinh Nghé An n4m 2016-2017. Dé
bai ¢b thé phit biéu 13i:
Cho tdp hgp 8 cb che phin tir li 56 nguyén
duong, Bitt ring 1,5€8 vavoi mgl x,y< 8 thi
x+y+xy€e8. Chinmg minh ring che phin 1z cia

tip S\{1} déu chia cho3 du 2.

Dudi dang phés biéu nhy, 1a thay trén 5 cb min
phép totn x*y=x+y+xy, Tit 46 ¢b thé biét
thém duge mit tinh chit che phin ti cia § 14
chizacho3 du2,

No6i don gisn, “phép 1o4n” trén min 13p hgp 5 ¢
thé coi 1a mijt “quy the” * 8%t twong (ng mbi cp
phintis (a,b) e S %8 v6i duy nht phin tis c< S,
thuimg duge kg higu c=a*bh, Trong mi s
truimg hgp, 14 ¢b thé md 14 khé tuimg minh mit
tp hop tir che phép tohn, Vi dy bai 1o4n sau;

Bai 2. Cho truie hai 56 nguyéen duong a,b 2 2.

bat T=larvby:x,ycf. Top hop N1 b
phan iz lom nhit Khing?
L gldd, Ny d =(a,b)22 thi mgi phén tis cia
T déutabichacia d,dodb kd +1¢T vbi mgi
sb ty nhién k, &n dén N\T khong cb phian tir
16m nhit, Ta chimg minh d =1 thi N\T hiru han,
do 46 cb phin tir on nhis,
Vi 127 nén N\T Kkhéc rbng Theo bd @&
Bezout, do (a,b)=1 nén thn ti che sb nguyén
m,nz0) s20 cho am~bn =1, suy ra
lebnsameT ,
Vi moi 1 2bn(bn-1)+(bn-1), 85 1=gbn+r
voi 05r<bn,reN, Do tzbn(bn-1)+(bn-1)
nén gzbn=1zr.Tach:
t=gbn+r=bn(q-r)+r(bn+l)
=bn(g~r)+rameT.
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Viy N\T bj chin trén bii bn(bn~1)+(bn-1),
mé p nay cling khic rbng nén thn 12 phin tix 1on
nhit,
Nhin xét, Bés dau tir o vh b, sau hing han budc
thyc hién c4e phép to4n cimg va nhan (chi ¢ ring
ax+by ¢ thé xem nhu  thng
a4, %a+h4,.+b vbi x sb a vh y sh b)ta
nhén duge che sb by nhién, thp hgp tit ¢4 che sb
nhyu v3y chinh 15 4p T, Céch md 14 thp T nhu
duge “sinh 1a” bi hai sb a,b v6i hivu han che
phép 104n thé nay chua thit sy thusn tién dé lam
viée,
Trong Wi gi4i trén, ta chimg minh duge néu
(a,b) =1 thi s thn ti sb ty nhién N d& tht ¢ che
sb ty phién 1on hon N déu thube T, Mt chch
thng quét, 1a chimg minb duge két qua sau;
laxsby:x,yel)=|dy.xa L), d =(a,b).
Tl 14 1a 43 “biét 167 p hgp bén trhi thye chit 14
tp 14t ch che b sH nguyén cia d , bii whn s
nén d& dang hon rét nhiéu, Ap dyng vio bii 10én
ban diu, khi thay diéu kién x,yeZ thanh
x,yeN, 1a dE dang cb cim gihe ngay 14 T cb thé
khong “quét” hét thp N nhung cling s& quét hiu
héttgp N néu (a,b)=1.
Bai toén tiép theo khi tuong ty bai trén vé mjt §
tuing.

Bai 3. Co bao nhiéu cdp 50 nguyén dugny Fhic
nhau (a,b) thoa man c6 ding 201% 56 thue thuge

dogn [O,l] o the viét dudi dgng i—)«% vai x,y

§- il K . 5’}
la cac 50 nguyén’?

Loi gldd, Ta cb:
S={§+%:x,yeZ}={bx;bay :x,yex,yeZ}

={"_(:;—b):kez}={-[a—”‘bj:kez},

36 79%2&& S6572(2-2025)

trong d6 [a,b] 14 bji chung nhé nhit ciia a,b. Ta

thy ring 5 [0,1] 6 dtng 2018 phén tir khi va

chi khi ¢b c¢b dang 2018 sb ty nhién k thoa

k <[a,b), tlc 14 khi [a,b]=2017 . Tir diy ta tim

duge che ¢ip sb thoa min 14
(a,6)=(1,2017),(2017,1),(2017,2017),

Bai 4. X 1ip S

{a V3 cahc ,’\'}, Néu
25neS vdi n la mét 56 tw nhién, chieng minh
rd'n;g 2023n ciing la /)hén (e cua S,

L gidi, Do 25n € § nén ton 1i che 56 ¢, d €N
s20 cho 25n = +3d*, Vi & +3d*:5 nén c,d’5

, 4  c=5c,d=5d)(c,d,<N) thi
n=c +3d* ¢ §. Vaynén

2023n =(34' +3.17")(c} +3d})

=(34¢, ~51d,)’ +3(34d, +17c,) 5.

Hokn it chimg minh,
Nhin xé1, Trong mit sb bii 104n, che phép 1ohn
trong 14p hgp chua duge cho trube, Bing mot sb
cong ey d3i b 1a cb thé dy dosn vh chimg minh
duge thit sy thn 13i phép tohn trén p hgp A6, tir
86 cb phimg husbng di tht hon, Chling han, & bii
to4n trén thiy rhng, néu mne S thi mne 8. Diky
nay duge dy dosn tir ding thac;

(74 p* )2 4 p*) =5z~ pyt)’ + p(st 4 y2) ,
Yx,y,z2,t,pek.

Bai 5. Xét tap hgp A2 Vine 1L vaagp

; £, 3 / A . 5
chira A. Biet vang new a,be A vi ; nguyén thi

J

a4 o $r O i e whe el i a ik i
p <85, Hoi § 6 chira tat ca cac so npuyéin dyony
)

lé khing!
LA gidl, Xet che sb  abhes v

a4=2"~1h=2" -1 530 cho %ez, Ta chimg
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minh m chiahétcho n. Thit vy, &%t m =kn+r
(keN,O<r<n), khidd;
2" -1=(2" -2 )+(2 -1)i2" -1

=2 132 ~122 ~1=0=r=0,
Viynéu a,be s, —;—'; 14 sb nguyén thi ¢b che 6 ty
phién k,n s20 cho

a 2" -1 2(&—4). k-2

—=—= + 2 4,42 41,

b 71 +.,.42 +
R rang chc phin tir cla § déu cb thé bicu dién
dudi dang trén, Gia st 13¢5, khi 6 thn 1i che
bty nhién k,n thoa min:

Py g, 42 +1=13,

Suy ra (k~1)n<3, Thir tryc tiép che trubmg hop
¢h thé xay ra, ta thay khong ¢6 truimg hgp nzo
thia man, Viy 13¢5, hay S khong chia hét ths
¢4 che sb 1y nhién 1é,
Nhin xét. Trong chimg minh trén, ta thiy ring
§=2" 424 +,.,+2"+l:k,neN}. Khi biby
dikn trong hé nhj phan, mbi phin tir cia 5 ¢b
dang 10...010...01; (cb n+1 chir b 1, gilra hai
sb 1 lién tiép cb dGng k chix b 0), RS rang §

khong chira tht 4 chc b nguyén 1¢ duge vi bicu
di&n ciia sb nguyén 1¢ bt k trong hé nhj phan 13
aa,,..4,, a0},

Bai toén trén ciing 14 ¢ twdng md t4 “cong thic
thng quét” chc phén tis ciia S, tuy nhién & day cb
ding dén hé nhj phin dé két qua duge 15 ring
hon.

Bai 6. it M =[a+bh/3:abeld 30 <1},
Chirng minh rang tap hgp M (=0,001; 0) 6 v
han phin tir.

Li gidi, Xét phuong trinh nghi¢m nguyén duong
¥* =3y? =1, Theo cdng thisc nghi¢m cia phuong
trinh Pell, t4t ¢4 nghiém ciia phuong trinh nay 14
(x,,7, ),y » trong 6

{Xo =I,xl =2, %, =4x,,-%, nzl

Yo =0y =1, Y0 =4Y00 = Vs
%ét day (a,),(b,) x4e dinh boi a,=-x,,b, =y,
v6i moi nzl, Khi 46 a +b3eM. Ta st
chimg tn i sb N  dé
(a,+5,43) , <(-0,001,0).

e,

minh

D#t u=2++3 va b=2-4J3, Tir cong thic truy
héi cisa (x,),(y, ), ta tinh duge:
_usy U=y
b Skl 7;
Khido a,+b,3 = <0 yoimoi nz1, v
a, -b,ﬁz-u‘ — =0 khi n—» 4,
Do d6 thn t3i s N 8é voimoi n2 N ,1a cb:
a, =b,/3 <=1000
| I
a-bJ3 1000
V3y ta cb diéu phai chimg minh,
Nhin xét, Nhir ¢6 cong thise tng quit ma chc
bién dbi dzi sb d& dang hon, Cau hoi cla bai todn
ch the thng quit hon: Vi moi 6>0 thi
(x=8,548)M cb v hgn phin tir,

Ynzl,

=a, +b,f=

Bai 7. (KGMO 2021) 55 2020 la mét 56
fantabulous, Vi s nguyén duong m bt k 9, néu
<0 /1/1&?1 tir trong lap Sm,2m + | ,'im} la 50
fantabuloys thi cd ba phin wr dew la 0
Hoi 20217
Jantabulous khaong!
Lii gidi, Djt T 15 tjp hop tht ci che sb
fantabulous, K¢ hiéy x~y néu xeT < yeT,
Tach 2n~n. This viy:
2n~4n+1~12n43~6n+1~3n~n,
Do db: 2021 ~1010 ~ 505 ~ 252
~84~28~14~T~3~1,
Dit §=N"\T. Néu § khic rbng thi tdn tai phin

Jantabulous. o phai la 56

tir n=minS. Gi st n chin thi %gT (vi néu
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khémg thi neT), kéo theo —;-€S,Mi n>0 nén
%(n,vblyvlvidnhnhbm&oﬂa n ., Tuong ty,

néu n 1€ thi ta cling 15p husn duge --—-—e.” , cling

Vo iy vOi n=minS ., Viy § =0, tic s N' <7,
din aén 2021 cling i min sh fantabulous,
Nhin xét, Chu hoi 4é bii 1 két qua “yéu” hon
nhidu 80 voi két qua 10 gidi A3 lam duge, dibu nay
cling ob thé 1 mit chit kho khin néu chi t5p trung
vio con sb 2021, O bii nay, phép 1ohn gitp
ching minh duge thp dang xé1 “quér” hés duge
N, Vi dy tiép theo 12 mit bii tén tuong tyy phy
vy tir phép tohn cb thé chimg minh duge tp
dang xét quét hét mit thp nio db,
Bai 8, (Indonesia Regional MO 2021) Cho X la
tap hap g/ﬁm chc //htfn 1 li che s hina ti dugny
thod midki.
i) New x la 36 ki 6 va 2920 E x5 2002 thi
x6 X,
yeX hiZex,

y
Chimg minh ring tit ca cie 6 hi ti duong la
phin 1 cua X,

i J ,'fl{ll X,

LA glil, Ta ¢b 2021 X nén l-%e,&

Mdiéukiénii),vdimoi x€X,13¢b ;GX,

Cling theo ditu kién ii), 1a ¢b x,yeX thi

x,%e,\’, sén Vi 1y =5+ X, Clig ts Gy suy
y

14 buge nbu ye X vh xye X thi x-%e,\’,

V6i moi b hin o xa[i,-;"n-z-’l-), s ¢

WxeQr(2021,2022)c X, mis 20216 X

oto se X, Véan(l %)cx
38 ‘!witzé 6 572(2-2026)

V6i moi b hira ti £ 51 (p,g 14 che sb nguyén,
q

p>q>2021),ta viét,
pP__pP_ P~ ~] Wy L 2 'q+l
g p-1 p-2p-3""4
cmymghmséxw" giém trén (1,4)
- N 2Py i B i 2<,,,<1+_' 2022
p=y p-2 p-3 g 2021
Dods L B P22 433 . v io theo

p- lp -2’ p-3"
{liex, Tis dhy ta ket Wugn duge Qr(1,40) < X,

Chis § rhing néu xe X thi Le X nén ta cb dibu
X

prh(mgmmh
Tiép theo 15 min bsi 10hn kb4 thi vi: moi s

nguyén duong déu cb thé biku difn qua mint thng

che 1y thira nguyén cia “H’z‘ﬁ'

Bai 9, (APMO 2006) Ching minh rJn;g moi 56
nguyin duomg déu cb thé vier duge dudi dang
tong hiru han cde liy thiea nguyén khae nhau cua

1445

50012 vang 1~ T

LA gldh, Ta s& chimg minh ménh d& ding bing
quy nzp. Trube tién, 1=7", Ky higu
XS XKy o0 Kk 0Ky NEUCHbiu difn

x-Zn’.x,

j=ok

0 l’,ka

Gid st n-lsag,,.a4,.4, (n22
a,€{0,1}), ta chimg minh n cling cb thé biéy
dién nhu vy,

CH thé gib sir a0, =0 v6i f=k=1,k=2,.,%
Thit viy, néu eb a,,, =a, =1, chon chi sb i 1»
nhét, Cho ¢ thng 7 +7" =7 i g, =0 nén

corllyy38,,48,...%,,011...%,,.100,,, .
thao the twong ty, ta nhin duge biéu difn
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n—-l=a,a,_...aa_...a_, ma khong co hai chir
s6 1 nao dimg canh nhau.
Néu a, =1 thi theo chimg minh trén, a_, =0. Gia

sir a_, =0 thi

e@ya_a,...=...q100a,...=...q,01la_,.
Tiép theo, xét truong hop a_, =1 va bing thao tic
twong tu nhu trén, ta c6 thé dua n—-1 vé dang
n-1=...4;101010...100 . Lac ndy sir dung lién

tiép cac bién ddi ...100...=...011..., ta s& dugc
truong hop a, =0.

Tém lai, trong moi trudng hop ta déu c6 thé duwa
vé mét biéu dién ma trong d6 a, = 0. Khi do:

A= 0yye0sla0, .8 ti=0a, .. 04,0,
Viy n ciing biéu dién dugc theo dang théa mén
dé bai. Theo nguyén 1y quy nap, ta c6 diéu phai
chimg minh.

Binh ludn. Day 1a mot bai toan thu vi. Ta d biét
céc s6 tu nhién c6 thé biéu dién dugc dudi dang
n—phén véi n 14 s6 nguyén duong bat ky, trong
d6 biéu dién cua cic sb cin n chir sd. Bai todn
trén gidng nhu ta c6 thé biéu dién cac sé ty nhién
v&i co sd ¢ va chi cin hai chirsé 0 va 1.

Mot sb diéu kién gilra cdc phan tir trong tip hop
con giup dua ra mét s6 nhén xét vé lyc lugng cua
tap hop d6.

Bai 10. Cho tdp ACR ¢6 it nhit hai phan tir va
cé tinh chdt: néu xe A ,yeR\ A thi x+yeA.
Ching minh r(fng A chira vo han plufn nr.

Loi gigi. Gia st 0gA thi xed kéo theo
x=x+0gA,v0ly. Vay O e A.

Néu ton tai —x¢d thi
0=x+(—x)¢A,v6 ly. Do d6 —x € A véi moi A.

xeA ma

Gia sit ¢0 x,ye 4 nhung x+yed. Vi yed
nén -yed, kéo theo x=(-y)+(x+y)e4,

didu ndy ciing 13 vo Iy. Viy x+ye A voi moi
x,yeA.

Do A c6 it nhdt hai phén tir nén c6 d € 4\{0}.
T chimg minh trén, bing quy nap ta dugc
{nd:neN}c A nén A c6 vo han phan tir.

Bai 11. Tim tat ca cdc tap hop A khac rong gom
hiru han céc so thie sao cho véi moi xe A thi
x+l-x*edvax-l+xte A

Léi gidi. Gia sir 6 tip A théa min dé bai. Xét
ddy (u,) va (v,) xéc dinh béi

V,

n+l

{u,“| =ul+u, -1, ¥n21

== 4y, +1, Va2l
R rang néu u,,v, € 4 thi (,),(v,)c 4.
Liy ae 4 bt ky. Néu a>1 thi chon u,=a,ta
dugc diy (u,)c A va ddy (u,) ting ngjt, diéu
ndy la v 1y do A4 hiru han. Tuong tu, néu a <-1
thi chon v, =a ta ciing nhin dugc diéu vo ly.
Néu ae(01), chon

v=a, ta dugc

v,:-az+a+le(l,%). Khi ndy chon

w=v,>1 ta tiép tuc nhin dugc didu vo ly.

Tuong tr d6i voi truong hop ae(-1,0) cing

khong thoa diéu kién 4 hitu han.

Viy ae{-1,0,1}. Thir tryc tiép, ta két luin cic

tap thoa man 1a {~1},{1},{z1},{1,0}.

Nhdn xét. Khi da biét dugc phép todn trén mdt tap
hop, ta thuc hién lién tiép cac phép toén d6 s& sinh
ra mdt ddy chira trong tap hop. Néu tép hop 14 hiru
han thi ta c6 thé nghi dén truong hep day do la
day dimg hodc day tuan hoan ké tir mot sé hang
nio dé tré di. Dén day, diém bat dong co 1& 1a mét
goi ¥ tot. Vi du trong bai todn trén, sd +1 dugc
dinh huéng tr nghiém cua hai phuong trinh:

x+l-x*=xva x-1+x*=x.
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Bai 12. (Bulgaria 1998) Tim tdt ca cdc tdp hop A
gom hitu han cdc 56 thiee khong am khdac nhau sao
cho

i) chira it nhdt 4 phan ti;

ii) Véi bat kp & phan tr déi m¢t khic nhau

a,b,c,d € A, taco ab+cd € A

Loi gidi. Gia sir ton tai tp hop 4 thoa man dé
bai. bit A={a,a,,..,a,} véi
a>a,>..>a,20vanx4.
e Gia sit a, <1, khi d6 a, >0. Thét vy, néu
a,=0 thia,_a,,=a,a,,+aacA.
Xét céc phan tir thude A :

x=aa, +a,a,, y=aa, +a,a,, z=a,a, + a,a,.
Khidé x>y>z.
Néu

x=a,y=a,z=a,. Ma tir x=q, vd z=a, kéo

z>a, thi ttr x>y>z>aqa,, suy ma
theo a, =a,, vo ly.
Néu z=a,,taco: a,=aa, +a,a,

=a,(1-a,)=a,a,>a,0,=>1-a,>a,>a,+a,<1.
1 1 =0as
Do do a2<5,dan dén:

x=aa, +a;,a, <2aa,<a.

Viy x=a,,y=ay;z = a;. Tuy nhién,

= a3(l—al)=
—-—

z=a, a4(1—a,)=
Diéu nay ciing v6 1y.
Do d6 z<a,, tuc la tdp hop 4 co it nhit 5 phan
tr 13 a;,a,,a;,a,,z. Lap ludn tuong tu, ta thay
réng day ndy c6 thé kéo dai mai, diéu nay vo 1y vi
A 1a tip hiru han.

$IVEy gl A EGEY ndy VU YBRY Heh
X=a,y=9;,2=a,. Taco:
a, = a,a, + a,a,,a, = a,a, + a,a,,

suy ra:
(1‘ a,)a,=aa, < aa,=a,-aa =a;,(1-a,)

=a,=1=>a,=0.

TOAN HOC
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Két hop véi a,=y=aa;+aa, suy ra dugc

a, = 1 . Thir lai, tit ca tip hogp théa man dé bai 13
a,

A ={o,1,x,l}, xeR btky.
X

Nhdn xét. Trong mét tap hop hiru han cac s6 thue
ludn cé thé sép thir tu cac phén tir theo thir tu tang
dan. Piéu nay ciing c6 nghia 1a luén cé phan tir
16n va nho nhit trong mot tdp hiru han. Nhitng
didu kién nay gifp ta c6 nhimg dénh gi4 tot hon
khi xét tdp hop hiru han.

Bai toan cudi cung trong cac vi du lién quan dén
vin d& “mo ta” mot tdp hop théa min cic diéu
kién cho trude.

Bai 13. Ton tai hay khong tip hop

AcR\{0}=R"csit nhat hai phan tir théa man:

i) Vx,yeA,x¢y:>£eR\Q.
4

ii) VxeR,ElyeA:ﬁe@ 2
y
Léi gigi. CAu tra 16i 12 khiing dinh, ta s& xay dung
mot tdp hgp A thda mén 1) va ii).
Véi mdi s6 thue x#0,ky hiéu
R, { yeR = &4 Q}
) X,
RG rang v6i moi x, yeR thi hodc R, "R, =1,
hodc R, =R,. O mdi tap R, ta liy ding mot phin
tir, ky hiéu 4 1a tap hop tit ca céc phén tir nhu
vay. Ta kiém tra tip 4 ndy thoa man hai diéu
kién dé bai.
Thét vy, v6i moi x,ye 4,x#y thi R #R, din

dén R,NR =0, tic 14 %é@ Tiép theo, vai

moi xeR,chon ye ANR, thi ~eQ.
y

Bai toan dugc hoan tt.

Duéi day 12 mt s bai tdp ma téc gia suu tim tir
mdt s6 ngudn. Mong ring chiing s& 13 nhimg bai
tap tyw luyén c6 ich d6i véi doc gia.

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

BALTAP TU LUYEN
Bai 1. Tim tit ca cde tip hin han A< N* sao cho

ton tai mt tip hop hiru han B N' théa man

AdcB W E\ = }:‘\"\

el e d
Bai 2. Chimg minh rding vo1 mei so nguyén a,b
1Y E A s R Y .
cho trurde, ludn ton tai s0 nguyén ¢ sao cho hai

Wp hop S= {.\‘: +ax+bive [.} va

I={2x" +2x+cix€ Z) 1 hai tdp ri nhau,

Bai 3. Cho 4 13 tdp con cua tip hop cde sé
p hop

nguyén dwong. Bict ring ndu x,ved v x>y

\ ~‘:“ 2 2 (3 Y L
thi x-» >3e Tdp A ©d the ¢ nhicu nhat bao

nhidu phan tr?
Bai 4. Myt con siu bd trén mdt o gidy hinh
vudng. Mai 1an di chuyén, nd ¢o thé dich sang
phai 2 don vi, sang trdi 4 don vi, dich Ién trén 3
don vi, hodc dich xudng phia duséi 5 don vi.
Trong qud trinh di chuyén, cic hwéng ngang va
doc ma nd dich (ta vira k&) hop nhau mt gée 90°
. Lip h¢ toa dd vudng gde m gdc toa dJ tring véi
vi tri xuat phdt cia con sdu, hai tryc song song véi
hai chidu di chuyén ngang va dimg vudng géc
nhau cia nd. Tim tit cd diém nguyén ma con siu
6 thé dén trong hé truc toa dd nay.
Bai 5. Gid st X 13 tip con cia {1,2,...,n} théa
min néu a,beX thi abe X . Tép X b thé cd
t6i da bao nhiéu phin tr?
Bai 6. Goi S 1d tip hop tit ca cic b ba sb
nguyén duong (a,b,¢) sao cho a +c=2b.
a) Xét tap hop
T ={a|b' +a,b, +ab, :(a,,a,,a,),(b,,bz,b,)eS}.
Chimg minh ring N\ 7" 1a tip hiru han.
b) Xét tap hop
H={1+apb, +ab,:(1,a,,a),(Lbyb) € s}.
Chimg minh ring N\ A 13 tdp vo han.

Bai 7.Cho A4 14 t{p con cua Wp cde $0 hitu ti
duong thoa min cdc didu Ki¢n:

)] le A

i) Néuxedthix+led

'l
i) Néurxedthi—ed
X

Clhimg minh rfmg A 12 tdp cde s6 hira ti duong.
Bai 8 Cho S 1a mdt tip hop gdm cic phin tr 13
cdie s6 duong. Biét ring vai moi bd ba sb doi mot
phan bigt a,b,ce S thi a* +be 1 mt s6 nguyén.
Chimg minh ring véi moi x,veS thi i mat
-"

$6 hiru ti.

BAi 9. Cho tdp hop A4 ={m} véi m 1 mdt sd
nguyén duong. V&i moi s6 nguyén duong n, ta
xde dinh tip hop 4

Lo 12 tp tit cd cdc sd nguyén
duong 13 tdng hojic tich cdc chir s6 cia mdi s6
thudc tdp A, . Biét ring céic phin tir thuje A, déu
1a 56 18 véi moi n .
a)  C6 bao nhidu s6 m théa man didu kign
d& bai néu m cd khong qud 6 chir s6?
b)  C6 hay khong gi tri 16n nhit cda m thoa
man d& bai?
Bai 10. (APMO 2004) Xéc dinh tit ca cc tip hiru
han S khéc rdng ¢6 cdc phin tir 1a s nguyén
duong théa méan Ffj)es véi moi i,j €S, trong
i,)
d6 (i,j) 1a ude chung 16n nhit cia i v j.
Bai 11. Goi A 13 tip ma mdi phan tr 13 céc s6
nhién ma trong bi¢u dién thp phan cua ching
khong c6 chir s 0 ndo. Biét ring néu sb
a=aa,...a, € A (biéu dién dang thip phan, q,
13 cdc chir s6) thi sO b=hb,...b, , trong d6 b, 1a
sb du cia 3a, khi chia cho 10, cling thuge A.
Ngodi ra, tong cdc chit s6 cia b bing tdng cic
chit sé cua a.
a) Véiaed 1asdcd k chirsd, tinh tong
céc chir s cva a theo k.
b)  Timsd bé nhit ma c6 k chit so.
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Bai 12. Tim céc sb thyc a,b sao cho ton tai tdp
XcR hitu han chia a,b thoa man: vdi moi
x,yeX thi x+y-xyelX.

Bai 13. Tim céc tap hop A khac rdng gdm céc
_phén tir 13 céc s6 nguyén dwong théa mén néu
acdthi@+a*+a+led vaYa+led.

Bai 14. (USAMO 2001) Cho S la tap con cia Z

théa man:
i) Tdn tai a,beS $a0 cho

(a,b)=(a-2,b-2)=1.
ii) Néu x,ye S thi x*-yeS.
Chimg minh ring S =7Z.
Bai 15. (Romania 1996) Cho céc sb thuc x,y.
Chimg minh  ring néu  tdp - hop

{cos(nzx)+cos(nzy)ine N} hiru han thi x,y
14 céc s6 hitu ti.
Bai 16. (Romania 2002) Tim tat ca cic tdp 4,B
thoa mén cac didu kién sau:

i) AUB=17.

ii) Néu xe 4 thi x—1€B.

iii) Néu x,ye B thi x+ye A

Bai 17. (VMO 1990) Cho 2n—1 sb tu nhién lién
tiép 1,2,3,...,2n—1. Hay gach di it nhit n—1 sé
theo quy tic sau: '
a) Néu da gach s6 a thi phai gach s6 2a.
b) Néu dd gach s6 @ va b thi phai gach sé
a+b.

Hoi rang can phai gach so nao dé tong céc so con
lai 16n nhat?

‘.'\‘-.':7'::’::’:7\':‘::‘::’:7‘:*.~':*7‘:7\'7‘::‘::’:7’:**7‘:7\".‘:‘.‘:7‘:*:‘:*7‘:'***7‘:***7‘:*7‘:7‘:*:‘:***:’:‘}:*'}:*'.k'**:’:*:‘::’f:‘:'.'f?‘:‘k***:E‘J::’:‘I:‘/::’::‘::':7'::'::’:‘)::'::‘:7':7‘:7’::&‘

PROBLEMS ... (Tiép, theo trang 24)
Problem T7/572. Given a triangle ABC with BC = a,
CA = b, AB=c satistying \/a +b ++/c =6. Find
the maximum value of the expression
1 1 1
= + + ,
a+l6 b+16, c+16

Problem T8/572. Given an isosceles triangle ABC
with the vertex angle 4. Suppose that the
orthocenter H of the triangle lies on the incircle of

the triangle. Calculate the ratio g—g {15

Problem T9/572. Given real nurhbérs a, b
satisfying a.b > 0. Prove that the equation

x* +ax’ +bx+m =0 has at most 3 real solutions
for every real parameter m .

TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/572. Given a real coefficient
polynomial P(x) ‘of degree 2022 and the highest

coefficient is 1. Given that P(x) has exactly 2022
distinct real roots and all of them are not integers.

TOAN HOC
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Suppose that each of the polynomials
P(x2 —2x—1) and P(—x2 +2x+1) has 2696
distinct real roots. How many roots of P(x) are
there in the interval (-2; 2)?

Problem T11/572. Find all pairs of positive
integers a, b such that ¢g° —r =2007 where g is

the quotient and r is the remainder when a” + b
is divided by a+b.

Problem T12/572. Given a triangle ABC which is
non-isosceles at 4 and (I) is its incircle. Let
D,E,F be the touch points between (/) and BC,

CA, AB respectively. The line through A parallel
to BC intersects DE, DF at M, N respectively. The
lines through M, N perpendicular to MN intersect
IF, IE at P, Q respectively. Prove that

1) Three points D, P, Q are collinear.
2) Three lines DI, PE, QF are concurrent.

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)
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TIENG ANH QUA CAC BAI TOAN
BAISO 113

PROBILEM. Lach face of the polyhedron shown

is either a triangle or a square. Fach square

barders 4 triangles, and cach triangle horders 3
squares. The polyhedron has 6 squares. How

many triangles does it have

Solution, Each square borders 4 triangles, And
there are 6 squares, Therefore, we get 24 triangles
with some repetitions,

And we can see that each triangle is actually
counted three times since it borders 3 squares,
Thus, the number of triangles in the above
polyhedron is 24:3=8,

Remark: This problem is collected from a
Kangaroo Math Test,

TU VUNG
polyhedron : da dign
triangle . hinh tam giac
square 2 hinh vuing
harder : n’;f/) gidap, co canh chung

NGUYEN PHU HOANG LLAN
(University of Education, VNU, Hanoi)

BAI DICH SO 111

BAY TOAN. Hink vuinyg ABCD 6 dién tich la

w0, Cac diem E, F, GG va H ndm trén chde canh cua

hinh vuing sao cho AE ~ BY = CG = DH, Hoi
dién tich phan 16 mau xim la bao nhiéu néu
AE =3EB? |
Lai glal,

y B

H

4
D &

Goi O 14 giao diém cia HF vi GE. Ching ta ¢b
thé thly réng dién tich cia che hinh tir gide

AEOH, EBFO, FCGO, GDHO dku bing %dién
tich hinh vubng ABCD v4 dién tich che tam gike

EOH, GFO bing nhau (13i sa0?), Dién tich ciia
tam gi4e AHE blng
| I 3 |

.2, AE A[[.Ey.z/wxz AD=% dién tich hinh

vubng ABCD.
Viy dién tich ciia phin duge tH mau x4m 14;

1 3) 5 .
S| e e | 5 e ﬁ h hi B
2/(4 32] lédién c¢h hinh yubng ABCD, n6

béng 25,

Luew §. Bal tdp ndy duge swu tim, chuyén thé tie
mot dé thi todn Kanggamo,

Nhin xét. Ky nay cac ban Lé Bgch Hal Pdng, 2B,
Truimg Qubc 1€ Song ngir chp 2, 3 GIBS, TP,
Graz, Cing hoa Ao va Nguyén Hing Cudng, x4
Nhon M§, TX. An Nhon, Binh Dinh c6 bii djch

tbt. Xin hoan nghénh hai ban,
HO HAI (Ha Noi)
TORAN H
S6672(2-2025  © grué,gg 43
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Clich 3. Xét AMBC vubng 13 A, B=15",BC = 2,
L , VE AM, AN lan lugt 14 duimg trung tuyén va
S, B dudmg cao cia tam gibe ABC,

7 \
L1 Y W \ Tach: MA=MB=MC =1,
: 5 255, : —

- MHIEY cécu GIAL/ . AMN =30

\90’“‘07 .WA’QIU ) ) N AN:AM,sinmu.;.;

A g { ar ¢ £ o o J 4 gl b > — ﬁ
BAYL TOAN 92, Khiny ding bang v, mdy tinh N MN = AM ,cos AMN = ——;
cdm tay, Tinh tzn15". A e -
Lo gldl, Cich 1. Xé tm %
gise ABC wubng i A, ) an|5’ = mm_ﬂi{u_j_},z,ﬁ
B=30, AC=1, A
Ta ch; AB = AC.coth L\ Cach 4,

= IMW'ﬂﬁi \ \ X A\

C,,.ig.;; J = A o "“""’l , \:\ %
‘ sinB sind30 D N
VE BD Vi duimg phén gihe cla gbe B, Ta cb. i
L N
— B C
i = 29C 1 AD _CD S
2 AB - BC K MBC ¢ B=60°, C=45"; AH, CK 1 che
Do d6; %g)_ % _AD+CD AI)+CD‘ Suy 15: duimg cao cia tam gibe ABC,
AB+ BC Gid s AH = 1, Ta ¢b; CH=AH = 1;AC =+/2;
AD | S (2-8)43 Ji
= = AD = = BH = AH cot B = >,
3 ez 42 Fe3 3
=23-3, CK = BC.sinCBK = (w;‘-/: 4[--. ‘ﬁ‘”';
AD 23-3 f
Viy tan15’ = tan ABD = 2= =2-43, : |
. IR AK? = AC* - CK? = Ji) 3 ’* ] J
Clich 2. X6 & ABC vuong 13i 4,
B=30°,AC= 1. Tréntia dbicia |\ ,mnﬁ:_’.;
tia BA thy E sa0 cho BE = BC. | | . A
Tam giac BCE ¢an 13i B do d6: \\ tan15 =tan ACK = .é.i,_?.l. .;"/:..’.’.'q wid3,

BEC = Bﬁ'zﬂg:ls" Clch 5, X MBC ¢b B =60, cs4s", AB =2
Ta cb: Al, BL V4 che duimg cao clia tam gibe ABC, Ta cb;

 BE=BC=2,4B=43, Al = Aa,sin,ai;i =2.5in 60" =3,
Tiz 46 Bl = AB.cos ABI = 2.c0560° =1,

AC

tan15° = tan AEC == Cl = ALet ACI =/3,c0145° = f3,
AE

gl
Tacb: BC= Bl + Cl= 1 + 3,

44 T?g?ug% S8 572(2-2025)
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BL = BC.sin BCL=(144/3).sin4s" = £ A3
2
AL = AB" - BI? = (’/-”
N
:—;[ﬁ-l 2‘ A L
| 32 ’
ALn—T- Tir 46 |
annanamgh ._......-.-q-—oc
tan15" = tanABl,~-/ili~—J:—l'f+l~2-ﬁ,
BL 2 2
Cich 6. Xés AABC vubng
i A cb B =45, D thuie ”p
cagnh  AC  sa0 cho ‘\\ W /
ABD=18". ve pE |\ . F
vudng gbe BC 1i E. Gijs \ / .
st DE = 1, Ta cb: A e

CE=1,CD= +2;
BE = DE.cot DBE =1,60130° = /3, BC =+[3 +1;

AC=AB=BCsin ACB=(1+3 )s.n45"~ffl

AD= =AC- cnz%:l- 73;1

AD J- IJ'H 2L 3
V2742

Céch 7. (Xem hinh éc(ich 6) Xé AABC vuong tal
A, ¢6 B=60". D thubpc csnh AC sa0 cho
ABD =15°, V& DE vubng gbe BC i E, Gia sis
DE=1,Tach: BE=1, C =30’
CE = DE.cot DCE =1,c0t30° =[3;
DE 1
CD:sinC=sin30" ok

AB = BC.5inC =(/3 +1) 5in30° = ‘/52“;
-,

J3-1
-2 = g
y

tan15°=¢an,’437)-

AC = BC.cosC = (/3 +1).co8

Do d6; AD=AC~CD = ‘/52*3
-

AB 2

tan15° =tan ABD =

1:432/,1___2_‘5'

Cach 4.
A F B
\\
\ ;
s Rl
Xét hinh vubng ABCD canh bing 2. Diém M nim
trong hinh  wudng ABCD sa0 cho

MCD =MDC =15", Ta ching minh dugc tam
gibc MAB 8éu nén MA = 2, VE ME vubng goc voi
CD 3i E. Goi F 14 gizo diém cia ME va AB.

Ta ¢6: ADEF 14 hinh chit nht;, EF = AD = 2;

MF = MAsin MAF =2.5in60" =3 ,
Dodd: DE=1, ME = EF — MF = 2..\/',

tzn15” = tanMDE~—-=2 J3.

NcuvﬁN pUC TAN
(TP. Ho Chi Minh)
Nhgn xét. Ky nay che ban: Ding Hodng Khinh
Ngge, 101, THPT chuyén Trén Vin Gisu, Lé Minh
Hiéu, 9/2, TH&THCS Thanh Pha, Bén Lic, Long
An, Trin Nhat Nguyén, 10E1, TH, THCS&THPT Lé
Thanh Tong, Q. Tin Phh, TP, Hd Chi Minh,
Nguyén Dic Bén, 6003 Prairie wood ct Arlington,
Texas, M§, Truong My Hgnh, 934, THCS Quang
Trung, Bio Lic, 1Lam Dbng ciing dong gbp mit sH
che gisi wong vy nhy che chch ma ban Nguyén Dic
Tdn 8% xubt trong bai viés trén, Xin hoan nghénh che
bzn,
(Chis 3. Mt sb byn cb Vi gisi dang nhung quén
khong viét tén va dja chi nén khong cb tén trong
danh s4ch duge khen).
LE MAI (Ha Nji

M che byn gii 16 gidi BAI TOAN 94 dudi day
vé Toa sogn Tgp chi THETT trube nghy
31/3/2025.

BAI'TOAN 94, (;/ul phuang trinfi sau trén tdp
sd'thyr'
1(1-x)\/ Kz (14 0) 1 c =20 o0
TRAN MINH VO

M i(‘béy 571}’1' cfmyén Himg Vuong, Gia Lai)

TOAN HOC45
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A (A20 (9 ~ 4120
/§" [(0)20 120 4 i
/ ) . - 15 e
_ / )20 @1-2%20 S G553
N v " 0534 0<2 <y
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éj)j Nhu viy ta 84 chimg minh duge: g Sxys % (3).

BALTOAN 100 (Phan Wuy Khiil, 500 bai todn Mjtkhéctach: S, =-;-xygin60° ‘ﬁﬁ"
chon lye vé bist dling thiee - NXB Wa Noi), »

: g ‘ , Tix (3) suy ra;
Cho tam gide ABC déu canh bing 1. Goi O la tim J- \,- l '/5 N 5
cua tam gide, M la diem di dong trén AB, MO cit —— G e XY & e D —3- sS,, S —2-
7 , - 9 4 4 "2 4 9 4
AC tyi N. Chieng minh v3 5. P« 'ﬁj‘, Ji 2
' 9 T8 S =g hi x =y = hay MN J/ BC.
Lot glat
- u.’é—s khi M = B,NA=NC

hoje N = C,MA = MB,

Nhin xét. Hoan nghénh che ban sau 44 b 16i giz
ding: Trdn Quang Minh, 10CT1, THPT chuyén Li
| Hbng Phong, TP, Hb Chi Minh; Djng Dinh Mink
DUt AM = 5, AN =y, Ta cb; r, 902, THCS Lge Vién, Ngb Quyén, Hal Phing,
Pdo Vin Nam, CLB To4n Mathnine, Linh Dam, Ha
Nk, Nguyén Himg Cuimg, %4 Nhon My, TX. An

8 =840 %8 10

“ -l-xysin60° =Ly 405m30's ) y.A0.5in30°

2 2 2 Nhan, Binh Dinh,
Sau dhy 14 b4 tp 4é nghi. Ban dge hay g 10i
D ommam dtu ABC bﬁn 1 ta cb;
; £ 2 i cj-;h ’ ik v Toa sogn THETT trube nghy 31/3/2025,
AQ 5 = e =,
32 3 BAITAP DE NGH]

Do 46: { 5 , b s G
BAI TOAN 102. Cho tam gide ABC va diem |

xy "T"o(’ + Y)’T _'(" * 7)"(‘ *9)  pim trong tam gide théa min
= x+y=3 (). it AII! JIFC = CFA,

Djtxy=tthitir(1)tach x+y=3t,
Theo dinh 1y Viéte thi x, y 14 chc nghiém €(0;1)

cia phuong trinh; f(2)=2" =31z +1=0 (2).

Gol D, £ lan /11/1 l giao diem cua BF vdi AC
va CF w?t A, Chﬁng minh Al + AC 2 ADE,

Db (2) cb nghiém 052, %2, 51 ta phii cb; g Jp:;{; g xumﬂuﬂv(ﬂdﬂéo
46 T?@'rfg,gg S8 572(2-2026)
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GIAL DAP:

DAP AN NAO ?
(D dang trén THRTT 58 568, thing 10 nim 2024)
Phin tich sai lim: Ldi gidi cda Thanh Huyén sai

& buse  cho ring trinh

P =(1=m)x+2m=0 co hai nghi¢m phin bit

phuong

9 X e[—l;m) . Khi d¢ gid st xdy ra truwdmg hop
x+120

x, >x, =-1 thi BKXD: 4 ,
b x'=(1-m)x+2m>0

xe[-l+x)
o © xe(x,340).
x & (—0=1) U (xy;+0)
Din dén khong o6 dudng tidm cin dimg
x=x,=-1 michicd x=ux,.
Lai gidi diing nhur sau:
x+120
DKXD: 4 , .
' =(1-m)x+2m>0
Do 5+6Vx+1>0, Vxr>-1 nén dd thj ham sé da
cho cd hai dudmg tiém cdn dimg khi chi khi
phwong trinh x*—(1-m)x+2m=0 c6 hai
nghiém phan biét x,, x, 16m hon -1
(A>0
{(x+1)+(x, +1)>0
(% +1)(x, +1)>0
(m* =10m+1>0
&{1l-m+2>0
L2m+l—m+l>0

(m>5+2V6 hoic m<5-2J6
oS {m<3

m>=-2
L

& -2 <m<5—2~/3.
Suy ra m ¢6 2 gid trj nguyén, chon dép 4n B.

Nhin xét. Rit tiée 13 khong c6 ban nao phét hién
dwge sai 1am trong 10 gidi ciia ban Thanh Huyén!
KIHIVI

KET QUA LA 18 HAY 207

Trong dé kiém tra c6 bai toan: C6 thé ldp dirge
bao nhiéu s6 c6 3 chit s d6i mét khac nhau tie
cdc chit so ciia tip A= {1;2;5;7;8} sao cho 56 do
nho hon 278?

Sau gid kiém tra Hung vi Ha trao ddi véi nhau.
Humg ¢6 két qua 13p duge 1a 20 sb, Ha c6 két qua
13p duge 1a 18 s6. Ha tu tin két qua minh lam 1a
ding va trinh bay 101 gidi cho Hung nhu sau:

S cén 13p ¢6 dang 1ab hojic 2ab.

+ Xét sb c6 dang lab: Léy 2 chir s6 trong 4 chit

sd cuatip A\ {1} c6 4] =12cich

Suy ra truong hop nay cic s6 lap dugc 1a 12

+ Xét s 6 dang 2ab: S8 cin 1ap nhé hon 278

nén chi ¢6 thé 12 chir s 1 hodic 5, suy ra a ¢6 hai

céch chon; C6 3 céch chon be 4\ {2;a}

Suy ra truong hgp nay cic s6 lap dugc la:
2x3=6.

Do d6 b céc s6 can tim1a 12+ 6 =18,

Viy c6 18 s6 c6 ba chir s6 ddi m¢t khac nhau nho

hon 278 13p tir cic chir s6 da cho.

Theo ban 101 gidi ciia Ha cé diing khong? Két

qud cdc sb Igp dwgc la 18 hay 20?

NGUYEN THANH GIANG
(Trwong THPT chuyén Hung Yén)

TOAN HOC
 cTusitge 47
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% Tap chi TOAN HOC va TUOI TRE
/ L/ Mathematics and Youth Magazine

e 7 -
XUA T BAN TU 1964
s 572 (2.2425)
T4a suan ; 1478, Gidng ¥, Blog D2, Ha Wl
BT Eiba thy 02425121607,
BT Phét hast; §24.251462849, UZ4 39552100
Email; eantectusitrevietnam Gy meilLom

BAN CO VAN KHOA HOC
GS.TSKH, TRAN VAN SHUNG
75, NGUYEN VAN YONG
| G5, DOAN QYN |
PGS TS, TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN

Tbng Gidm &6c NXBGD Vigt Nam
NGUYEN TIEN THANH
Thng Bién tap NXBOD Viét Nam
PHAM VINH THAL
Vien tndmg Yién nghién ol Shch va HLGD
LE HONG SON

HOI DONG BIEN TAP

Téng bién tp + TS, TRAN HOU NAM
Thu kK Toa sogn : ThS, HO QUANG VINH

Phé ting bién 1dp : CN.TRAN THI KIM CUONG
75, LE HONG MAS

75, TRAN DINH CHAU, ThS, NGUYEN ANH DONG, TS5, TRAN %AM DONG, 785, NGUYEN MINH D0C, 75, NGUYEN MING HA,
15, NGUYEN VIET WAL POs. 15 LE QUOC HAN, ThS. PHAM VAN HUNG, PGS 15, YO THANH KHIET,
GS, TSKW, NOUYEN VAN A, Ong NOUYEN KHAC M, 75 PHAM THI BACH NGOC, PGS T5. TA DUY PHUING,
THS, NGUYEN THE THACH, G5, T5KH, DANG HUNG THANG, FGS. T5. PHAN DOAN THOAL THS. VO KIM THOY, PGS 15, YO

DUONG THUY, G5, TSKH, NGO VIET TRUNG,

TRONG $6 NAY

@ vanh cho Trung hge Corsis

For Laver Se¢ (‘(lﬂ/[tl! i School
Chir Vin Toi - Gﬁiméncvcmhlnhhoc
phéing cho hoe sinh 16p 9,

@ riuong dhn gidi 0k thi chon HSG 16p 9 tinh Wi
Duong, nZm hoe 2023 - 2024,

@ D% 1y luyén thi vio 16p 10 THPT chugén tofn,

@ Thir stee trube ky thi THPTQG - Hurbng din
gididésb2 -Désh3,

@ vién a0 dgy hye toin
 Nguyén Anh Tudn - Ch(mg mmhlm ;oebsng
nhau (ky 2),

Q Dlrakyniy Problems in This [ssue

T1/572, .., TI2/572, L1/572,1.2/572,

€ Giat vai 16 trude

Solutions to Previous Problems
TI/S68, ..., TIS6%, 111568, 1.2/56%,
€D Phuung phip gisi tohn
V& Hodng Thinh - Mg sb b whn vé mb 14
Up hyp.

@) ‘1ibng Aok qua che b tohn ~ B4 s 113 -
Bzi dich 5 111,

@) Nnibu eheh giai cho mit bk tohn - Gidi bii
104n 92 - Dé bki tofn 94,

@) Du tieh thé gioh qua ede bii tosn hay - Gidi
bai to4n 100, DE bii to4n 102,

@) saithm i dau?
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Vi tiu &8 1% e MWMM‘“MM&MGN“M
Ao Cacder™ xudt hn nam 1829, Cdn cdng trinh eda J. Bodwi

© vt Leduchevsty), Ngdy nay, ching ta goi hinh hoe phi Fuclid
(o Zohachewsie VA L Bolvai 8 43¢ ip v nhaun va ddng thit
tim ) 1 Aink doe Lodachevsiy hode Aink hoe Lodaohersty -
Bolvad, Ngdy 1L21826 durge the gidi gol 1 ngdy ra ¢ cda mda
hinh hoe ndy. Trong thi dai eda Lodaohevsty, hu ntue Khdng
ai hidu duge i tdng cda dng. VA nhidu ngadt ¢ chd nhgo dng.
Nhumg Lobachevsty dd ding cdm va tin twong phit tridn hinh
hoo mdéi cda minh. Ong ¢ Kidn tri nghidn ciu VA cdng I cdng
trinh nghidn i cla minh cng ngdy cdng chi tidt hon, diy
hon, MOt ndim trwnde Khi qua iy, Zodachevsty ¢ bl md, Khi ¢
dng o0n doe cho hoe td cila minh chép mdt cdng trinh sdng wo
mdl mang 0 1 “Hink Axc phing™, trong ¢8 dng ¢ chi rd hinh
hoo Buclid ohi 1 trindng hoe gidt han cdia hinh hoe phi Buclid cda
dng. Lodachevshy 43 gin odng triinh cudi cdng ndy cho Trrding
dai hoo Tong hop Cadan « noi cd cude 1 sdng tao cla dng 4
i Qua & dA. Ngdy 2421836, XL Lodackevsiy ¢ qua ddi. Vai
chuc nAm sau ngudt ta méi odng nhin todn bY nhimg tr tedng
Cua Ong.
Cang trinh nghidn ciru cia Lobackevsky Vi J. Bobwai v hinh hoe
phi Euclid 13 mdt thinh tyu vi dai cda khoa hoe, di md ra mot ky
nguydn mdi trong syt phit tridn cda tadn hoe, cda vt Iy va cda
rhidu nginh khoa hoe khic o lidn quan.

V3o ndm 1882, nha todn hoe H.J. Poincard di xdy dymg duge mot
md hinh (goi 12 md hinh Poincaré) cla hinh hoe Lobachevsky
phing, khi sir dung cdc “wir Jida™ iy t hinh hoe Buclid phing.
Demupbmaocmmmhdungmmpmm\%mmqm
cua hinh hoe Lobachevsky phing, xin dupe gidi thidu so luge W
md hinh ndy nhu sau (h.1).

Trong mat phing Euclid, ly mdt dwdng thing x nim ngang chia
mit phing ra 1im hai mién, nﬂum|li“n\mu&\“\‘a‘\‘1\\‘nduét“
Ta od cic quy uocsaudiyvédcklﬁl nidm oo ban cva hinh
hoe Lobachevsky phing: “Di¢m™ 13 didm (Euclid) thdng thudng
thudc “nira trén™ va khong thude x. “Dudmg thing” 1 nira dudng
trdn thong thudng thude “nira trén™ v o6 tim thude x. hoje 1A tia
thdng thudng thudc “nira trén”, 04 gdc thude x va vudng gde véi
x (& tign cho vide phit trién sau ndy, ta coi céc tia 46 nhu 13 nira
dudmg trdn o6 bén kinh - 16n vO cing, o tim thude x).

Tiép tye, trong md hinh ndy, duge xéc dinh rd ¥ nghla cla cée
khéi ni¢m co ban khic, ma cy thé 13 cla céc tuong quan co bin
sau ddy: “thude™, “& gia™, “bing nhau™ (cdn goi 13 “todn ding™),
trong d6 “thudc™ va & gitta™ durge hidu nhu thdng thudng.
Ngwdi ta d3 kiém nghidm tit ci cdc tién ¢& cda hinh hoe
Lobachevsky di v&i mé hinh néu trén, v thiy ring md hinh ndy
43 thoa main tit cd cdc tién 42 44, Trong d9, tién dé Lobachevsky
43 duge nghiém ding nhw sau:
Ky hidu (L) 18 Lobackevsky. Cho trwde dudmg thing (L) @ vd
diém (L) 4 € a. Xét trwdng hop xdy ra nhu & hinh 1 (nhing
trudng hop khic, ban doc tw xét 1dy).
Khi 44 ta ¢6: Hai nira dudmg trdn thdng thudng qua 4, o6 tim
Mr\i‘tépxﬁc“\ma(lheonghnﬂléngthubng)ﬂmlhﬁm
iuvau chinhlahaldmmd\ing(l.) Auva du’qua d va khong
i cﬂdiémchung\ém Canchll)"lingu\iu kbéngphulidlém
(L nén Au va 4u’ déukhongcédlémchung\ma Hlldm
(L) du va 4o’ duwgoﬂihuduh\gdﬁngmsong\m
%Mﬁ.)a.NhﬂngMngthing(L)duquﬁm@tdném
m“nnéngachehéo"umnga\mmng(u

hhoe Lo
. hom Mgdc Wﬂmw v dinh Iy i ddy e binh
© hoe Buclid: "N
3 hinh hoo phi Buchid duee odng b3 vao ndm 1931 (@& Wp

d : 1V san ddy o
i Mgérm»u«%nﬁm;#& uk:

WE biom gide cong o s cumh 1 b cumg o
thaic At g o o6 b il v 1hi 1 B g tromg cis
tom givke o mia hom hai gde vedng™ (h. 2),

.
B "
< \\
\ \
ik 2

2) Vide xdy dyng thanh cdng md hinh Poincaré cua hinh hoe
Lobachevsky da chimg minh duge ring:

a) Hinh hoe Lobachevsky 1A phi mau thudn (vi da biét hinh hoe
Buclid 13 phi mau thudn).

b) TN céic tidn d& khée cda hinh hoe Euclid khdng thé suy ra duge
tdndd mud (va do d6 khong suy ra duge dinh dé V cia Euclid).

~. | Hinh hoc Lobachevsky khdng phai

12 hinh hoe phi Euclid duy nhét. Hinh

hoe Riemann nghia hep cia Geory
| Friedrich Bernhard Riemann (1826-
!' 1866) ngudi Dire cling 13 hinh hoe phi
!
7

Euclid. Hinh hoc Riemann nghia hep
khic ¢d hinh hoe Euclid 1dn hinh hoe
Lobachevsky. Ching han nhu, trong
hinh hoe Riemann nghia hep, ta ¢é:

1) Bit ci hai dwdng thing ndo, cing
thude mdt mit phing thi cling cing
thudc mdt didm. Do d6 trong hinh hoe Riemann nghia hep, khdng
06 khdi nidm “hai dudng thing song song™.

2) Tdng ba gdc trong cdia mdt tam gide 16n hon 180°,

De oo due b¢ tign ¢ cua hinh hoe Riemann nghia hep, phai
thay di h¢ tidn ¢ cda hinh hoc Euclid nhidu hon 13 nhimg thay
ddi md NI Lobachevsky di thyc hign (4& 06 dwge hinh hoe
Lobachevsky). Vi vily, h¢ tién d¢ cia hinh hoe Riemann nghia
hep 13 khéc khd nhidu so véi h¢ tién dé ca hinh hoe Euclid va hé
tién dé cda hinh hoc Lobachevsky.

Hinh hoc Riemann nghia hep 13 trudng hop dic bigt cia hinh hoe
Riemann nghia ring.

Ngodi céc hinh hoc: hink hoc Euclid, hinh hoc Lobachevsky, hinh
hoc Riemann, odn hinh hoe ndo nira khong?

Ngodi céc hinh hoe vira néu, cdn nhidu hinh hoe khéc, trong dé
8 hink hoc fractal. Thujt ngit fractal do nha toin hoc Benoit
Mandelbrot (sinh ngdy 20.11.1924) ngudi Phap gbc Ba Lan, dé
nghi tr nhing nim 1970. méi ra doi nhung hinh hoc ndy da
phitfrién nhanh chéng, gd véi dd hoa vi tinh, ¢6 nhiéu img
dungtrongphintich\itﬁnghqphmh trong vi¢e xdy dymg md
hinh cda céc qud trinh dja ly, qud trinh sinh hoc (hoat djng cua
tim ngudi, philménukaciyuﬁng )

NHU HOANG (Ha Ngi)

(Theo Cdc cdu chuyén todn hoe — NXB Gido dyc, 2003)

G. K B. Riemann
(1826-1860)
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énké réng, vio sl 1823 Farkas Bolyai um 185%),

i Hungari, 43 viét the cho ngum con trai 1A Jénm
Bolyal (1802 -1560) rhng: “Con dimg di vio con duimg mi bo
da di, ding nhay vao “hang khéng da’y " dd mw! héy i 1ug, tinh
Iy va tdm huyét ciia bs”, Diy 1 Vi khu Iv
1ir d4y long, tir trach nhigm cia ngufn bo da
subt ¢4 cude diri nghién clru dinh dé V ciia
Euclid, ma khong thinh chng. Khi biét con
minh yéu thich nghién clu “ly thuyét cic
dwangmn,ufm,{”, thi £ Bolyal 87 r2t sg hi
va 4 viét cho con minh, trong mr)t bire thu
khic nhu sau: “Con 5 khing thé niw chién
thiing duge Iy thuyét cde duimg song song
I)éﬂ;{ am duomg dy, B6 da di dén cudi con
dudmg ay va da lge vao mit dém den day
ddc, mjt liu sdng ciia ngon nén cling khing cé va di chion vid &
di bao nfem hanh phiic cia déi mink, Khi lao vio cde hge thuyét
1<) qu(,mh vé cdc dmm,g song song, con ¢ chang con gi ¢a, Con
hdiy ldn trdnh né nhie Lin trdnh nhitmg dyc vong thap hen, no 5¢
lam hao mon sire lyc cud con, u(r/p di sy an nhan, 4 y dao sy
yén tinh va s¢ ;,'lcl chét nhimg niém vui ciia cug /c mng Bing 16i
mijt mimg & nuit chimg cd n}umg chol thap khing 1 va s¢ chdn,;
b lbe sing trén Trdi Dit 161 tdm; ching bao gi con ngidi c6
thé dat 16i mgt sy thye hoan mi ngay chinh trong hinh hge, Chiia
Trdri hdy cieu v con khoi nhitng ham mé con om tf/),,,”, Nhung
 F Bolyai khong ngd ving chu nbi ciza chinh ong trude day d4 lam
J. Bolyai bj thu hit vao vén dé nay, Cau n6i 6 ¢b ni dung: “Ai
chimg minh duge tién dé vé che duong thing SONg SONZ, NgUdi
do s¢ sdng ngai nhu mél vien kim cuong to béng Trdi Dar’, Va
chang J. Bolyai tré wbi d3 khong vi nhimg 10i canh béo cia bb
minh mé 1 bude, Tranh chc that bsi cia nhimg n;mn di trude,
J. Bolyai d3 di theo con dudmg riéng cla minh, Ong d3 khong
tim cich chimg minh dinh dé V cia Euclid, ma 43 xé4 n6 nhy
14 mot tién dé dic I4p, Vi khi phu dinh djnh 4¢ V ciia Euclid, J,
Bolyai 44 x4y dyng duge mit hé thong hinh hoe méi (ma vé sau
dugce goi 1a hinh h(;c phi Euclid, hay con duge goi 14 hinh hoe
Lobachevsky). Cée két qua vé hinh hoe nay cia ong ciing phong
phti va nhimg chimg minh cia dng rét hoan thién. J. Bolyai 14
mit nha toén hoc thién tai, nhung bj db ki, ché bai va bj ca nhing
diéu dom 43t vé ong. Cude mnz, cia J, Bolyat Judn bi b()n quy
the chén ép, bao vay ca vé tinh thin I4n vat chét, Nguai bb chinh
12 mt nha toén hoe day tam huyét va rit thuong con. Nhung tir
béi hoc sai 1am duge rit ra tir chinh cude doi nghién clru toin hoc
cia minh, F, Bolyai 44 vo tinh trd thanh v4t cén cia con trén con
dudmg tim t0i, sang 130.
Nam 1831, J, Bolyai d2 cong bd cong trinh cira minh dudi dzng
phuy lyuc & cudi mit cuon séch cia bb minh. Phy lyc trinh bay
“Hoc thuyét tuyét dii ding vé khing gian”, F. Bolyai 83 viét thu
cho Carl Friedrick Gauss (30.4.1777 23.2.1855) dé nghi Gauss
cho nhin xét vé cong trinh nghién clu cia J. Bolyai. Trong thy
tra 161, Gauss 2 n6i ring ong khong thé ngoi khen cong trinh
A6, vi nhu thé tire 14 ty khen minh. Ong noi rang W tuimg cia J,

Janas Bolyai
(1802 -, 1%60)

Bolyammg“phuluc”d:fnbléwwbngcﬁaong tror 2 nhiéu ndm
truGe day. Sau 86 Gauss d4 viét thir cho Goling 1 <ho séng
nh tohn hoe tré wbi J, Bolyai 12 mip thién tai.

Phai nbi ring nhimg 10i dénh gi4 trén day ca nha i Lo 161 Jac
Gauss 14 hoén toan chén thye, Thit vy, w pam 1424, rong thu

gisi eho ngudi ban 1a Tolinos, Gauss 42 Vier: *Tony bt e trang
ciia mgt tam gide pMﬂg phdi nhé hon 1807, gia dink 1oy 5¢ 7 din
dén nhimg dy’c thit khde hoan toan vai hinh hge cu g 1o
16i phit trién nb va thu duge nhimg Két qud hoan toan hin ta
hii long”, Va blae thu nbi tiéng ma Gauss 84 gii frants Adonf
Taurinus (1794 - 1874) ciing chimg 16 ring: Gauss ¢/ Vi duge
che ¢ nigm quan trong ciia hinh hoe phi Euclid, Nhuny, (’“) <hi mé)
14 nhimg dogn 10i rac, nhig phét kién, mzc di d4 rit 5 u s
Tuy nhién, lue by git Gauss 84 khong cong bb nhirmy ¥ét gus
nghién clru nay cia minh,

Thu tra Vi cia Gauss 84 Vam cho J. Bolyai ¢b nhing hicu Vam
Vom, J. Bolyai nght ring Gumt d3 ding uy danh cia mnh dé
cudp di guyén ph4t minh vé hé thrmg hinh hge mdi cua Ong. V,
thé, J. Bolyai rit dau 1ong d4 thé ring s& vin bo moi nghicn i
104n hoe, Thing 10.1848, J, I}:;I)ai d4 duge bd minh gui cho luin
van: “Nghién ciou hinh hge vé Iy I/Itl}t.’l cde duong song sony” s
[/;bachmsky, xuht bian bing li«.ng Dire nam 1840, 135 Berlin, J
Boyai d4 ré ngge nhién, vi thy rang Lobachevsky ciing 4 di ¢ '
nhimg két qua gibng nhur cia minh, Va ), Bolyai cing rat kb
phuc 14i néng cia Lobachevsky,

T Cing thii v0i J, Bolyai, 0 Cadan (1h <
ciua nude Cong hia 1y trf Tacta thuiy: |
bang Nga), d4 xudt hién mot ngi

s4ng, 40 14 nha t4n hoc thién tai / ih)
Ivanovich Lobachevsky (1792 - 17
Lohachevsky 83 Vimg V4 gito su xuér -
hi¢u trudng cha Truimg d3i hoe Tomy
Cadan, Ong 84 tim chch chlng minb 1

tir che dinh dé va tién dé khic cus |
hoe Euclid ¢b dién, khong thé suy ra
dinh dé V., D ching minh di¢u d6,

dﬁ gilt nguyén chc d;nh A& va tién aé khic (ca hinh hoe Euc

¢b dién) va thay thé dinh dé V bing mip tién d& khic phu o
cita tién dé Euclid (tuong duong vdi dinh dé V), vadodicu
la phis djnh cia dijnh dé v, Ngay nay, tién dé nay duge goi 1z
tién dé Lobachevsky Tién dé nay ¢ ndi dung nhu sau: “Trony
mdt phing, qua mjt diém khing ndm trén mgt duomg thing cho
trude, €6 it nhat la hai duimg thing khing cdit duong thang 4
cho™, Ri tir d6 Labaéhw:sky 43 xay dyng nén mit thix hinh hoc
moi khong ¢6 miau thuln, Nhimg két qua cia hinh hoc méi nay
“Ur4i mAt”, tréi vGi nhimg trye quan hing nghy cia ching ta, trdi
v0i hinh hoe Euclid quen thude, Diéu nay duge thé hién o noi
dung ciia tién dé Lobachevsky, hofc vi dy nhu & dinh 1 *Ting
ba goc trong ciia mit tam gidic nho hon hai géc vuong”,

(Xem tiép bia 3)
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