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Plachi:
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Nam 2010

Khd 19 x 26,5 cm

Gia bia: 99.000 dong
Nam 2014

Khé 19 x 26,5 cm

Gia bla; 185.000 déng
Nam 2015
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Nam 2016
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Gid bla: 260.000 déng

 N&m 2023 )

Khé 19 x 26,5 cm |

‘Gi4 bla: 260.000 déng.

N&m 2024
Kh6 19 x 26,5 cmt

! "_\’\,33 Gia bia: Sbo.oeﬁﬂé\ng

. Moi chi tidt xin lién hé:

TAP CHI TOAN HQC VA TUO! TRE

ﬁ_.,(}léng V6, Ha N§i

Théng béo: Do diéu kién khéch quan, L& ki niém 60 ndm Toan hoc va Tudi tré, 30 nam Van hoc va Tudi trd, 25 nam
Toan Tudi tho sé khong t§ chuc trong thang 1 nam 2025 ma s& ddi tdi thdi diém thich hgp trong ndm 2025,
Véy Tap chi Todn hoc va Van hoc trong nha trudng trén trong thong bao.
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y PHUONG PP DEM BANG AL GGt
e g%, TRONG CAC BAT TOAN 76 HOP 6 THES

CAQ VAN DONG (GV THPT chuyén Ha Noi - Ammdmn)

NGUYEN DUC HAI (GV Treomg Lién cdp TH, THCS Ngéi Sao, Ha Noi

Véi mdt tap hop S hiru han, c6 hai phép dém sé
phin tir ciia S. Phép dém thir nhét cho két qua m,
phép dém thir hai cho két qua n. Thé thi ta c6 ngay
m = n. Nguyén 1y dém bing hai cdch tudng chimg
hét sirc don gidn va dé& hiéu ndy lai 13 chia khoa
cta nhimg bai todn T hop hay, dep va héc bia.
Trong khudn khd bai viét ndy, céc téc gia chi gioi
han véi cic bai todn Té hgp & cip THCS.

Trudc tién, ta can diém qua céc kién thirc du tién
vé phép dém s& dugc sir dung trong bai viét:

e Quy tiic cdng: Mot cong viée ¢é hai phuong dn:
phuwong an A co m cach thyce hién, phuong an B co
n cach thwe hién, thi aé lam cong viéc do, co tdt ed
m+n cach thuc hién.

e Quy tiic nhin: Mt cong viée co hai cong doan:
cong doagn thir nhat ¢6 m cdch thiee hién, véi méi
cong doan do cong doan thir hai co n cdach thuc
hién. Vay aé lam cong viéc do, co tat ca m.n cdch
thiee hién.

e S0 tdp con ¢6 2 phan tir cia mét tap cé n phan

n(n-1) :

tr (neN,nZZ) la 3

Ta xét bai toan dAu tién:

Bai 1. Ldp 9A c6 45 hoc sinh. Biét rang moi hoc
sinh thich ding 2 mén thé thao, va méi mén thé
thao la so thich cia dung 18 ban hoc sinh trong
16p. Hoi s6 mén thé thao ma cdc ban hoc sinh lop
9A thich la bao nhiéu?

Phin tich. Goi s mon thé thao 1a m. Mgt cach
tryc quan, ta c6 thé “phién dich” ngdn ngi cia bai

toén thainh mgt bang hinh chir nhat c6 m hing va
45 ¢ft nhu dudi day:

. HS [1 [2 [3 |4 [.. [45

Mén

1 4K P .

2 X " ix_
X

m X X X

Ta danh ddu “x” vao giao cia cdt a va hang b, néu
ban hoc sinh thi a thich mén thé thao thi b.

C6 45 hoc sinh, mdi hoc sinh thich ding 2 mén
thé thao, nén sb dau “x” dugc dénh trén bang 1a
45.2=90 (déu)

Mit khac, do mdi mén thé thao c6 ding 18 ban
hoc sinh yéu thich, nén mdi hang cia bang cé
dang 18 déu “x”, do d6 sb hang cta bang (gié tri
ciam)la 90:18 =5 (hang)

Viy ¢ dang 5 mén thé thao. Bay gid, ta hiy quan
sat 101 gidi sau:

Loi gidi. Ta dém s6 lugng céc bd (4, B), trong d6
hoc sinh 4 thich mén thé thao B. Gia sir két qua
dém1a S. Ta c6 hai cdch dém nhu sau:

Cdch 1: Dém theo 4.

Vi c6 tit ca 45 hoc sinh nén c6 tit ca 45 cach chon

A. V6i mdi céch chon A4, c6 tit ca 2 cach chon B

(vi mdi hoc sinh thich diing 2 mén thé thao). Do

d6, theo quy tic nhan, $=45-2=90.

S& 571 (1-2025)
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Cdch 2: Dém theo B.

Goi s6 mon thé thao 1a m thi c6 m céch chon B.
Vi mbi cach chon B, ¢6 ding 18 cdch chon 4. Do
d6, theo quy tic nhan thi S=m-18.

So sénh hai cach dém, ta c6 18m =90 ,hay m=35.
Binh Iugn. S8 cic by (A,B) ma 1oi gidi trén dé

cdp dén, chinh 12 s6 ddu “x” trong Phan tich ta da
lam & trén. Tuy ring s6 bd (4,B) 1a mdt khi
ni¢m khé tudng tugng, nhung ¢ nhitng bai toan
phirc tap hon, n6 lai t6 ra rét hiru hi¢u. Ta hdy xem
tiép thi dy sau day:

Bai 2. Mot lop hoc ¢é 25 hoc sinh. Thdy gido
muon giao cho lop mét sé dé tai nghién ciru Todn
hoc, sao cho méi dé tai ¢6 5 ban phu trach, va hai
ban bat ki trong lop lam chung nhau ding mét dé
tai. Hoi thay gido da giao bao nhiéu dé tai?

Lai giai. Ta goi S 12 s6 by ({4;B},C), trong d6
A,B 12 hai hoc sinh cling phy trach d& tai C.

Cdch 1: Dém theo tip {4;B}. Sb cach chon 2 ban

(khong k& dén thir ty) tir 25 ban 12 g;_;ﬁ =300.

Vi mbi cdp hoc sinh bét ki ddu 1dm chung nhau
ding 1 dé tainén S =300.

Céch 2: Dém theo C. C6 tht ca m dé tai, mdi dé tai
c6 5 ban phy tréch, nén s6 cip[ {4;B} cing lim

détai Cla %5=10 (cip). T dé S=10m.

Do d6: 10m =300, suyra m =30,

Viy thiy gido di giao 30 d@ tai.

Binh lu@n. Trong 10i giai trén, ta cin dém s6 tap
{4;B} 1a s tip con c6 hai phén tir clia tap c6 25
phén tir. S di ta dém nhu vay vi khong cin quan
tam dén thi ty hai ban hoc sinh 4,B. Né6i cich
khac, tip {4; B} va {B; A} ta tinh 1 mot. Néu tinh

TOAN HOC '
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dén thit ty, ta 8 dém by (A4, B) va (B; 4), két qua
phdi 13 2524 = 600.
Ngodi céc bai toan thiét 1ap ding thic, phuong
phap dém bing hai cich con c6 thé ding dé chimg
minh bit ding thirc va gidi cdc bai todn cyc tri td
hop. Ta xem xét thi du sau day:
Bai 3. Mjt nhom g5m k (k e N,k 22) hoc sinh
vdo quén an va chon mon. Biét rang thuc don cia
qudn ¢é ding 10 mon, méi hoc sinh chon ding 5
mén va hai ban bat ki chon giong nhau khong qua
2 mén. Chiing minh rang k <6.
Léi gidi. Goi S 1a s6 bd ({4;B},C), trong d6 hai
hoc sinh 4,B cung chon mén an C.

-1
Cdch 1: Dém theo tip {4;B}: C6 ﬂliz—) cdp

hoc sinh, img véi mdi cip c6 khong qua 2 cach dé
k(k-1)

chon mén dn C, nén S < 2=k(k-1).

Cdch 2: Dém theo C: Ta BOL Xy ps iy lan lugt
14 56 hoc sinh chon mén thir 1,2,...,10.

Vi ¢6 k hoc sinh ma mdi hoc sinh chon ding 5
moén nén x, +x, +...+x,, =5k .

Ta tién hanh dém S: V6i C 12 mén thir nhat, ta c6

Aiasl) tip {4;B}. Tuong ty véi cic mén sb
2,3,...,10 va cong lai, ta dugc:

N =%(x,2 +x; +...+xfo)—%(x, + X, et Xg).
Ap dung BDT Bunyakovsky, ta cé:

1
S2-21—0(xl +X, Fratta] ——2-(x, +% +ot Xy ).

Thay x, +x, +...+ X,y = 5k, ta dugec:

5k* Sk
By i S
8 4 2
So sanh hai cach dém, ta thay:

2
k(k—l)ziﬁ——-s-zli,dﬁndén k<6.
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Binh lu@n. Diéu phirc tap clia bai toan nay 1a mdi
moén dn khdng cé cing mot s6 lugng hoc sinh
chon. Vi thé thay vi ding quy tic nhén, ta bt
bude phai goi cdc dn x,,%,,..., %, VA danh gid BDT
nhu trén. DE bai todn trd nén tron ven hon, ta cin
tim didu kién dé ding thirc k =6 xdy ra. Phin nay
xin danh cho ban doc.

Bai 4 (D& thi thir vdo 16p 10 chuyén Toin,
THPT chuyén DHSP Ha Ngi, nim hgc 2022-
2023). Mot trwong hoc co 2020 hoc sinh nam va
2020 hoc sinh miv. Trong trieong, nguoi ta ¢ t6
chire mét s6 cdu lac bo, biét rﬁng maoi hoc sinh
tham gia khéng qua 16 cdu lac bg va moi cap gom
mot hoc sinh nam va va mot hoc sinh nir bét ki thi
cung tham gia vao it nhat mgt ciu lac bo. Chirng
minh rang ¢é mét cdiu lac bé trong truong ma
trong dé c6 it nhdt 64 hoc sinh nam va 64 hoc sinh
nir.

Léi gidi. Gia sit phan chimg, khong tn tai cau lac
b5 nao chira it nhdt 64 nam va it nhét 64 ni.

Goi § 12 56 bd ((B,G),C) trong d6 ban nam B va
ban nit G cuing tham gia vao cau lac bo C. Ta dém
S bang hai cach:

Céch I: Dém theo by (B,G). Vi ¢ 2020 ban nam
va 2020 ban nir nén theo quy tdc nhén, co tit ca
2020* by (B,G). Ung véi mdi by ndy, ta chon
dugc it nhit mot cau lac bd C, do d6 S >2020%
Cdch 2: Dém theo C. Ta xét hai kha ning cua C.

- Khé néng 1: C chira khong qué 63 ban nam. Co6
2020 cé4ch chon G, méi cach chon G c6 khéng qua
16 cach chon C va mdi cach chon C c6 khong qua
63 cach chon B.

S6 b cin dém clia kha ning ndy khong vugt qua

2020-16-63.

- Kha niing 2: C chira tir 64 ban nam trd lén. Theo
gia sir phan chimng, C c6 khong qué 63 ban nit.
C6 2020 cach chon B, mdi cach chon B c¢6 khong
qué 16 cach chon C va mdi cich chon C cb khong
qué 63 cach chon G. S6 bd can dém cia kha ning
nay khong vugt qua 2020-16-63.
Theo quy tic cong, ta co:
S <2020-16-63+2020-16-63.
So sanh hai céch dém, din dén
2020% <2-2020-16- 63
Hay 1010<16-63=1008, miu thuan.
Vay gia sir 1a sai, tirc 1a phai ton tai mot cau lac bd
chira it nhit 64 nam va 64 ni.
Bai 5. Viét cdc s6 1, 2, ..., 10 vao mét bang 6
vuong 10x10, moi sé xudt hign ding 10 lin.
Chirng minh r(?ng t6n tai mot cot hodac mot hang
ciia bang chira it nhdt 4 s6 phdn bigt.
Léi gidi. Gia sir phan chirng, mdi hang va mdi cot
ctia bang déu chira khong qua 3 sé phan biét. Goi
T1a s cip (4,b), trong d6 A 1a mt hang hogc
mot cit va b 13 s6 xudt hién trén hang (cot) 4. Ta
dém T theo 2 céch:
Cédch 1: Cb 20 cach chon A, mdi cach chon 4 cé
khong qua 3 cach chon b nén T £20-3 =60.
Cadch 2: C6 10 cach chon b. Gia sir trén bang c6 m

hang va n cot chira s6 b thi sb lugng sb b trén toan
bd bang la: 10.<_mnsi-(m+n)2 Sm+n27.

Tiec 12 ing v6i mbi cach chon b cé it nhit 7 cach
chon 4, tr 46 T210-7=70. So sanh hai ciach
dém ta thiy mau thufin. Vay gia st 1a sai, tic 1a
ton tai mét cot hoic mot hang cua bang chua it
nhét 4 s6 phén biét.

Béy gid, ta hily xem xét mét bai toan Hinh hoc T6
hop.
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Bai 6. Cho 2023 diém trén mt phang, khong co
ba diém ndo thang hang. Chimg minh so tam gide
c6 ba dinh la ba diém da cho, va cé dién tich bang
I khong vuot qua 4046 - 674 tam gidc.

Léi gidi. Goi S 1a s6 cic by (AB,C) trong d6
A,B,C 1 ba trong s6 cic diém di cho va tam gidc
ABC c6 dién tich bing 1.

Chon doan th?mg AB, ta co:

2 ¥
2023-2022 _,011.2023 (céch).

Véi mdi cach chon AB, ta cin tim cic diém C thoa
min. Dé dign tich tam gisc ABC bang 1, thi

khodng cach tir C dén AB phai bing %, tirc 12 C

phai nim trén hai dudng thing song song véi AB.
Tuy nhién vi khong c¢6 ba diém nio thing hang
nén sé diém C c6 thé chon dugc khong qué 4. Do
d6 §<1011-2023-4.

Vé6i mdi tam gidc théa min, cé thé tao ra 3 b
(4B,C) nhu trén, do d6 sb tam giéc 1a:

% <337-2023-4 = 4046674 (tam gidc)

Binh lugn. Mot cich chon khéo 1éo ddi tugng cin
dém s& giai quyét duge bai toan. Dir ki¢n dién tich
khong anh huéng dén két qua bii todn. Véi bai
toan tdng quéat cho n diém, sé tam gidc c6 dién
) D 2n(n-1)
tich A cho trudc khong vurgt qué e
Cuéi cing 1a mdt s6 bai tap tyr luyén
BAI TAP TU LUYEN

Bai 1. Mot 16p hoc c6 45 hoc sinh. Thay gido
mudn giao cho 16p mdt s6 dé tai nghién ctu Toédn
hoc, sao cho mdi dé tai c6 5 ban phy trich, nhung
hai ban bét ki trong 16p khéng dugc chung nhau
quéa mdt dé tai.

a) Chi ra mt cich sip xép céc ban hoc sinh dé
phy trich 11 dé tai.

TOAN HQOC ;
4 CTudilpe__ S857101-2025)

b) Chimg minh ring thdy gido khong thé giao
cho 16p qué 100 dé tai.
Bai 2. Trén mit phf’mg cho n diém phan biét va 10
dudmg thing phin biét, biét ring mdi dudng thing
di qua ding 10 diém da cho. Goi x, (1<i<n) 1a
s& dudng thing di qua diém thir i trong s6 n diém
da cho.

c) Tinh téng x, +x, +..+X, .

d) Chimg minh n > 50.
Bai 3. (Bé chon HSG Todn 9 qudn Hoan Kiém,
Ha Ngi, nam hoc 2023-2024) Cho bang 6 vudng
nxn(neN,n>4). Ta tién hanh dién vao mdi 6
vuéng 1x1 cua bang mot sé nguyén (cic s6 duge
dién khong nhét thiét phan biét) thoa mdn tdng céc
s6 trong mdi mang 3x3 luén dwong, dong thoi
tong céc s6 trong mdi mang 4x 4 ludn am.

¢) Chi ra mt cich dién s théa min vdi n=5.

f) Tim gia trj 16n nhit ctia n dé tdn tai mot cach
dién sd thoa min.
Bai 4. (Dé chon HSG Todn 9 thanh phé' Ha Ngi,
2022 - 2023) Cho da gidc déu
AA,... Ay, . Goi S 12 tip hop céc trung diém cia

nam hoc

cic doan thing A4, (1<i<;j<2023) va M 1A

téng 4§ dai cua tit ca cac doan thing ¢ hai diu
mut 13 hai diém thudc S. Goi N 1a tdng d¢ dai cua
tit ca cic doan thing A4, (1<i<;<2023).

Chimg minh M <1011*N .

Bai 5. (Pé thi Olympic Todn Quoc té IMO 1998)

Trong mt cudc thi, c6 a thi sinh va b gidm khao,

voi b23 va la sb 16. Mdi gidm khao chi ¢6 thé

danh gié thi sinh mét trong hai kha ning “dd”

hodic “truet”. Gia skt ring v&i hai gidm khio bit

ky, ho dénh gia giéng nhau & nhidu nhit k thi sinh.
b-1

.k
Chimg minh raing — > —.
é g a 2b
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HUONG DAN GIAI PE THI CHON HQC SINH GIOI
LOP 9, TP. QUANG NGAI
NAM HQC 2023 - 2024

e \  { s . /' ’ . ~ - T i}
Bai 1. 1) Tim tat ca cac so ¢o hai chir so ab sao

2 £ ~ £
la so nguyén to.

cho -
a1

2) Tim tdt cd cdc cip 56 nguyén (x;y) théa man
¥y +2xy-5x-6=0.

3) Choa, b, c la cac s0 nguyén thoa man
a+b=c-202c.

Chimg minh rang a + b + ¢’ chia hét cho 6.

Loi gidi. 1) Vi a, b c6 vai trd nhu nhau nén ta gia

sita>b.

Vi =p Vv6i p 1a s6 nguyén té (*), suy ra

a
a4
abip=>aip hoic b:p, do d6 p 14 s§ nguyén td
c6 mét chir sb = p{2,3,5,7}.

Tix (*)tacd: ab=ap-bp= (a+p)p-b)=p’

Q{a+p=p2©{a=pz-p

p-b=1 b=p-1

Véip=2tacé ab=21 hojic ab=12.

Véip=3taco ab=62 hoic ab=26.

Véip=5vap="7tacodaldsdco 2 chirsd (logi).

Viy céc sé ab cin tim 1 12, 21, 26, 62.

2) Tacéd: y* +2xy—5x=6=0

SxX*+2y+y =x* +5x+6 (¥

S x+y)P =(x+2)(x+3)

Vi vé trai 1 s6 chinh phwong; vé phai 1a tich cia 2
s6 nguyén lién tiép nén phai c6 mot thira s6 béng 0

x+2=0 x==2
= L .
x+3=0 x=-3
Véi x=—2=>y=2; Véi x=—3_—_>y=3. Véy‘:é
2 cap sb nguyén (x;y) can tim 14
(-2;2) va (-3;3).
3)Tacod: a+b = ¢ —2024c

Viéy P

b) Xét 2P =

oa+b+e=c’ -2024c+c
e a+b+ce=(c’ —c)=2024c+ 2c.
Viy a+b+e=(c’-¢)-2022¢
=(c-1)e(c+1)-2022¢: 6.
Xéthigu: @’ +b°+c’ —(a+b+c)
=@-a)+B’-b)+(’-0c)
=(a-Da(a+1)+(a-Na(a+1)+(a-1)a(a+1):6.
Mia+b+c:6nénd+b+c:6.
Bai 2. 1) Cho biéu thirc:
P=( 1, 2 )_6&—9x-1
Wxel 1-4x}) 1=

VOi x 2 O;x;tl;x;tl.
4 9

a) Rut gon biéu thirc P.
b) Tim tat ca cdc gid tri nguyén cia x dé biéu
thiec P nhan gia tri nguyén.

; 1- !
2) Cho biet a = £ . Ching minh rang:

V16a* =51a > 7 (7 1a s6 pi).

1,2 )_6\/}—9):—1
wWx-1 1-4x)  1-3Jx
=[ 1 2 9x-6Vx +1
Wx-1 @Sx+D)Vx-1)| 3Jx-1
L 2fx+1-2 @GJx-1
@Vx+1)2Vx-1) 3Jx-1

1 _3Wx-1

2Wx +1 -1 T aVx 41

? =3\/;_1 vGix 2 O;x;t-l-;x:l.
2Jx +1 4 9

6Vx -2 _32x+1)-5
2Jx +1 2Jx +1

5

2\/;+1'

Lo gidi. 1) a) P=(

3w

S48 571 (1-2025)
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1
Véix eZ vax 2 0; x#z;x:t-g thi:

5 £ e |
PeZ&2P=3- 1a 50 nguyén chan
© 24Jx +1 a

5

2Jx +1
1) 2Jx +1=1¢> x=0 (théa man DK).
2) 2Jx +1=5< x =4 (théa min PK).

Viy xe{0;4} 1a céc gia trj can tim.

1~
2

= 1a s6 nguyén 1¢ < 2Vx +1e{1;5}.

2) Tacé: a= =2=1-2=1-2a=2

=4a’ =da+1=>16a* =24a+5

= 2564" =816a+169 = 164" —51a=%

=16a* -51a =-142.

Vi %=3,25 va r =3,1416...

Vay V16a* -5la> 7.

Bai 3. 1) Giai phwong trinh

x? +2022x - 2021 = 242024x - 2023.
X’ +y: +2y=4
2x+y+xy=4

i 13
nen —>rw.
4

2) Giai hé phwong trinh {

2023

Léi gigi. 1) PK: x> ==
2024

Phuong trinh 43 cho tuong duong véi
x? =2x+142024x-2023-24/2024x-2023 +1=0

& (x-1)? +(v2024x - 2023 - 1)2 =0

x=1=0 x=1
ol {\/ 2024x-2023-1=0 et {2024): -2023=1
& x =1 (thda min DK).
Véy x = 1 la nghiém cua phuong trinh di cho.
+y +2y=4 +y +2y=
2) Ta cé: {;+f+xyy=4 =3 {Zc+;y+2};y :8'
Cong vé voi vé hai phuong trinh ta thu dugc:

S8 571(1-2025)
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2 xX+y=2
+y) +4(x+y)-12=0 & .
(x+y) +4(x+7) [x+y=_6
+y=2 xty=2
+Gidihe: |- 7 O Wi
2x+y+txy=4 x+x(2-x)=2
& x=1:>y=1.
x=2=y=0
+y=-6
+Gidihg: {7
2x+y+xy=4

x+y=-6 L

c>{x+x(—6—x)=10 (% nghisen)
Véy HPT c6 nghiém: (x; y)e{(1;1), (2; 0)}.
Bai 4. 1) Cho tam giac ABC nhon ¢6 ba diong
cao AA', BB', CC". Trén BB'ldy M, trén CC' ldy N
sao cho goc AMC va goc ANB la goc vuong.
Chimg minh tam giic AB'B cT(jizg dang voi tam
giac AC'C va AM = AN.

2) Cho duong tron (O; R), duong kinh BC = 2R
va diém A di dong trén dwong tron dé (vdi A khac
B va A khac C). Ké dwong cao AH = h cita AABC
va ban kinh OK vuong goc vai BC (K khac phia
doi véi A, ¢6 ba la BC),

a) Tim d¢ dai h dé dién tich ciia AAHK dat gia tri
lim nhat.

b) Chirg minh ring khi A di chuyén trén duong
tron (O; R) thi tong AH® + HK’ luén khéng doi.
¢) Tinh 56 do goc ABC ciia AABC khi

SAH? =3HK’.
Loi gidgi, 1) Xét tam giac AB’B va tam giac AC’C
c6: goc A chung, B'=C"=90". Suy ra tam gidc
AB’B d&bng dang véi tam gisc AC’C (g.g).
Xét AAMC vudng tai M véi dudmg cao MB' ¢c6:

AM?* = AB' AC.
4
Bl
C'
B Al C
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Xét AANB vudng tai N véi dudng cao NC' cb:
AN? = AC'.4B.

Do AAB'B ~ AAC'C nénta c6: AB'AC=AC .AB.

Do 46 AM = AN.

2)
y
h
0
B — ; c
K

a) Tacé OK L BC;AH L BC = AH //OK .
Suyra S, =Sk Ma AAOH vubng tai H nén
AH? + HO? =04’ = HO* =R* - *

= OH =JR* - IZ.

Laicé S, =%AH.0H=%h\/R2 - h?, nén

Sy =%h\/R2 oy
Ap dung BDT Cauchy cho hai s§ dwong h va

JR* - h? taco:
1 1 K +R*=p?
Q- BSHTR? o B & i i asibticsti.
Y 2 3

= %R’ (khéng ddi).
Déu "=" xy ra khi va chi khi
h>0
h2 =R2 _h2
Véy dién tich tam gidc AHK dat gié trj 16n nhét 13

2
B in=Y2p
4 2

@h:%R.

b) Ta cd AOHK vudng tai O.

Suyra HK*=R* + OH?, ma AH’ = R* - OH*

do d6: AH? + HK* = R* + OH* + R* —-OH*
=2R? (khong dbi).

c) Taco: KH? =§AH2,

md AH? + HK?* =2R? = AH? +§AH’ =2R?

R3

suyra: AH? =2R? :§=>,<,1H=T

Vi AOHA vudng tai H nén ta c6:

RV3 043

AH =—==
2 2

Suy ra AOHA 14 nira tam gidc déu véi AOH = 60°.
- Néu H thuc doan OB, ma AOAB can tai O c6 0
A0B =60", do d6 AOAB i tam gidc déu, nén
ABC =60".
- Néu H thudc doan OC, suy ra:

ACB =60° = ABC =90° - ACB = 30",
Viy 4BC = 60°hoéic ABC = 30",
Bai 5. Tai mgt goc khu vwon hinh chir nhat, co
mét cdy an trai & vi tri M, khodng cdch tir cdy dén
hai canh lan lheot la 5 mét va 12 mét. Nguoi ta lam

hang rdo ngan cach dé lam khu chdn nuéi (phan
t6 ddm), hang rdo la doan thing di qua cdy dan

trdi va hai dau doan thang o hai canh cua khu

. v A ’ » £ , A g -
vwon. Hoi di¢n tich nhé nhat cé thé lam khu chan
nuoi la bao nhiéu?

C

X

K M

A4 H B

PatCK =x,(x>0). AMKC va ABHM dbng
S BH X

Viy AC=x+5(mét)va 4B =412 (mey).
X

-
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PE THI CHON HOC SINH GIOI LOP 9
TINH HAI DUONG, NAM HOC 2023 - 2024
(Thoi gian lam bai: 150 phut)
Cau 1 (2,0 diém). 3a+3b+1 déu 14 cdc s chinh phuong.
1) Rt gon biéu thirc Cin 4 (3,0 didm),
Jx—,/4(x-—1) +\/x+,/4(x—1) 1 1) Cho tam gidc ABC can tai 4, O 14 trung diém
P= 1= ; . i 4a K, P
\/xz ~4(x-1) ( x—l) cua BC. Dudng tron tdm O tiép xuc véi hai canh
e AB, AC tai H va K. Goi P, Q 14 hai diém thudc cic

2) Cho céc s6 thyc x, y, z khic 0 thoa man didu cqnh AB va AC sa0 cho POQ = ABC.

ki¢n x+ y +z =0. Chimg minh ring;: a) Chimg minh ring PQ 1a tiép tuyén cua duomg
6x° 65" 622 tron (0).'
=\ =% + b) HK cét OQ tai D. Chimg minh PD vudng goc

xt-yl-zt y-lex? PPy
véi 0.

1a s6 nguyén. .
2) Cho tam giac nhon ABC c6 ba gbc nhon va truc

f”;_:_(zilo d'e"'t)r'inh tam H. Goi D, E, F 1in lugt 13 chan ba dudmg cao
) Gidi phuong ké tir cdc dinh 4, B, C ctia tam giéc ABC. Chimg
2x* +4x+4=(2x+3)Vx* +x+2, 2 2 2
o cingc [ 2B o (BEY L (CAY 436
voi x>Lx#2. minh rang: HF + HD + g 2
2) Giai h¢ phuong trinh:

Cau 5 (1,0 diém). Cho cac sb thuc duong a, b, ¢

\, 242 2y—-1=0 ;
¥ Ecphat ) . thdamln a+b+c<>. Tim gid trj nhd nhét cla
2(2y3+x’)+3y(x+l) +6x(x+1)+2=0 2
Ciu 3 (2.0 didm) biéu thirc
iu 3 (2,0 diem). 5 . .
1) Tim tit ci cdc s& nguyén x,y,z théa main P=a(bc+l) +b(ca+l) c(ab+1) .
c’(ca+1) a’(ab+1) b*(bc+1)

3x? +6y* +22° +3y*2* —24x =15,

T e LE BA HOANG
2) Cho a, b 1a céc sO ty nhién théa man: (Phong GD&DPT TX. H&ngLr”nh, Ha Tink)
2a* +a=3b*+b.Ching minh 2a+2b+1 va Gidi thigu
sk 3 s ok gk sk ok sk sk ok ok ok ok e ke v 2k e e sk ok ok ke ole ok ke ke ok 2k ke ok ok sk se st sk sk ok sk ok ke sk sk sk sk sk sk sk sk sk sk sk ok sk ok sk sk sk ok sk sk ok sk ke sk sk ok ok sk sk ke ol ok sk ok sk ok skok sk ok ok
@ Dién tich ciia khu chin nubi 1a: Dau “=" xdy ra khi
6x=m<:>x2=25<:>x=5.
X
Sm=1AC.AB=%(x+5).(@+12] 140
# i . Dodé: 8, =6x+-—+60260+60=120.
1 300 . o o .
WV 73| P L2ALI Suy ra di¢n tich nhé nht c6 thé lam khu chan nudi
150 14 120 (m%) dat duge khi x =5m.
< S8 5o =6x+—+60.
x TRUONG QUANG AN
Phong GD&DT TX. Hong Linh, Ha Tinh
Tacé: 6x+20 52 [6x120 =60 (BDT Cauchy). (aung LA L361-TRN)
x X Gidi thi¢u

8 T9g|@ug',gg S§ 571 (1-2025)
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THU SUC TRUGC KY THI TRUNG HOC PHO THONG QUOC GIA NAM 2025
DE SO 2
(Thoi gian lam bai: 90 phit)

PHAN I, Triic nghi¢m nhidu phuong dn lya
chon (Thi sinh trd 10i tir cdu | dén céu 12, mdi
cdu hdi thi sinh chi chon mjt phuong dn)

Ciu 1.Néuham b y = Sf(x) cb6 m{t nguyén ham
trén R 12 hdm 86 y = F(x) thi

A. f'(x)=F(x),VxeR.

B. ['(x)=F(x)+C (CeR),VxeR.

C. F'(x)= f(x),VxeR.

D. F'(x)=f(x)+C, VxeR.

Céu 2. Tinh dién tich hinh phing gi6i han béi dd
thj him s6 y = x* —x va dd thj ham sé y = x - x2.

37 9
A’_l B' —-.l
12 4
81
C. —. D. 13.
12

Ciu 3. Khéi lugng cua 30 ci khoai tiy thu hoach
& mot ndng trudng duge thong ké nhu bang sau.

Lép khdi Irgng (gam) Tin s6
[70; 80) 3
[80; 90) 6
[90; 100) 12
[100; 110) ol
[110; 120) 3
Cong 30

Tén sult ghép nhém cuia 16p [100;110) 1a

A. 207 B. 40%
c. 0% p. 80%

Ciu 4. Trong khong gian Oxyz, dudng thing Oy
c6 phuong trinh tham s6 12

x=t x=0
A{y=t (teR). B.{y=2+¢t (teR).
z=1 1z=0

x=0 x=t
C.{y=0 (teR). D.{y=0 (teR).
2=t z=0

Ciu 5. 86 nghiém cuia phuong trinh 2sinx—y3=0

trén doan [0;27] 1a

A.3. B. 1.
C.4. D. 2.
Cau 6. Phuong trinh log, x +log,(x~1)=1 cb tap

nghi¢m 1a

A. {-1;3}. B. {1;3}.
C. {3}, D. {1}.
Ciu 7. Mit phing (p):§+§+:%=1 c6 mét
vecto phap tuyén la:
A. Z=(3;2;3). B. E=(2;3;—2),
C. n=(2;3;2). D. n=(3;2;-3).

Ciu 8. Néu hai dudng thing phén biét cing vudng
géc véi mdt mit phing thi vi tri twong ddi cia hai
dudmg thing do 1a
A. song song. B. cit nhau.
C. vudng goc. D. chéo nhau.
Ciu 9. Nghiém ciia bat phuong trinh 3**' > 3%~
la

A.x>—£. B.x<2-.
3 3

C.x>2'-. D. x>2.
3 2
Cau 10. Cho cép sé nhan (u,) v6i u, =3 va

u, =12, Cong bi cua cap s nhan di cho bing

A. 4. B.9.
C.l. D. 2.
4

Chu 11. Cho tir dién ABCD. Ménh dé nio duéi
day 12 ménh dé ding?

A. BC-BA=DA-DC. B. AC-AD=BD-BC.

C. AB-AC=DB-DC. D. AB-AD=CD-CB.
) TOAN HOC

S48 571(1-2025) &cruﬁit,:é 9

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

Céiu 12. Cho ham sé y = f(x) c6 bing xét diu

dao ham nhu sau

X —00 -1 0
y il Wi -

M¢nh dé ndo duéi diy ding?

A. Ham s6 dong bién trén khodng (-2;0).

B. Ham 56 ddng bién trén khoang (—0;0).

C. Ham s6 nghjch bién trén khoing (0;2),

D. Ham sd ddng bién trén khoang (—00;2).

PHAN 1L Ciu tric nghi¢m ding sai. Trong

méi y a), b), ¢), d) & mdi cu, thi sinh chon diing
hodc sai

Ciu 1.Cho ham s f(x)=x+ L.
x+2

a) Tap xac dinh ciahamsé1a R .
b) Pao hiam cua ham sé 1a

PRy Dty

(x+2)

, Vx# -2,

c) Nghiém cua phuong trinh f'(x)=0 trén

[-5;0] la x=-1.
2

d) Gia trj nho nhit ctia ham sé f(x)=x+ : 3
X+

trén —-3;0 la l
2 2

Ciu 2.Cho him s§ f(x)=—-x* +1.

a) Hoanh 40 giao diém cua d6 thj ham sb
y=f(x) vatruc Ox 1a nghiém ctua phuong trinh
f(x)=0.

b) D4 thj ham s6 cit truc hoanh tai ba diém phan
biét.

¢) Néu D 14 hinh phing gi6i han béi db thj him
s va truc Ox thi khdi tron xoay c6 dugc khi quay
D quanh truc Ox mjt vong cé thé tich dugc tinh

theo cong thirc ¥ = j(l -x )2 dx.
el

TOAN HOC
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d) Néu D 13 hinh phiing gi6i han bdi dd thj ham
s va trye Ox thi khoi tron xoay ¢6 duge khi quay
D quanh tryc Ox mdt vong c6 thé tich bing
167

15
Chin 3. Kiém tra thj lyrc ctia 240 hoc sinh khbi 12
& mdt trudng phd thong duge két qua nhu hinh

dudi ddy. Chon ngiu nhién 1 hoc sinh.

Gidi tinh Nam Nir
Thij lyc
Bj cin thi 47 42
Khong bj céin thj 85 66

a) Xé4c sudt cua bién c6 chon dugc hoc sinh bj
2 89
cin thi bang —.
o T P8 540
b) Xéc suét cua bién cb chon duge hoc sinh nit
132
bing —
¢) Xéc sudt cia bién ¢d chon dugc hoc sinh bi
. 47
can thi, biét hoc sinh d6 13 nit bing e
d) Xac suit coa bién cb chon dugc hoc sinh 1a
i, bidt hoo sirili 46 bj cin thj bing ;3—72"
Caiu 4. Trong khong gian v&i mot hé truc toa do
cho truée (don vi do ldy theo kilomét), ra da phat
hién mét chiéc may bay di chuyén voi van toc va
huéng khéng déi tr diém A(800;500;7) dén
diém B(940;550,9) trong 10 phat.
a) Pudng thing 4B c6 phuong trinh tham sé 14
x =800+ 70¢

y =500+ 25¢.
z=T+t

b) D dai quing dudmg 4B 13 V707 +25° + I,

¢) Vin téc cia médy bay 1a 800 km/h.

d) Néu may bay tiép tuc giit nguyén van téc va
huéng bay thi toa d ciia may bay sau 5 phit tiép
theo 13 C(1010;575;10).
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PHAN I11, Cu triic nghi¢m tra Ioi ngin.

Ciu 1. Cho hinh chop S.ABCD c¢6 ddy ABCD la
hinh vudng canh 1, S4 vudng goc v&i mit phing
day. Tinh khodng cdch tir trong tim G cua tam
gidc SAB dén mijt phing (SAC) (lam tron két
qua dén hing phﬁn trim),

CAu 2. Mot phan thiét ké cia mot cdng trinh dang
xdy dyng c6 dang nhu hinh bén, trong d6 ABCD
1 hinh vudng c¢6 canh 6m, AM,BN,DP cing

vudng goéc voi mp(4ABCD), AM =4m, BN =3m,
DP =2m. Géc giita hai mjt phing (4BCD) va
(MNP) 1a n® (lam tron két qua dén hang don vj
ciia d9) véi n 14 sb nguyén duong. Tinh gi4 trj

cua n.

Cau 3. M0t nha thiét ké cAn 1am mét cai logo c6
dang hinh chit nhat kich thuéc 40cm x 80cm.
Trong logo c6 hai duong parabol chung dinh, cung
truc ddi xtmg chira dudmg trung binh cia hinh chir
nhdt va hai parabol di qua dinh cta hinh chir nhat
(hinh dudi). Nha thiét ké c6 ké hoach 1am mau nén
13 mau sim phin phia trén ciia ca hai dudng
parabol v phin phia du6i cia cd hai dudng
parabol, phin con lai khong c6 miu. Dién tich
phédn mau sim 13 bao nhiéu dm® (1am tron két qua

dén hang phan mudi)?

|

|

| el
Céu 4. Trong h¢ tryc toa dj(Oxy), cho dd thj

2
ham sb (C): y=-"———+—;%1

dong cua mdt chiéc thuyén trén bién, mot tram
phat song dit tai diém/(~1;-1). Biét hoanh do
diém M thugc dd thj (C) ma tai d6 thuyén thu

; x>—1 mé ta chuyén

{21 1

dugc song tot nhat 1a x, = G
diéu kién anh hudng dén viéc thu phét séng). Tinh
an+b?

Cau 5. M6t thanh phé du dinh xdy dung mdt tram
nuéc sach dé cung cép cho hai khu dan cu 4 va
B . Tram nudc sach dat tai vi triC trén bd song.
Biét AB =317 km, khoang céch tir 4 vi B dén
b song lan lugt 14 AM =3km, BN =6km (hinh
vé). Goi T 14 téng d¢ dai duong dng tir tram nudc
dén A va B.Khi T dat gia trj nho nhét, hay tinh
khoang cach AC.

—b (loai trir céc

M| C N

Ciu 6. Hai ban Viét vA Nam mdi ngudi thyuc hién
mét thi nghiém mét cach doc lap véi nhau. Xac
sudt thyc hién thi nghiém thanh cong cia Viét va
Nam 14n Iugt 12 0,6 va 0,7. Biét ring c6 it nhit 1
ngudi thyc hién thanh cong thi nghi¢m, tinh xac
suat clia bién c¢b c6 diing mot trong hai ngudi thyc
hién thanh céng thi nghiém (lam tron két qua dén
hang phén trim).
QUACH TH] TUYET NHUNG
(GV THPT chuyén Hung Yén)

TOAN HOC
o1
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THEO CHUONG TRINN VA S( l\ '\lUI

* CHING MR HA GOG BAlG NHAU

NGUYEN ANH TUAN :
(GV THCS Héa Hiéu 2, TX. Thdi Hoa, Ngh¢ An‘)/

(Ky 1)

Mot trong nhitng cong cu dé chimg minh hodc phat
hi¢n ra hai géc bang nhau 14 sir dung tir gidc ni tiép
dudng tron. Tuy nhién, trong Chwong trinh Gido duc
phd théng 2018 ndi dung kién thirc vé tir gide ndi
tiép (& céc bd sach gido khoa nhu: Két noi tri thirc
VOi cufc sd'ng; Chén troi sang tgo, ...) dugc gi6i
thi¢u & cudi chuong trinh 16p 9 va phin diu hiéu
nhan biét t& gidc ndi tiép chi dimg lai & nhimg tir
giac don gian chir khéng c6 cac dau hiéu nhan biét
nhu sich gido khoa trong chuong Chuong trinh gido
dyc phd théng 2006. Sy thay ddi niy lam cho rat
nhiéu gido vién gip khé khin khi bién soan cac dé
kiém tra cudi ki, d& thi chon hoc sinh gioi hay viéc
chuén bj céc chuyén d& bdi dudng hoc sinh gioi & bd
moén hinh hoc. Hy vong bai viét nay s& gitp cho cic
thiy c6 gio giai quyét dugc nhimg khé khin nhu da
néu & trén va gitp cho cac em hoc sinh biét cach
chimg minh hogc phat hién ra hai géc bing nhau khi
chua hoc dén khai niém t&r gidc néi tiép (hodc khong
chimg minh mot tir gidc nao d6 14 tir giac noi tiép).

L. LY THUYET

1) Khai niém tir gidc c6 hai dinh lién tiép cing
nhin mdt doan canh dudi hai géc bang nhau

Cho tit gide ABCD c6 DAC=DBC, khi d6 ta
noi hai dinh A va B cung nhin canh CD dudi
hai géc bang nhau,

b

Hinh 1

1 2 T?glb'lug% Sé 571 (1-2025)

2) Déu hiéu nhan biét tir gi4c c6 hai dinh lién tiép
cung nhin mdt canh dudi hai géc bing nhau.
2.1) Néu mét tir gidc cd hai dinh lién tiép cing
nhin mt canh dwdi hai géc bang nhau thi:
a) Hai dinh lién tiép con lai ciing nhin mét canh
dwdi hai goc bang nhau.
b) Géc ngodi tai mét dinh bing géc trong doi dién
Voi géc ké ciia né va tong sé do hai géc doi bang
180°.
Chirng minh.
THI1: Néu tir gidc dang xét 13 hinh chir nh4t thi ta
c6 ngay dieu phai chimg minh.
TH2: T gidc dang xét khong phai 1a hinh chir
nhat

F

Hinh 2
Xét tir gidc ABCD c6 DAC=DBC, goi E la
giao diém cua AC va BD; F la giao diém cua
AD va BC (h.2). Taco:
AAED «» ABEC (g.g)

=> BCA=BDA,— BE = ABD=ACD va

BAC = BDC.
Vi BCA=BDA = AFBD «» AFAC (g.g)
FB _FD
=i = AFBA <~ AFDC
FA FC (%€5)
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= FBA=FDC, md FBA+ABC=180° (hai
géc ké bu). Do 46 ADC + ABC = 180°,
2.2) Néu m¢t tir gide ¢6 tong 56 do hai goe doi
bang 180° thi hai dinh lién n’ép cung nhin mot
canh dwdi hai gée bang nhau.
Chimg minh,
TH1: Néu tir gidc dang xét 1a hinh chir nhit thi ta
¢6 ngay di¢u phai chimg minh,
TH2: T gidc dang xét khdng phai 1a hinh chir
nhit

D c
Hinh 3

Xét tir gidc ABCD c6 ABC+ ADC =180° (h.3).
Goi F 1a giao diém cua hai duong thing 4D va
BC, ta cd ABC + ABF =180° (hai goc k& bu) va
ABC+ADC=180° (gt) ADC = ABF
AFAB > AFCD (c.g.c)=> ADB = ACB, dén day

nén

st dung diu higu 2.1) ta ¢6 ABD=ACD,
DAC = DBC va BAC = BDC.

II. BAI TAP AP DUNG

Bai 1 (Lép 8). Cho tam gidc ABC vudng can tai A
Trén AB, AC lan luot lcf)’ cac diém M, N sao cho
AM = AN. Goi P, Q lan lirg't la chdn cac duong
vuéng géc ha tir M xuong BN va BC. Chitng minh:
a) APN =45

b) Chirng minh ba diém A,P,Q thing hang.

Léi gid.

M
ZP
0

Hinh 4

a) Vi AM = AN nén tam gidc AMN wvudng cén
tai A => AMN = ANM =45° Xét tix gide AMPN
6. MAN + MPN =90° +90° = 180°

= APN = AMN = 45°,
b) Xét tir gide BMPQ cb:

BOM = BPM =90° = MBQ + MPQ = 180°
= MPQ =180° - MBQ = 180° - 45° = 135°
Mit khéc: MPA = MNA = 45° (do ti gidc AMPN
c6 MAN + MPN =90°+90° =180°). Tir d6 suy ra
MPQ + MPA=135°+45°=180° nén ba diém 4,
P va Q thing hang.

Bai 2 (Toan 8). Cho tam gidac ABC vudng tai A.
Tia phdn giac cua goc ACB cdt canh AB tai D.
Ké BE vuong goc voi tia CD tai E. Qua B ke
dwong thang song song véi AC cdt AE tai F, CF
cat AB tai G. Ké DH vuéong goc véi BC tai H.
Churng minh AB la tia phdn giac cua goc FAH vi
GH song song voi AC.

Lai gidi.

Hinh 5
Xét tir gidc AEBC cb6:
BEC = BAC =90° = BAE = BCE.
Xét tir giac ADHC c6:

DAC + DHC =90° +90° = 180° = DAH = BCE.
Tir 46 suy ra BAE = DAH nén AB 1a tia phan
giac cua goc FAH. Xétta gidc AEBC cé:

BEC = BAC =90° = ACB=BEF (1).

Xét tir gidc ADHC c¢6:

DAC +DHC =90°+90°=180°=> BDH = ACB (2).
Xét tir gidc DHBE c¢6:

TOAN HOC
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DHB + DEB=90°+90°=180°=> BDH = BEH (3).
Tit (1), 2), (3) suy ra BEF = BEH.

Ta lai ¢6 EBA=ECA=ECB=EAB=> AEAB cén
tai E = EB=EA (4).

Vi BF /| AC = ABF = BAC =90°. Ta c6:

90° = EBA+ EBF = FAB + AFB va EBA=EAB
nén EBF = EFB=> AEBF cin tai E=>EF =EB (5).
Tir (4) va (5) suyra EF = EB = EA.

Ta ¢6 ADAC = ADHC (canh huyén - géc nhon)

nén suy ra DC
AH = EA=EH.
Tt BEF = BEH va EF = EB=EA=EH suyra:
ABEH = ABEF (c.g.c)=> BH = BF.
BF _BG _ BH _BG

"GA_ HC GA
BH =BF va AC=HC)= HG/l AC.

la dudng trung truc cua

Vi BF//AC=> (do

Bai 3 (Lop 8). Cho hinh vuong ABCD co O la
giao diém cua hai dwong chéo. Goi M la trung
diém ciia canh BC, E la chdn dwong vuong goc ke
tie D xuong AM va N la trung diém cia DE.
Ching minh rang ANO =90°,

Loi gidi. (h.6) Kéo dai DE citcanh 4B tai I, ta

cd AADI = ABAM (g.c.g) = Al = BM—82C= AzB
= / 1a trung diém cia AB= IO 1a dudng trung

binh cta tam gidc ABD = OI// AD = OI 1 AB.

A I B
E,
) M
N \
D Fal K
Hinh 6

Goi K la giao diém cta hai tia AM va DC, ta
c6 AABM = AKCM (g.c.g).

TOAN HOC
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CK = AB=CD = CN la duodng trung binh cua
tam gidc DEK = CN // KE = CN L DE.
Xét tr gise DNOC c¢b6 DNC=DOC=90°
= NDC = NOA.Mit khéc AB//DC = NDC = NIA
(so le trong). Do d6 NIA=NOA. Tir gidc ANOI
c6: NIA = NOA = ANO + 410 =180°
= ANO =180° - 410 =180° - 90° =90°,
Bai 4 (Lop 8). Cho tam giac ABC vuong tai A
(AB < AC), duwong cao AH (H thuoc BC).
a) Chimg minh rang BH .BC = BA*
b) Goi D la diém doi ximg vii A qua B, E la diém
doi ximg voi A qua H. Chimg minh rang
ABHD «» ABDC.
¢) Goi I la giao diém ciia AE va CD. K la diém
thuge canh AD sao cho IK vuong goc voi CD.
. M €7
Chir 1inh rang — =—— va HK vuong goc
nwng nunn rang HA CD g g

voi HD.

(Dé khao sat CLB Toan 9, Q. Cau Giay, Ha Noi,

nim hoc 2022-2023)

Huomg din gidi cdu c. (h.7)

A
K
B 17 C

1

D E

Hinh 7

« Ta co:

HI CI HI CI HI CI

Feiis Qo) e ~
HA CD HE CD ~ HE- HI CD-CI
HI CI

@ —

EI ID’
dang thic nay dang vi DE // HC.
«Ta c6: HK | HD <> KHD = KID <> KIH = KDH.
Vi  AHBD < ADBC = BHD=BDC, ma
BHD=HDE nén KDH =EDI=HCI. Do dé
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ching ta cin chimg minh KIH = HCI, két qud
ndy diing do hai géc ndy cing ba véi HIC.
Bai § (Lép 8). Cho tam gidc ABC vuéng cdn tai
A. Goi M la trung diém cia BC va D la diém bdt
ki trén canh AB (D khac A va B). Trén canh CD
Ia'y cae diém E va F sao cho AE vuong goc vai CD
va AE =CF.
a) Chimg minh AC.AD = CF.CD.
b) Chirng minh tam giac MEF vuong can.
¢) Tinh goc XEZ) biét rang S we =48
(D& thi HSG Todn 9 vong 2, DHSP Ha Noi,
ndm hoc 2023-2024)
Huwdng dén gidi céu b, c. (h.8)

A
D
E N
B M C
Hinh 8
b) Xét tir gidc AEMC c6 AEC = AMC = 90°, suy

ra: EAM = ECM

= AAEM =ACFM (c.g.c) = ME = MF,

EMC + EAC =180° = EMC + ADC =180°

= EMC = BDC. Vay AMEF vuéng cn tai M.
c) Goi N la trung diém cua AC, ta co
AC
2
4B’ _, ME’
2 2
AMEN  ddu = MEN =60°
= ACD = NEC = MEN — MEC =60°—45°=15°,

EN=MN=2= (1). Vi Sgc =4S,z

:izb::ME Q).

Tir (1) va (2)

suy ra

Bai 6 (Lop 8). Cho tam giac ABC can tai A
(B/A\C <90°), D la chdn duong vuing goc ha tic A
xudng BC, duding thing qua B vudng goc véi AB
cdt AD 1ai O. La‘y M bdt ki trén dogn DC (M # D
va M # C), N la trung diém ciia AM, diém P nim

OP va
OPN =90°, trén tia AP lay diém Q khac P sao
cho OP = 0OQ.

trong tam giac ADB sao cho OB =

a) Chumg minh AP.AQ -~ MBMC = AM?.

b) Chitng minh APM =907,

¢) Cde duong trung triec cua PB va PC cit PM

lan lept tai K, L. Chieng minh tam giac AKL can.

(Dé thi chon dgi tuyén HSG 16p 9, THPT chuyén Ha
NOi — Amsterdam, vong 2, nim hoc 2023-2024)

Lai gidi, (h.9)

4
"A\( D M ©
e fﬁnf9

a) Ta c6:
MBMC = (BD+DM)(CD -DM)

=(BD+DM)(BD-DM)=BD* - DM*
(4B’ - AD*)-(AM* - AD*)= AB* — AM™.
Do d6: AP.AQ — MB.MC = AM*?
& AP.AQ~(AB* - AM*)= AM®
& AP.AQ = AB* & AP.AQ = AD.AQ

(do AB*> = 4D.40)
AP AO
75'=‘A_Q <> APAD «» AOAQ
< PDA=004 <> 00D =0PD, Ké qui ndy
dung vi ta co: @=@
(do OQ* = OB* =0OD.0A=> AOQD «» ACAQ)
va OPD = OAP
(do OP? =0OB? =0D.0A = AOPD «» AOAP).
b)Ké PH L ON (H €ON ),tacé:

m=90°@PN=-A2ﬂ
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& PN = AN & PN? = AN?

< NH.NO = AN?
N _AN & AHNA < AANO
AN NO

& NHA = NAO < NHA= NDA (do NDA = NAO)

&> OHD = OAN <> AODN > AOHA
OD OH
ON 04
< OD.OA=ONOH (két qua nay ding do
ON.OH = OP* = OB* =0D.0A).
c) (xem h.10)

Hinh 10
ﬁ+f§5=5fi+5ﬁ@ va
LCO=0PL (vi OL 1a dudng trung tryc cia PC)
nén ﬁ=51—3§
Ma 5?@=6Q7’ =A/5F’=A/A7P, suy ra:

Ta c6 90°=

ACL = AMP => CAL = BMK (l).

APAQ=4B _AQ
AP 4B

= ABAP «» AQAB (c.g.c) = APB = ABO

Mit khéc: A4B* =

:A’I;IE+K’1;B=A’§5+5—§@=90°+K’I;B
=90°+0OBO
= KPB=0BQ => KBP=00B
= KBA+ PBA=0QA+BOA,
ma PBA=BOA (do ABAP«»AQAB) nén KBA=00A
= KBA=0QA = PDA = PMA= ACL = AMP
= BMK = BAK 2).

TOAN HOC
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T (1) va (2) suy ra:  AALC =AAKB (g.c.g)
= LC = KB . Ma theo tinh chdt dudng trung tryc
ta c6 KB=KP va LC=PL suy ra KP=PL
=> AAKL can tai A.

Bai 7 (Lép 8). Cho hinh vuong ABCD. Goi O la
giao diém cia AC va BD, diém M nam giita hai
diém B va C. Hai duong thing AM va CD cat
nhau tai P. Hai dwong thang DM va AB cdt nhau
tai K.

a) Ching minh tam giac BCK dong dang véi tam
giac CPD.

b) Ké CH L BP(H < BP), hai duong thang AB
va CH cdt nhau tai K. Chimg minh ba diém D, M,
K thang hang.

¢) Tia phan giac trong cua goc CBK cit duong
thang MH tai R. Chirng minh tam gide BRK la tam
gidc vuong can.

d) Cdc duomg thang vuéng géc véi OH ké tir O va
H, cdt dwong thang AB lan luot tai X va Y. La"'y
diém Q thugc tia doi ciua tia BC sao cho
BQ=CM. Goi N la giao diém ciia DK va OR.

Chieng minh YXN = YMN.
Loi giai. (h.11)

a) ABCK <> ACPB & ac 8 a8 = g,
BK CB  BK 4B
két qua ndy diing vi theo hé qua cua dinh 1i Thales
CD CM CM CP
tacod S—
BK BM BM AB
b) Ta c6: BO.BD = BC* = BP.BH
BO BH = AOBH <« AP
BP_BD BD (c.g.c)

:>BH'0=BDP=45°
= BHO = CHO = 45°.
Goi M' 14 giao diém ciia OH va BC suy ra:
CH CM'
BH BM"
CH PC
BH BC

Ma ACHB «» APCB = , do dé:
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Ta ¢6 ba diém D,M via K thing hang
BK BM
KM «» ACDM & ——=—— (%),
& AB - o on )
BK BH
HK > ACHB(g.g) = — =2~
Vi AB (88) =5 o

ﬁg—g-=%% (1). Mt khdc HM la tia phan giac
— BM BH
ja goc BHC nén —=—— (2).
trong cua g nen e = Tl (2)

Tu (1) va (2) suy ra (*) dugc chimg minh.

c) Ta co: RHK = CHO = 45° = RBK
:R’J@=B’ﬁb=45°:> ARBK vuong cén tai R.
d) Ta c¢6: XOH =BOC=90° = XOB=MOC
= AOBX = AOCM (g.c.g) = BX =CM = BQ.
T gidc HMBY ¢6 MBY = MHY =90°

= BYM = BHM =45°

= ABYM wvudng céan tai B

= BY = BM ‘

= XY =XB+BY =MC+ BM =BC.

Hinh 11
Ta co: ZI}B=BW=45°=>MY//BD
L KY _BK_KR\2 _KR

= AYKR < AMYX (c.g.c) = KRY = YXM (3).
Ly N tréntia KD sao cho KN'Y = YXM (4).
Tir (3) va (4) suy ra: KN'Y = KRY

= YNR+YKR=180°

= YNR=180°-YKR =135°.

Tacé: AXBM = AQBY (c.g.c)
= MQY = MXY = KRY = KNY.
Xét tir gidc QMN'Y ¢6:
MQY = KNY = YNQ = YMQ = 45°.
Do d6 YNR+YNQ=135°+45°=180° nén ba
didm O, N vd R thing hang= N = N'. Xét tlr
gidc XMNY co:
KNY =YXM = YXN = YMN.
Nhdn xét. 1) Bai 5 thyc chat 13 dé tuyén sinh vao
16p 10 mdén Todn (chuyén) TP. Ha N$i nim hoc
2024 — 2025 nhung tac gid da phat biéu lai cho
phi hgp voi ndi dung kién thirc cia 16p 8.
2) Tu cau d) ta c6 suy ra dugc XN di qua trung
diém cia MY va XN//OP.

Chirng minh (h.12)
2

A%\Y K
T

Hinh 12

» Goi F, T lan lugt 13 giao diém clla XN véi
MY va BD, Tacé:
YXF = YMN = BDM
= AXYF «> ADBM (g.g)
_YF _Xx Y __BC
BM BD MY pBcA2
2

= MY =2.YF.

« Ta cé: YXM = BOM = BPD

= AYXM «» ADPB (g.g)
XY _YM _2FY _FY
DP BD 20D OD

= AXYF <> APDO (c.g.c)

= DOP = YFX.

Ma BD// MY => YFX = DTF nén

DOP = DTF = XN //OP.
(Ky sau dang tiép)
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CAC LOP THCS

Bai T1/571 (Lép 6). Cho x, y 1a céc sb nguyén
duong thda min x* +y* - x chia hét cho xy. Chimg
minh x 14 s6 chinh phuong,

TA MINH HIEU

(GV THCS Yén Lac, Vinh Phuc)

Bai T2/571. Ngay thir 300 trong nim N 14 thir Ba.

Ngdy thir 200 cia ndm N + 1 ciing la thir Ba. Héi
ngay thir 100 clia ndm N — 1 13 thir may?

NGUYEN PUC TUGNG

(Pleiku)

Bai T3/571 (Lép 7). Tim tit ca cdc sb nguyén
duong n sao cho

[\/,,_2:_1-_,_ n2+1:l=|:\[r;+m:|

trong 46 ki hiéu [x] 14 s6 nguyén 16n nhét khong
vugt qua x.
NGUYEN VIET HUNG
(GV THPT chuyén KHTN, PHQG Ha Ngi)
Bai T4/571. Cho tam giac ABC vudng tai 4. M l1a
diém trén canh 4B. Qua M ké dudmg thing song
song v&i BC cét canh AC tai 0. Goi N, P lan lugt
1 hinh chiéu vuéng géc cia M, Q trén BC. Tim vj
tri cia M d¢é MNPQ 14 hinh vuong
BUI VAN CHI
(56 nha 21/2, duwomg Lé Hong Phong,
TP. Quy Nhom, Binh Binh)

Bai T5/571. Giai phuong trinh

wWx+T7+V9-x=4vx? +1.

CAO NGQC TOAN
(GV THPT Tam Giang, Phong Dién, Thixa Thién Hué)
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CAC LOP THPT
Bai T6/571. Giai h¢ phuong trinh

(x=TWx* +y* =5x+y
(y=4Wx +y* =—x+5y

LA PAI CUONG

(GV THPT Cam Lg, Quang Tri)

Bai T7/571. Cho x, y 14 cic sé thyc duong théa

min 3x* +4y* +4xy-9x-10y+8=0. Tim gié trj
nhd nhét ciia biéu thirc

_Tx+11y+13

2x+3y+5
TRAN VAN HANH
(GV Pai hoc Pham Vin Déng, Qudng Ngai)
Bai T8/571. Cho hinh chép O.4ABC c6 tam giac
OBC @déu canh a, OAL(OBC),0A=a,l 13 trung
diém BC, M 14 diém thay ddi trén doan thing AL
Goi dy, dy, ds 14n lugt 12 khoang cach tir diém M
dén cac duomg thing 04, OB, OC. Tim gi4 trj nho

nhat clia T =3d? +2d? +2d? theo a.

NGUYEN QUANG NAM
(GV THPT Qup Hop 2, Nghé An)

Bai T9/571. Giai phuong trinh

V8x? —3x+2025—+/27x* —=2x+2025
+126x% —3x+2025 =/ 7x* —4x+2025.

NGUYEN THANH TUAN
(GV THPT Pham Ngii Ldo, An Thi, Hung Yén)

TIEN TOI OLYMPIC TOAN

Bai T10/571. Cho f(x)=3x*-7x" +ax® +bx+cla

da thirc véi hé sb thyc c6 bon nghiém thyc trong
khoéng (0; 2). Chimg minh ring

8
(2a+b—l4)2+(b+c+2)229.(1—2) .

NGUYEN DUY LIEN
(GV THPT chuyén Vinh Phiic)
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BAL T11/571. Tim tdt cd cdc ham sd lién tyc
f: RS R théa min diéu ki¢n

2 ye
f(X)=f(f—-igi—2)-x‘-—2x+2

voimgi xeR.
NGUYEN VAN Al
(GV THPT Tri¢u Phong, Qudng Trj)
Bai T12/571. Cho tam gidc ABC ndi tiép dudng
tron @ va c6 tryc tim H. MN va PQ 12 hai day
cung cua ® vudng goc voi nhau tai S. Goi giao
diém cta dudmg thing Simson tmg véi M, N cia
tam gidc ABC 12 K. Goi giao diém cua dudmg
thing Simson (g véi P, Q clia tam gidc ABC1a L.
Chimg minh ring HKSL 14 hinh binh hanh.

TRAN QUANG HUNG

(GV THPT chuyén KHTN, PHQOG Ha Ngi)

Bai L.12/571. Mjt binh céch nhiét c6 diy a6t
néng bén trong, chira 2 kg nudc da va 2 kg mét
chit X d& néng chdy va khong hod tan trong
nudce. Nhiét 46 ban dau cia ca binh 12 —40°C, day
a6t noéng bét dau hoat dong (cong suit toa nhiét
cua diy khong ddi). Nhiét d¢ trong binh bién
thién theo thdi gian nhu & 46 thj hinh dudi. Nhiét

dung riéng cua nudc da 1a ¢, = 2000 J/kg K, cua
chit rin X 1a ¢ = 10000 J/kg.K. Hiy xdc dinh
nhi¢t néng chay cia chat rin X va nhiét dung
riéng c, cia chit X & trang thai 16ng.

£+ 1°C
D
0 [
B C
20 |- :
iR R T 1215 T(ph)
VIET CUONG (Ha Ngi)

Bai L12/571. T mét mdy phat dién nguoi ta
mudn truyén téi noi tiéu thy bing dudng day tai
dién c6 dién tror tdng cong R = 40 Q va c6 hé sb
cong sudt bing k = 1 va khong ddi vi cong suit
duge xic dinh bing cung thitc P = kUL Biét hiéu
sudt truyén tai 13 98% va mic tiéu thy nhin dugc
cong suit dién 196 kW. Tinh dién 4p hiéu dung U
dugc dua 1én dudng day.

THANH LAM (Ha Ngi)

PROBLEMS IN THIS ISSUE

FOR SECONDARY SCHOOL

Problem T1/571 (Grade 6). Let x and y be
positive integers so that x* + y* —x is divisible by

xy. Prove that x is a perfect square.

Problem T2/571. The 300th day of year N is
Tuesday. The 200th day of year N + 1 is also
Tuesday. What is the 100th day of year N - 1?

Problem T3/371 (CGrade 7). Find all positive
integers n such that

[ nz—-l+\/;2—+_l]=[\/r—l+\[;:—l]

where [x] is the largest integer not exceeding x.

Problem T4/571. Given a right triangle ABC with
the right angle 4 and M is a point on the side 4B.
Through M, draw a line parallel to BC intersecting
the side AC at Q. Let N and P be the perpendicular
projections of M and Q on BC respectively. Find
the position of M so that MNPQ is a square .

Problem T5/571. Solve the equation
xx+7+\V9-x=4Jx +1.
FOR HIGH SCHOO!,
Problem T6/571, Solve the following system of

(x=7)x? +y? =5x+y
(}’—4)\/x2 +y =—x+5y.

(Xem 6iép trang 43)

TOAN HOC
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Bai V1867, Tim cac chi so a, b, ¢, d (khong nhdt
thict khde nhaw) sao cho ab va abed I cde 50

Ngodai ra ¢ la chir so khac 0 va

]‘\ b+ Q¢ ¢ d.

nguven 1o,

Loi gidi. Do ab va abed 1A céc sé nguyén t6 nén
b. d chi ldy gid trj trong tap hop {1; 3; 7; 9}(*). Tur
didukién b*=b+9c +dcodbb - 1)=9c +d>9
nén b > 3, do 46 b chi c6 thé 13 7 hojic 9.
Néub=7thicd 9 +d=42=236+6, suyra
d - 6 = 9(4 - ¢) chia hét cho 9, khéng ¢6 d thoa
madn (*) (loai).

Néub=9thico 9%c+d=72=63+9,suyra
d -9 = 9(7 - ¢) chia hét cho 9, théa mén (*) chi
khi d =9, lic 86 ¢ = 7. S6 phai tim c6 dang a979.
Do a9 1a sb nguyén t§ nén chir sé a chi c6 thé 1a
1;2;57;8.

Néu a bing 2; 5;8 thia+ 9+ 7 + 9 =a + 25 chia
hét cho 3 nén @979 1a hop s (loai).

Néu a bing 7 thi s§ 7979 = 79.101 1a hop sé
(logi). Con sb 1& 1979 khéng chia hét cho moi sb
nguyén t6 tir 3 dén 43 (chi ¥ ring néu mot s6 nho
hon 2000 thi ¢6 wdc s6 nguyén t6 nho hon 47), do
d6 s6 1979 1a sb nguyén 6, sb 19 ciing 1a s6
nguyénté.Véya= 1,b=9,c=7,d=09.

Nhén xét. Mot sé ban viét tht, khong giai thich timg
két qua. Mgt s6 ban tim dugc dang @979 thi cho két
luin ngay a = 1, ma khong xét cdc gia trj cua chir s6
a. Céac ban sau c6 101 giai ding.

Pha Tho: Triéu Van Nhi, 7E, THCS Cao Mai, TTr.
Lam Thao, Lim Thao; Vinh Phiic: Nguyén Thé Anh,
Pham Quynh Chi, Bui Thién Long, 6A6, Pham Tran
Manh Quang, TA6, THCS Yén Lac, Yén Lac; Bic
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Ninh: Nguyén Quang Minh, Nguycfn Hoang Minh,
7A1, THCS Nguyén Diing Dgo, TP. Biic Ninh; Ngh¢
An: Trirong Dinh Qudc Anh, 6E, Pham Héng Quan,
Ha Quang Phii Hung, Pham Nguyén Nguyét Linh,
7B, THCS Ly Nhjt Quang, D6 Lwong; Ha Tinh:
Lwong Dize Duy, Trdn Dinh Bdo Duy, Nguyén Ngoc
Thién Nhi, Ddu Ha Ngpc Khanh, Lé Huyén Bdo
Ngoe, Lé Vin Giang, Lé Hodng Anh, Nguyén Hoang
Qudn, Nguyén Hoang Bdo Chiu, Nguyén Hong
Minh, 6B, THCS Xuin Di¢u, Can Lic, Quang Ngii:
Trdan Vin Phung, 6C, THCS Nguyén Kim Vang,
Nghia Hanh; Cjng Hoa Ao: Lé Bach Hai Dang, 2B
Truwdng Quée té Song ngit cap 2, 3 GIBS TP. Graz.
NGUYEN VIET HAI
Bai T2/567. Cho hinh vuong ABCD, trén canh CD
ldy diém M tiy y khéng tring voi C va D. Trén
canh BC ldy diém N sao cho CN = DM. Chimg

minh AM>-Az—N.

Lai gidi,
A B
N
M
D + ] C
P

Trén tia d6i cia tia CB ldy diém P sao cho
CN = CP. Hai tam giac vuéng ADM va DCP c6
AD = DC, DM = CP nén AADM = ADCP (c.g.c)
suy ra AM = PD (1).

Mit khiac do CN = CP va MC 1 NP suy ra tam
gidc MNP can tai M, din dén MN = PM (2).

Vi M nim trén canh CD (M khic C va M khac D)
nén 1o rang CM < CD = PM < PD (mdi quan hé
gifta d9 dai dudng xién va do dai hinh chiéu tuong
mg) (3).

Tir (1), (2), (3) ta thu dugec AM > MN. Lai thiy
trong tam gidc AMN thi AM + MN > AN, suy ra

2AM> AM + MN > AN. Do 46 AM>AN
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Nhin xét. Dbi véi bai todn yéu cdu so sanh o dai
hai doan thing c6 chung mét diu mat ching ta
thudng so sanh d9 di cdc hinh chiéu vudng goc cuia
ching trén mot dudmg thing ndo 46 (sic dung moi
quan h¢ gitta d¢ dai dwong xién va d¢ dai hinh chiéu
arong tng). Céc ban hoe sinh sau ¢6 131 gidi tdt:

pic Ninh: Nguyén Hodng Minh, Nguyén Quang
Minh, A1, THCS Nguyén Diing Dgo, TP. Biic Ninh;
Quang Ngdi: Hupnh Diém Quynh, 6B, THCS Pham
Vin Pdng, Nghia Hanh; C{ng hoa Ao: Lé Bach Hai
Pang, 2B, Trudmg Quéc té Song ngit cdp 2, 3 GIBS,
TP. Graz.

HO HAI
Bai T3/567. Tim cac so nguvén dwong a, b thou
man (@+b+1)a* +b° +1)a’ +b* +1)la liy thira
VG s0 mii nguvén dicong ctia mot S0 nguyén 0.
Loi gidi. Gia st a,b1a cic sb nguyén duong sao
cho (a+b+1)(a® +b* +1) (@ +b’ +1)1a liy thira
véi s6 mil nguyén duong ctia sd nguyén td p . Khi
46 a+b+1,a* +b* +1,a’ +b’ +1ciing 14 céc liy
thira cua p . Hon nita
a+b+1<a’* +b* +1<a’ +b* +1

nén a’+b +1va a?+b*+1dbu chia hét cho
a+b+l Mitkhictach:

@ +b +1-3ab=(a+b+1)(a* +Ib2‘+1—ab-—a—b);

a*+b' +1=(a+b+1)a+b—-1)+2-2ab.

Do d6 3abva 2-2abdéu chia hét cho a+b+1.
Suy .ra 6=3(2-2ab)+2.3ab chia hét cho
a+b+1. Honnlta a+b+123va a+b+11a liy
thira ctia s6 nguyén t8 p nén phai c6 a+b+1=3
va do d6 a=b=1. Thir lai ta thiy (a;b)=(;1)1a
cip s6 nguyén dirong duy nhét théa man d bai.
Nhdn xét. Pa s6 cic ban c6 10i gidi twong ty nhu 161
gidi trén. Tuy nhién c6 mot vai ban cho 16i giai sai vi
con nham 14n c4c tinh chét v& chia hét. Mot s6 ban

gidi theo hudng xét mod 4 va mod 9 ciing cho 1oi
gidi dng. Cic ban sau day c6 1oi giai tét:

Phii Tho: Nguyén Humg Phdt, 8A , THCS Cao Mai,
Trdn Anh Dire, 8A3, THCS Vi Du¢, Lim Thao;
Vinh Phic: Trwong Khanh Chi, 7A8, THCS Vinh
Yén, TP. Vinh Yén, Vi Tién Dat, Nguyén Ding
Quang, Nguyén Gia Hung, 8A6, THCS Yén Lac;
Bie Ninh: Nguyén Hodng Minh, TA1, THCS
Nguyén Diang Dao, TP. Bic Ninh; Ngh¢ An: Nguyén
Dinh Dire, Pao Tudn Vii, Nguyén Vin Phiic, Hoang
Van Duy, 8D, Nguyén Tdt Han, Hoang Van Nhan,
9C, THCS Ly Nhit Quang, D6 Lwong.

HOANG NGOQC MINH
Bai T4/567. Cho tam gidac nhon ABC va H la diem
thuoc mien trong tam giac. Goi D, E, F lan legt la
hinh chiéu vuéng goc cva I tren cac canh AB,
BC, CA. Dung dwong tron ngoai tiép tam giic
DEF. Dwong tron nay cat canh BC tai diem thir
hai M. Goi P, Q lan leot la trung diem cua AB.
BC: N la giao diém ciia PQ va MF. Chieng minh

tam gidc NDF la tam gidc can.

Loi gidi.

Goi I 1a giao diém ciia MF véi dudng qua D, vudng
goc véi DF. D thiy tir gidc DFEM va i giac HDBE
ndi tiép, ta c6: DEM = DFM, DHB = DEB.

Suy ra DHB = DFM, dan t6i:

AIDF «» ABDH (g.g2),
.. DF DI DF DH

do d6: —=— hay —=—.
DH DB DI DB

Lai ¢6: BDI = FDH (cuing phu véi goc IDH )
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Suy ra: ADBIv» AHDF. Tt d6:
DBI = DHF =180° - DAF.,
Ma hai géc DBI,DAF & vi trong cung phia
nén BI /l AC.
Mit khic, PQ 1a dudng trung binh cua tam giac
ABC nén PQ // AC, nén PN 1a dudng trung binh
cta hinh thang BIFA, do 46 N 1a trung diém FI.
Tam gidc FDI vudng tai D c¢6 N 13 trung diém
canh huyén IF nén ND = NF, tic 1a tam gidc DNF
can tai N (dpcm).
Nhn xét. Khong c6 ban nao ¢6 loi gidi dung cho bai
toén trén.
NGUYEN THANH HONG

Bai T5/567. Gidi h¢ phweong trinh

x+y+z=1

X y+ v3:+zz.r:-i.
O 27
x,»z20

Loi gidgi. Do vai trd x, y, z hoan vj vong quanh,
khéng giam tng quét ta gia sir x 13 s6 16n nhit
trong basdx, y, ztic 1a x> y>0; x>z20. Suy

ra:
1 1 1 1
220z Pl x == x+ =2’ x<—x'z+—2'x.
el i ik e Ll
Tir d6, ta cé:

x’y+yzz+z’xsx2y+xyz+%xzz+%zzx

=xy(x+z)+%xz(x+z)=x(x+z)(y+-§-)

4 X x+z( L2

R L

Ap dung BDT Cauchy cho ba s6 duong, ta c6:

X X+z X x+2z z

-+ + 233 =

272 (y 2) \/2 2 (”2)
x+z 1 1

Jy+=|S=.(x+ }
(y 2) 7 Pt =g
(do x+y+z=1).

=l

x
:,
Do dé: fy+yzz+zzxs-% v dyifrednert

22
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x+y+z=1

b S| 21
khi {2 2 2. Tim dugc (x;y;2) = [350)

nz=y'z

(Kz=7x.

1 )
Hoén vj vong quanh b s (-% = 0) ta dugc tiép

3’3
hai b6 sé (1;0;3) 0; = 2 1)
3’73 3’3

Viy h¢ phuong trinh da cho c6 ba nghiém (x; y; 2)
(34e) (o339

3’3’ 33 33
Nhdn xét. Mot sé ban giri bai ¢ quan niém vai tré x,
y, z nhu nhau, nén sau khi timra (x;y;z) = (%;%;0)

d3 néu c4c nghiém con lai 13 hoan vj vong quanh cia

‘ 2.1
bd 0 —;—=;01.
i (3 3 )
(x,y,2) € {(130)(§,O%J(O,§,§)} déu khong

33
thoa man hé phuong trinh. Ta ciing c6 thé coi x 12 sé
16n thtr hai trong ba sb x, y, z, tac la
y2x20;z2x20 dé c6 cich gidi khac. Tuyén

Tuy nhién, véi

dong cac ban sau c6 10i giai tot:
Phi Tho: Nguyén Thanh Mai, 8A, THCS Nguyén
Quang Bich, Tam Néng; Céng hoa Ao: Lé Bach Hai
Ping, 2B, Truéng Quéc té Song ngir cip 2, 3 GIBS,
TP. Graz.

PHAM TH] BACH NGQC
Bai T6/567. Cho a, b, ¢ la cac s6 thire dwong

thoa man ab+be+ca=3abc. Chirng minh rang

ab be
3 3 2 2 i 3 3 2 2
a+b +a‘c+b’'c b +c +ba+ca

ca 3
<

. T
c+a +c’b+a’b 4

Loi gidi. Ta c6 gia thiét:

ab+bc+ca=3abc©-!-+l+l=3_

a b ¢
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Ap dung cde by ding thire quen thude véi a, b 1A
chc sd dwong, ta ¢o:

@ +b' 2ab(a+b); a® +b' 2 2ab

1 1 4
Vi =4 D !
a b a+bd o

ab ab
by G4 F] ] s
a +b' +a‘c+bie ab(a+b)+c(a’+b’)

- el iy B i TP
4 {ab(a+b) 2abe 4a+b 8

" 1 I{1 1
la dp dung ——< — -, :
SR a+b 4(a b) uy

S ehfiyl)yd
a+b +alc+bic 16\a b) 8¢
Tuong ty:

bC s_!_(..l.+_l.)+i-
b'+c* +bla+c’a 16\b ¢) 8a’

ca 11 1 1
PP Tty fetied bl 1
c+a +c'b+a’db 16\c a) 8b
Cong theo vé ba bit diing thirc trén, ta dugc:
ab + be
a+b +a'c+bc b+’ +bla+cla

ca 11 1 1) 3

S R R TR T It I A '

c+a +c'b+a’b 4\a b c) 4

Bét ding thic trong déu bai duge ching minh,
Déu déng thic xdyra<> a=b=c=1.

Nhin xét. 1) Didu then chdt cua 1&i gidi ndy la

chimg minh 2 < —1-(1 +1J ek

' a’+b’ +a’c+b*c 16\a b) 8¢

cing voi cdc bt ding thic tuong ty va gid thiét

ab+bc+ca=3abc < l+l+l =3 @& suy ra két
a b c

qua. Hau hét céc ban 1am theo cAch ndy.

2) C6 thé giai bai toan bing cdch khéc:

1 1
Tu l+l+l=3, (a+b+c)(-1-+—+—)29
a b c a b c

= a+b23-c nén
a +b +alc+ble2 ab(a+b)+c(az +b2)
2 ab(3-c¢)+2abc = ab(3+c).

ab ab__ 1
a+b va'crble ab(I+c) l+l+l+e

l 1y 1 1
G| Tl L= e Jp= |,
§16( ' c) 16( c}

Vidt cde BDT twong ty, cdng theo vé, suy ra két qua.
3) Ta co:

a+b 2 ab(a+b)e> (a +b)(az +b -ab) 2 ab(a +b)
¢>(a=b)' 20. BDT ding;

Do 46!

1 1 4 1 1 2
— 2 —— b)| =+—|24 b) z4dab
a+b a+b¢>(a+ )(a+b) @(a+ ) ?

&> (a-b)' 20 (BDT dig)

Ddu “=" trong cic BDT trén xdy ra ¢> a = b,

Ciic ban sau ddy c6 bai gidi tot:

TP. H Chi Minh: Trdn Nhdt Nguyén, 10E1, Lwong
Xudn Thé, 10A1, TH, THCS, THPT L& Thanh Tong;
Séc Triing: Nguyén Tdn Phdt, 10A2, THPT chuyén
Nguyén Thj Minh Khai; Long An: Nguyén Gia
Hung, Nguyén Hai Yén, 10T1, THPT chuyén Trin
Vin Gidu, TP. Tan An; Hung Yén: Lé Ngoc Hing
Anh, Tran Gia Phi, P6 Quang Anh, 10 Toan 1,
THPT chuyén Hung Yén; Phi Yén: Dodn Trung
Hiéu, 10 Toén 2, THPT chuyén Lwong Vin Chénh,
TP. Tuy Hoa; Ngh¢ An: Nguyén Vin Phic, Nguyén
Dinh Pire, Hoang Vén Duy, 8D, Nguyén Céng Linh,
Nguyén Tat Hoang Anh, Nguyén Thi Bing Tdm, 9C,
THCS Ly Nhit Quang, D6 Luong, Nguyén Véan Dirc
Thang, 10A3, THPT Hoang Mai, TX. Hoing Mai;
Ha Tinh: Nguyén Lé Ha Linh, 8A, THCS Nguyén
Du, TP. Ha Tinh; CH Ao: Lé Bach Hai Ding, 2B,
trudmg Quéc té Song ngit cfp 2, 3 GIBS, TP. Graz.

NGUYEN ANH DUNG
Bai T7/567. Giai h¢ phweong trinh
4x"+9y2+%—216 ()
X V
(N ’

Vxl+16 +-§-\/2x+3,\' =2x+Vx’+7 (2)

Lai gidi, DK: 2x +3y> 0, Ta cé:
(1) & (2x+3y)[ 2x +3y)* - 12xy]+ 482y
=16(2x +3y)

TOAN HOC
9<23
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& (2x+3y)[@x+3y) 16]-12xy(2x 4 3y~ =0
o (2x+3y-—4)[4x’ +9y’ +4(2x+3y):]=0
¢>2x+3y~4=(0

(Vi2x + 3y >0 nén 4x’ +9y’ +4(2x+3y)>0),
Thay 2x+3y=4 vio PT(2) ta dugc:

VX 416 +5=2x+Vx* +7

eVl +16 =Vx* +7 =2x-5 (3).

Do Vxl+16>Vx' +7.Vx e Val +16-Vx? +750
nén 2x—5>0c>x>%. Khi dé:

(3)@\/):’+l6—5=2x-6+Jx’+7—4

2

0w 22 +3) fod
s—/'x’+l6+5 \_/x’+7+4
¢:>(x——3)( L4D' .. x+3 —2J=0
Vx 41645 JxP+7+4
x-3=0 _
= x+3 x+3 —2=O @y

VX2 +16+5 Jx*+7+4

. x—3=0¢>x=3=>y=--§-. Viy hié () ¢6 nghiém

2
(33}

e Giai PT(4): Vi x>-;— nén x + 3 > 0 va véi moi x

tacé Vx? +16+5>x? +7 +4, suy ra:
x+3 . x+3
Vx*+16+5 Jx?+7+4
s x+3  x43
Vit +16+5 x*+7+4
Viy PT(4) vo nghi¢m.
Két lugn: HPT(I) di cho c6 nghi¢m duy nhét

2
x;y)=|3;-——|.
() ( 3)
Nhdn xét. Da s céc ban giai theo cich trén. Mot vai
ban gidi sai va c6 ban cdn quén viét tén va dja chi
trén bai 1am. C4c ban sau c6 10i giai tot: Vinh Long:
Dang Thanh Trung, 11T1, THPT chuyén Nguyén

24 ngll'“uggg S8 571 (1-2025)
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Binh Khiém; Kién Giang: Nguyén Hodi Nhanh,
1072, Hoang Quéc Khanh, 10T1, THPT chuyén
Huynh Min Dat; Ddng Thép: Nguyén Thanh Anh
Thie, 11T2, V& Hai Yén, 12H, THPT chuyén Nguyén
Quang Diéu; Thanh Héa: Lé Phi Dat, 8C, THCS
thi trin Canh Nang, H. B4 Thuéc; Long An:
Trieong Thanh Binh, 10T1, Nguyén Trong Nhdn,
11T1, THPT chuyén Trin Vin Giiu; Hung Yén:
Trdn Gia Phi, Tran Minh Hiéu, D6 Quang Anh, 10
Todn 1, THPT chuyén Hung Yén; Quéing Binh:
Vieong Khdnh Toan, 11 Toan 1, THPT chuyén VO
Nguyén Gidp; S6c Tring: Nguyén Tan Phat, 10A2,
THPT chuyén Nguyén Thj Minh Khai; Cjng hoa
Ao: Lé Bach Hai Ding, 16p 2B, Truong Qubc Té
Song ngit cip 2, 3 GIBS, TP. Graz; Phi The: Trdn
Ngoe Tu, 9A, THCS Nguyén Quang Bich, Tam
Néng; Lam Ddng: Lé Xudn Hai, 10 Todn, THPT
chuyén Thing Long; Ngh¢ An: Nguyén Van Dirc
Thdng, 10A3, Ngé Vin Truong, 11A1, THPT Hoang
Mai, TX. Hoang Mai.

TRAN HUU NAM
Bai T8/567. Cho tam giac ABC, duong cao AH.
Cdc diém M, N thuje doan BC. Pucng thang qua
A vuéng géc voi AM cat duong thang qua N
vudng géc voi AC tai E; duong thang qua A vuong
goe voi AN cat diong thang qua M vuéng géc vei
AB tai F. Chirng minh AH, BE, CF dong quy.

Lai gidi,

Chiing ta giai bai todn trong trudmg hop tam giéc
ABC nhon, trudng hgp tam giac ABC vudng hodc
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tam gidc ABC ¢6 mdt goc t, phép chimg minh
hodn todn twong ty,
Qua B ké duomg thing vudng goc vai CF cit AH

toi I Ta ¢ AIB=MCF;ABI=MFC (cic cip
goc ¢ canh nwromg 'mg vudng goéce), suy ra;

Al MC ABMC
B~AMCF = ——=—=—=3 A= -
atl AB MF MF

Mit khic ar Aﬁ? =BT47V;A7-.TN=C]_/I'4 (cde cip

(.

goc ¢o canh twong (g vudng goéc) suy ra

NB _Suy _ ABAN.sinBAN _ AB.AN.sin AFM
MC S,y AC.AMSNCAM AC.AM.sin AEN =
Sir dung dinh 1i ham sd sin cho cde tam gidc AMF,
ANE vA chi ¥ ring MAF =NAE (cip goc ¢6 canh
twong (mg vudng goc) ta théy:
AN.sinAFM AN sin AFM
AM .sin AEN sin AEN AM
_ NE sinMAF _ NE
sin NAE MF MF
NB AB MC
Tir (2) va (3) suyra —=—.—— (4).
(2) va (3) suy NE ACMF()

NB Al
Tu (1) va (4) thu duge —=——.
u (1) va (4) thu dug NN

).

Két hop vGi

m:m(cép goéc cb6 canh tuong Umg vudng
goc) ta thdy AAIC~ANBE=s AIC=NBE. Goi K
1a giao diém BE va CI khi d6:
HIC=CBK => BKC=180° —(CBK + KCB)
~180° —(HIC +ICH) =90° = CI L BE.

Vay AH, BE, CF 1i cic duong thing chia ba
dudng cao cua tam giac BCI, nén AH, BE, CF
ddng quy. Bai toan dugc chimg minh.

Nhdn xét. Bai toén ndy ciing c6 thé gidi quyét bing
dinh If Ceva dang lugng gidc. S6 bai gidi giri vé Toa
soan khong nhiéu. Céc ban sau c6 10i gidi dung;
Quiéng Binh: Vwong Khanh Toan, 11 Toan 1, THPT
chuyén V& Nguyén Giap, TP. Dong Héi; Phii Yén:
Nguyén Nguyén Chinh, 10T2, THPT chuyén Luong
Vin Chanh, TP. Tuy Ho; Long An: Kiéu Gia Bio,
Thadi Nguyén Thanh Nhan, 10 Todn 1, THPT chuyén

TrAn Vian Gidu; Kién Giang: Ddo Dic Phiic
Nguyén, 10T1, THPT chuyén Huynh Min Dat.
HO QUANG VINH

Bal T9/567. C6 9 gido vien ngai chung mat ban
! y R . > 2

tham gia cham ki thi chon hoc sinh gioi o tinh A.

Chaeng 16 vang luon co 4 gido vién quen biet nhau

hode ¢o 3 gido vién khong quen biét nhau,

Lo gidl. Trade hét, ta ¢6 bd dé quen thude sau:
Trong mdt phing, xét 6 diém phan biét trong d6
khéng c6 3 diém ndo thiang hing. Té mau cdc
doan thing néi 2 diém boi mot trong hai mau:
xanh hodc dé (méi dogn thcfng duwge 16 boi mot
mau). Khi do, ton tai mét tam gidc ¢6 3 dinh la 3
trong 6 diém da cho va co 3 canh cing mau.

B d& trén c6 tén 13 Bai todn Ramsey va la b dé
quen thugc nén ching t6i khong trinh bay chimng
minh & day.

Tré lai bai todn, ta phat biéu lai bai toan bang
ngdn ngir “do thi” nhu sau: Xét 9 diém phdn biét
trong mat phcing, trong dé khong cé 3 diém nao
thing hang. Té mau cdc doan thdng ndi hai diém
boi mét trong hai mau: xanh hodc do (moi doan
thing duwoc 6 boi diing mét mau). Khi dé hodc ton
tai mgt tam gidc c¢6 ba canh mau xanh hogc 1on tai
mgt tir gidc co gb’é'r_t canh va cac dwong chéo mau
.

Goi 9 diém dd cho 12 4, B, C, D, E, F, G, H, K.
Néu trong 9 diém da cho tdn tai 3 diém tao thanh
mdt tam gidc c6 ba canh mau xanh thi ta c6 ngay
diéu phai chimg minh. Gid ta xét trudng hop bt
¢t 3 diém nio ciing 1a 3 dinh cia mt tam gide ¢6
it nhat mdt canh do.

Xét hai kha ning

(a) Tdn tai mot diém 1a ddu mut cua it nhéat 4 doan
xanh. Khong mét tinh tdng quat, goi 4 doan d6 1A
AB, AC, AD, AE (déu c6 mau xanh). Xét tam gidc
ABC thi AB, AC c6, mau xanh va do tam giac ndo
ciing phai cé it nhat mdt canh d6 nén BC mau do.
Tuong ty, ta chirng minh dugc tir gidc BCDE c¢6
cac canh va ciac duong chéo déu mau do.
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(b) Moi diém 1a diu mat cia nhiéu nhit 3 doan
xanh. Trong trudng hgp ndy khong thé xay ra moi
diém 13 dau mat cua ding 3 doan xanh vi khi d6

s6 doan xanh sé& 12 ?, 14 diéu khong thé. Do 46,

tdn tai mot diém 1 dau mit cia nhidu nhat 2 doan
xanh, tirc 13 diém ndy 14 ddu mat cua it nhét 6
doan d0. Goi 6 doan 46 d6 1a AB, AC, AD, AE,
AF, AG. Khi 46, trong 6 diém B, C, D, E, F, G cb
3 diém 12 3 dinh ciia mjt tam gi4c ¢6 3 canh cing
mau, gid sir 1a tam gidc BCD. Do tam gidc nao
cling phai c6 it nhit mot canh 46 nén tam giac
BCD c6 3 canh d6. Khi @6, t&r gidc ABCD 1a tit
gidc cb cac canh va dudng chéo déu duge td do.
Néu ta coi 9 ngudi nhu 9 diém va cic quan hé
quen biét nhau dugc td d6 va khong quen biét
nhau dugc t6 xanh cic doan thing ndi 2 trong 9
diém, bai to4n dugc chirng minh hodn toan.

Nhgn xét. Diy 13 bai todn khong méi. Cac ban sau
c6 161 giai dang:

Dang Thanh Trung, 16p 11T1, THPT chuyén
Nguyén Binh Khiém, Vinh Long; Trdn Thdi Duong,
9B, THCS Ly Ty Trong, Binh Xuyén, Vinh Phic;
Truong Khdnh Chi, Lép 7A8, THCS Vinh Yén,
TP. Vinh Yén, Vinh Phic.

NGUYEN TIEN LAM

Bai T10/567. Cho phwang trinh
—14x* —18x° +3x> +7x+1=0 (1)
a) Chimng minh rang phwong trinh (1) ¢6 diing 6

3x° +3x°

nghiém thuc x,,%,,%,,X,,Xs,X, doi mot phin biét
va cde nghiém nay la cée sé vo ty.
b) Tinh gia tri cua biéu thirc

T:ﬁ&c: +18x; —6x; —10x, +5

i 3r* +3x, -6

Loi giai (Cua ban Pé Quang Anh, 10T1, THPT
chuyén Hung Yén, Hung Yén)
Tacd f(x)=3x°+3x° —14x* =18 +3x* +7x+1 1A
hdm lién tyc trén R. Ta c6:

£(=2)>0, f(—%)w, f=1)>0, f(—§)<o

26 T?g?uggce S6 571 (1-2025)

J(0)>0, f() <0, f(3)>0.
Viy f(x) c6 it nhit 6 nghiém thyc phan bi¢t nim
trong 6 khoang rdi nhau:

B LB Y (o VLt iy ot
("2’ SN 5 ')( b s)( 5’0)'(0’”’“’3"

Vi f(x) 14 da thirc bac 6 nén suy ra f{x) c6 ding 6
nghi¢m thyc phén biét.

Ta st dyng dinh 1y sau (d& chimg minh)

Néu r =% 1a mgt nghiém hitu ty ciia da thire hé s6
nguyén thi a phdi la wéc cia hé 56 tw do va b phdi
la wdc cua hé s6 cao nhdt.

Nhu viy néu » =% v6i (a; b) = 1 1a nghiém hiru
ty cua da thic (1) thi ae{-1;1}va
be{-1;1;,-3; 3}. Viy nghi¢m hiru ty (néu c6) la

+1 hoic :t-:lg. Thir tryc tiép ta théy +1 va i%

khong 12 nghiém. Vay 6 nghiém cta (1) déu 1a sb
Vo ty.
b) Ta c6: 3x{ +3x; —14x; —18x; +3x; +7x, +1=0

< 8x; +18x; —6x7 =10x, +5=(3x7 +3x, —6)(x; ~1)
2 —
Viy T = H 8x{ +18x) —6x? —10x, +5
k=1 3xk +3xk _6

6

=T](x-1)= f[(x,f —-1)(xl +1)

=f[(x,, ~1)(x, +1)0x, ~1)(x +1)

_H(xk _I)H(xk +1)H(xl¢ —')H (x, +1).

k=1 k=1

Chi y ring f(x)= 31‘[ (x-x,). Do d6:

k=1

H(xrl) H(l &2_1_35_;

k=1

[1 +)=]Tc1-x)=LC 1)=l;

k=1 kel 3

H(xk_l) H(l x) f(l) 281_19
k=1 ey 3
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6 6 . N -
n(x,, +1)=I'I(_,_x‘)__.f(3 1) _ =28 19.

k=l kwl 3

Thay vdo (2) taduge T = —%?.

Nhin xét. Chi c6 4 ban tham gia gidi bdi todn ndy:
Ngodi ban Quang Anh, hai ban khéc c6 18i giai tét 1a
Nguyén Lé Minh, 9, THCS Lim Ddng, Da Lat,
Lim Ddng va Nguyén Chdnh Thién, 10 Toén, THPT
chuyén Lé Hdng Phong, TP. HY Chi Minh. Ban
Nguyén Tri Hién, 10CT, THPT chuyén Nguyén Binh
Khiém, Quang Nam c6 16i gidi ding & tit ca cac

6
bude, trir bude cudi lai viét f(x)=]](x-x)
k=]

thanh thir dn dén dép sb sai.
PANG HUNG THANG
Bai T11/567. Cho f: B — R la mgt ham lién tuc
tuan hoan c6 chu ky 2z sao cho véi moi 56 thuce x,
y thoa man: f(x+y)f(x—y)= fz(x)—fz(y) (1).
Chimg minh rang vai moi so thue x thi
&
)
Lai gidgi. Chox=0,y=0 vao (1) ta dugc f{0) =0
nén f(27)=0. Trong (1), thay y béi -~y thi
fE=NfE+9)=(f(X) =(f(-y))',Vx,yeR (2).
Tir (1) va (2) suy ra: (f (=)’ =(/(»)", Wy eR.
Cho x=0 vio (1), ta thu dugc:
SO (=»)==(f(»)’,¥yeR
nén néu f(»)#0 thi f(-y)=-f(y). Do dé,
f(¥) 13 ham 1&. Mit khéc, 1in lugt khi thay
y = trong (1) ta dugc:
fx+m)f(x-m)=(f(x) -(f(7)*,VxeR
& (f(x+m) -(f(x) ==(f(7)’,VxeR (3)
va thay x bdi x+ 7, y bdi 7 taduge:
Sx+27) f(x)=(f(x+7))’ =(f(m))’,VxeR (4).
Tir (3) va (4) suy ra:
()} =~(f(x))} & f(m)=0.

Jx)<\f (*).

Tiép theo, ta chimg minh ring f(t)#0 trong
khodng (0, 7).
Thét viy, néu xay ra f(a)=0 véi ae(0,7) thi
tir (1) suy ra:

0=f(2x+a)f(a)=(f(x+a)) -(f(x))’
o (f(x+a) =(f(x)’,VxeR.
Tuong ty: (f(x~-a))’ =(f(x))’,VxeR
nén (f(x+a))’ =(f(x-a))’,VxeR (5).
Mit khéc, thay y =a vao (1), ta dugc:

f(x+a)f(x=-a)=(f(x))* 20, VxeR,

tic f(x+a) vd f(x—-a) ludn cing diu. Két hep
vai (5), suy ra: f(x+a)= f(x-a),VxeR,tic
f(x) 12 ham tuin hodn véi chu ky 2a <27, tréi
véi gia thiét.
Nhu vay, néu f(a)=0 thi a=kn,keZ
Ta chimg minh bt déng thirc (*).

Trong (1) thay x =-’2£ ta thu dugc:

f(%w)/(%—y]{f(g)]z—(f(y»’,wem ©).

Vi f(x)#0 v6i moi xe(O,g) vd f(x) lién tuc
nén f (%- y) va f (12[4 y) luén Iudn cing dau
voi ye(—%,%). Két hop véi (6) va sir dung
tinh chit him f(x) 1¢ va tuin hoin chu ky co s&

27 , ta c6 ngay (*), dpcm.

Nhign xét. Diy 14 dang todn phuong trinh him sinh
béi ddng nhét thirc véi cap bién ty do. Do so suit,
trong dé ra di khdng chi din 12 haim f(x) him tuin
hoédn véi chu ky co s& 27 nén 1oi gidi s& phic tap
hon vi viéc chimg minh két ludn f(a)=0 thi

a=kn,k € Z. khong thyc hién dugc.

NGUYEN VAN MAU
S6 571 (1-2025) T?g?"ug,gg 27
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Bai T12/567. Cho tam giic ABC, O la tam duong
tron ngoal liufp Ao, By, Cy theo thie twe la trung
dié¢m cua BC, CA, AB. (0) ld dwimg tron di qua
By, Cyva Iu'}l e trong vai (O) tai Ay khde A. ()
la dieong  ton di qua Co, Ay va ll({p xuie trong voi
() tai By khac B. (0,) la dwong tron di qua Ay,
By va tidp vic trong véi (0) tai Cy khde C. Chimg
minh rang AA,, BB,, CC, ding quy tai mot diem

thuoc duong thang Euler ciia tam gidge ABC.
Léi gidi. Ta cin ¢6 mdt b &

B& d&. Cho tam gidc ABC, (0) lda duong tron
ngoai tiép. Ao, By, Co theo thir e ld trung diém ctia
BC, CA, AB. A, la giao diém ciia B,C, va tiép
luye‘n vdi (0) tai A. By, Cy duge dinh nghia twong
tw. Khi d6 A\, B, C, cing thugc mgt duong thing
vuéng goc voi duomg thing Euler ctia tam gidc
ABC.

Chirng minh.

Goi (N) 1a tim dudng trdn ngoai tiép tam giac
AoBoCo; G 1a trong tim cua tam gidc ABC; B,, C,
theo thir ty 14 giao diém th(r hai ctia BG, CG v
(0). Ap dyng dinh li Pascal cho s4u diém |

AC,B
(B,AC]’ suy ra: AANB,C,;B,=ACNBB,;

C, = AB N CC, thing hang. Do d6
AANB,C, € B,C,.
Viy AANBC =AANBG =A4. Néi cich khac 4,

B,, C, thing hang,
Vi G la trong tdm cua tam gidc ABC nén

28 T?g'rwgg S48 571 (1-2025)

G, GB, = % GBGH, = --;-Fé.cc, = GC,.GC,.

Do d6 tr gidic B,CoCyB; nbi tiép. Viy

710y = AByAC, = AB,AC, =T} ).

Tuong ty 92,/(0; = '%’,/(N): 7%

TH0) - :}?".I(N)'
Viiy 4,, B,, C, cing thudc mjt duomg thing vudng
goc voi ON, duomg thing Euler cia tam gidc ABC.

Tro lai gidi bai todan T12/567.

Goi A, 14 giao diém cua cac tiép tuyén véi (O) tai
A va Ay; By, C; xac dinh tuong ty; (K,) 1a dudng
tron ngoai tiép tam gidc AB,C, D& thiy

B,C,// BC. Do 46 (K,) tiép xtic véi (O) tai 4.

Vay 9, o) = M A} = A4 A =2k,

Diéu d6 c6 nghia la 4, thude B;Cy. Néi cach khac
A 12 giao diém cia ByC, va tiép tuyén véi (O) tai
A, Tuong ty, B, la giao diém cta Cody va tiép
tuyén véi (0) tai B: C, la giao diém cua AyB, va
tiép tuyén vai (0) tai C.

Viy theo bd d& trén, 4,, By, C, cing thudc mét
dudmg thing A vudng goc véi dudng thing Euler
cua tam gidc ABC (1).

D& thdy AA,, BB,, CC, theo thir ty 1 dudng déi
cyc cla A,, By, C, d6i véi (0). Do 46 AA,, BB,,
CC, dong quy tai diém S, cyc cia A (2).

Tir (1) va (2), chh ¥ ring O thujc dudng thing
Euler cua tam gidc ABC vd OS LA, suy ra §
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thufe  dudmg thing Euler cua tam gide ABC
(dpem),

Nhiin xér. Bdi todn ndy khdng khd nhumng chi ¢6 4
ban tham gia gidi. 2 ban cho i gidi qua dai, Xin néu
tén ¢a 4 ban: Thira Thién Hué: Nguyén Duy Phic,
11T, THPT chuyén Qude hoe Hué; Quidng Nam:
Nguyén Tvi Hién, 10CT, THPT chuyén Nguydn Binh
Khiém; Gia Lai: Phan Trinh Nguyén, 12A3, THPT
Chi Ling: Vinh Long: Ddng Thanh Trung, 11T1,
THPT chuyén Nguydn Binh Khi¢m.

NGUYEN MINH HA
Bai L1/567. MGt tram phat di¢n, ¢d hi¢u dién thé
S00 V truvén di mot eong sudt 7 = 500 kW trén
mot dwomg ddy ¢6 dign tra tong cong la B = 4 Q
1ot tai ticu thy. ‘
1. Tinh cong suat hao phi trén duong ddy, d¢ giam
the, hi¢u sudt cua sie truyen tai di¢n nang va hi¢u
di¢n the tai noi ticu thu. ‘ '
2. Néu trwoc khi dwa lén dwimg ddy tai di¢n,
ngirdi ta noi hai cue cia mdy phat dién véi mot
may bién thé Ii twomg ¢o ti 0 vong ddy ctia cugn
s cdp trén cugn thir cap la 0,1 dé tang dp. Hay
tinh lai cong sudt hao phi trén duong ddy, do
giam thé, hi¢u sudt ctia s truyén tai dién néing va
hiéu dién thé tai noi tiéu thu.
Léi gidi. 1. Khi chua ding méy ting thé, higu dién
thé dua Ién duong diy 13 500 V.
Cong suat hao phi trén dudng day:

2 2
PR =22R=M-4 =40000 W = 40 kW.
r U 500
Hiéu suét truyén tai:
P-P ok
Pl lp _ 50000-40000 _ (0 _ 500
& 50000
D gidm thé trén dudng day:
P 50000

AU=RI=—R=——4=400V,
U 500

Hiéu di¢n thé tai noi tiéu thy dién
U'=U-AU =500-400 =100 V.

2. Khi ding méy ting thé voi ti s6 vong day nhu
d& bai thi hi¢u dién thd dura 1én dudng diy ting lén
10 14n (5 000 V), twong ty ta cb:
xR, = 1’;-16 = 5000(31 A =400 W = 0,4 kW.
U 5000
Hi¢u sudt truyén tai:

P =F 50000 - 400

H = : =(,992 = 99,2 %.
Z 50000 i "
DO giam thé trén dudmg day:
P 50000
AU =Rl ==—=R=—~—4=40V.
U 5000

Hi¢u dién thé tgi noi tiéu thy dién:

U'=10U - AU =10.500 - 40 = 4960 V.
Nhdn xét, Rit tiéc 13 Toa soan khéng nhan duge 10i
gidi ndo cho bai nay.

NGUYEN XUAN QUANG

Bai L2/567. Cho mét mang tinh thé sat hinh ldp
phuong. Cho rang- trong méi hinh lip phiong
nguyén té ¢6 mot nguyén nr sdt. Hay tim hdng sé
mang tinh thé, tirc la khodng cdch gdn nhat giita
cdc nguyén tir sdt. Biét sdt cé nguyén ne leong
bang 56, khoi lwong riéng p=1,9 glem’.

Lai gidi, S6 nguyén tir sit trong mjt cm’ 1a:

n=LN,=8510%/cm’.
7]

Thé tich cia mot hinh lip phuong nguyén to:

‘_jlv' D§ dai canh cua hinh lap phuong la

khoang céch cén tim:

1=3v, = \/;l? =2,3.10"%cm,

Nhdn xét. Chic mimg cdc ban da c6 1oi giai ding
cho d& ra ki nay: Lé Minh Chdnh, Bii Thi Twong
Lam, 10A2, TTGDNN-GDTX quin O Mén, Cin
The; Trwong Minh Phiic, 12 Ly 2, THPT chuyén
Qudc hoc Hué, Thira Thién Hué.

DPINH TH] THAI QUYNH

S48 571 (1-2025)
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v s ‘ i FEAte X g 2N
‘(fq: o/ Cc| - MUTCICHDAR AN PHY O GALRE PRUCNG TR
A kg | VA TOMN TN GIA TR LG NP, 1A T N BT
Guﬁm 'r’c’rz;n L rw»mgﬂnm&ﬁﬁ& J

D3t 4n phy 14 mdt trong nhimg phuong phap
thudng dugce sir dung trong gidi todn, cach dit an
phy khéo léo, thong minh sé giip bai toan cé
huéng gidi quyét rd rang, hiéu qua. Trong bai viét
nay, tic gia trinh bdy m¢t phuong phip dit 4n
phy, dva vao méi quan hé phép toan nhan, giira
céc hing sb trong tip hop sé thuc R, dé gidi hai
méng to4n phd bién, thudmg hay gip trong cic ki
thi 1a: Gidi hé phuong trinh va bai todn tim gia trj
Iém nhdt, gié tri nhé nhat.

1. COSOLI THUYET

Xét x,y,z,k,l 12 nim s6 thudc tap hop sb thye R.
Khi d6, ta c6 hai nhan xét (NX):

Nhian xét 1. Cho x, y, k la ba so thujc tap hgp
56 thue R, gia sir ta biéu thi x qua y thong qua
phép todn nhan vei k, tic la x =ky (1) khi do, ta
xét cac kha nang sau (cac kha nang sau la djc lap
vai nhau):

(1i) k#0,x#0,y#0, hic dé ta luén biéu thi
duoc (1).

{l.ii) k#0, bo so (x;,\‘) cO mot 50 bang 0, mot
50 khée 0 thi ta khong biéu thj diege (1).

(14it) k=0, licdé x=0,Yye R

(14v) ke R, (x:y)=(0;0) hic do (1) luon diing.
Chimg minh. Gia sitta c6 x=ky (1) véi:

e Gia thiét k#0,x#0,y#0, rd rang phép toin
nhin & (1) dugc xét trong tip hop sé thyc R
luén tdn tai, tirc ludn biéu thj duge (1), do d6
(1) duge chimg minh.

o Gia thiét k=0, by sb (x;y) c6 mdt sb bing 0,
mdt sb khac 0, xét 2 trudng hop sau:

TH1. Néu {’;0

thitir (1),taco: 0=ky, 1d
y#0 () ke

30 TOAN HOC
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rang véi k#0,y#0 thi phép todn nhdn ndy
khong xay ra, do d6 (1) khong biéu thj dugc.
TH2. Néu y=0x#0 thi tr (1), ta cé
x=k0 < x=0, mau thuin vdi gia thiét x=#0,
do 6 (1) khong biéu thi dugc.

Tir 2 truémg hop trén, rd rang (1) khéng biéu thj
dugc, do d6 (1.i) dugc chimg minh.

* Gia thiét k=0, lic d6 thay k=0 vao (1) ta
dugc x=0y=0,VYyeR, do d6 (liii) duge
chimg minh.

e Gia thiét keR,(xy)=(0;0), lic d6 thay
(x¥)=(0;0) vao (1) ta dugc 0=k.0=0, luén
ding k e R, do d6 (1.v) dugc chimg minh.

Nhgn xét 2. Cho x, y, z,k, | la nam so thuoc tap
hgp so thwe R, gia swe ta biéu thi y qua x théng
qua phép todn nhdn voi k va z qua x thong qua

= kx
phép toan nhan voi | tiee la {) (2) khi do, ta

xét cac kha nang sau (cdc kha nang sau la doc lap

vai nhau):
2 (k=0

(29)4,.0

\

L x#0,y 20,220, luc do ta luon bicu
thi dwoc (2)
(k=0
(24i)
10
50 con lai khdc 0 hodc hai s6 bing 0, mgt sé con
lai khac O thi ta khdng biéu thi duoe ( 2).

- 4 ” - £ > .
, bé so (x; _)’;:) co mot so bang 0, hai

(24ii) k=1=0, licds y=z=0,Yxe &,

(i yi2)=(0;0,0) hic d6 (2) luon

(keR
(Zjv)i’ o3

- La

diing.
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£ - , { x ‘ 2 1

(2Jﬂ New mét wong hai so k hode | ¢é mét so
i g A sty .
bang 0, s0 con lai khic O thi b so (x;v;2) ¢6
~ 4 3 ¢ o d \ A . d . wndia
mot 50 bang 0, hai so con lai dwge bicu thi vai

o ? : . T 4
nhau thong qua phép toan nhin véi hang so k
hodc 1 khdce 0.

y=kx

ung minh, Gia sir ta cb i
Chimg {z=lx (2) vei:

.t |20
.Guélhxét l¢0.x¢0,y¢0,z¢0, rd rang phép

todn nhdn & (2) dugc xét trong tip hop sé thyc
R ludn ton tai, tirc ludn biéu thi duge (2), do do
(24) duge chimg minh.

k#0 g
o Gia thiét {I .0’ bd sb (x;7;2) c6 mot s6 bing

0, hai s6 con lai khac 0 hojic hai s bing 0, mét
s6 con lai khac 0, xét 2 trudng hop sau:

TH1. C6 mét s6 bﬁng 0, hai s con lai khac 0.

+ Néu x=0,y#0,z#20 thi txr (2), ta cb

y#0
z#0

=K.VU= 0 x i @
yuxD , mau thudn véi gia thiét do
z=10=0

d6 (2) khong biéu thj dugc.

+ Néu x#0,y=0,z#0

0=kx=0
z=Ilx

thuén voi gia thiét x# 0,k #0,do d6 (2) khéng
biéu thj dugc.
+ Néu x#0,y#20,z=0 thi tu (2), ta co

y=he _|y=k
< s

{0=lx {1:0

[#0,do d6 (2) khong biéu thj dugc.

TH2. C6 hai s bing 0, mot s6 con lai khac 0,

+ Néu x#0,y=0,z=0 thi tir (2), ta cb

OmAves =00 b ihikh. 60 ik “Gik
, Inau uan vol 1 1€
0=k |1=0 8

thi tr (2), ta cé

, tirday ta théy k=0 hodc x =0, mau

mau thuin véi gia thiét

k#0
{1 20’ do d6 (2) khéng biéu thj dugc.

+Néu x=0,y#0,z=0 thitr (2),tac6

{ y=k0=0 w0, miu thulln véi gid thibe

0=/0=0
y#0, do d6 (2) khong biéu thj dugc.
+ Néu x=0,y=0,2#0 thi tr (2), ta ¢6

0=k0=0 & s | ok
¢ 2=0, miu thuln voi gia thiét
z=10=0

z#0, do d6 (2) khong biéu thj dugc.

Tit che kha niing trén, 13 rang (2) khong biéu thj
dugce, do d6 (2.4i) duge chimg minh,

¢ Gié thiét k =/=0, lic d6 thay vao (2) ta duge

{y:O.x=0

minh.
e Gia thiét & ER,IeR,(x;y;z)z(O;O;O), lac d6

thay (x,2)=(0;0;0) vao (2) ta dugc
0=k0=0  _ |
{0 =10=0 ’ ludn dung ksl eR ’ do d6 (2JV)

dugc chirng minh.
o Néu mét trong hai s6 k hodc I ¢ mdt sb bing
0, 56 con lai khic 0, tir (2) ta xét:
k = O = =
TH1. Néu VI S’
l#0

rd rang

z2=lx
y=0,z vd x dugc biéu thj v4i nhau thong qua
phép toan nhan véi hing sé 1#0.

y=kx

. =0
TH2. Neéu { thi { , T0 rang
k+0 0

z=0x=
z=0,y vi x dugc biéu thj véi nhau thong qua
phép toén nhan véi hing s6 k0.

Do d6 (2.v) dugc chimg minh.

Luwu y: Trong thyc hanh gidi todn, cdc bién s
trong bai toan théa midn NXI1-(14) hodc
NX2—(24) thi lic 6 vigc dit 4n phy (1) hogc
(2) 1a hop li c6 co s& va tly vao timg gia thiét cy
thé cia bai todn, ma ta cin phai xét thém cic kha
niing NX1 - (14i) = (1dii) = (1iv) hogc
NX2 - (2.i) = (24ii) - (24v) - (2v).

TOAN HOC
V<31
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2. CAC BAI TOAN VAN DUNG

2.1, Céc bai todn giai h¢ phwong trinh (HP'T)
Céc bai todn trong myc ndy duge x¢ét 14 HPT hai
dn s, ba dn sé duge gidi trén tip s thye R .

Phwong phdp chung: Dya vao cie DK cia NXI
holic NX2 néu & co sd 1f thuyét va dya vdo dic
diém cua HPT ma ta djt dn sé phy, sau d6 thé céc
in s6 phy vao h¢, trude hojie sau khi bién ddi, dua
HPT vé chi chira 4n s6 phy hodn todn, hojic khong
hodn todn, tiép tyc sir dung phwong phép thé tir
mdt trong hai phuong trinh (PT) vado PT con lai,
quy vé& gidi PT chi chira mt 4n s6 phy, ddi chiéu
dn phy tim duge v6i DK dé tim én chinh cta bai
todn va két lugn.

Bai todn 1 (Bai T3/482,

phwong trinh (l')

TH&TT). Gidi' h¢
, oy 14 13
Pox)=—-= (LI
2y -x)=5 -5 (1)
14 13 '
4(x*+y)=—+—= (1.2
(# 1023 S (1.2)
Loi gidgi. PK: x#0,y#0. V&i DK ndy ta thuc
hién bién ddi nhu sau;
Cong theo vé PT(1.1) cho PT(1.2), ta dugc:
xz0
6y’ +2x° 2188, +3y’x=14 (1.3).
x
Trir theo vé PT(1.1) cho PT(1.2), ta dugc:

2 2 13 Xt k) 2
=2y" -6x" =-2.— &y +3x%y =13 (14).
y

Tir hai phép bién di trén, ta thu dugc HPT tuong
X’ +3y’x =14 (1.3)
¥ +3x'y=13 (14)°
Gid sir c6 x = ky, tir DK ta ¢6 k#0, k1 4n 6
phuy, khi d6 bién sé thoa man NX1- —(14) nén ta
c6 thé djt x=ky, k=0 thay vao PT(1.3)
y +3y°k =14 (1.5)
Y +3k%y' =13 (1.6)

duong v6i hé¢ PT (1') ; {

va PT
(1.4) thu dugc hé: {

(1.6) e y (1+3k2)=

3% _1+3k (1.7)(1+3%* > 0)
32 T?gquuggcé $6 571 (1-2025)

oyl
1+ 3k

(1.7) (1434 > 0)

134°
1+ 3k

&> 13k - 42k +39k -14 =0
& (k-2)(13k" ~16k +7) =

3.13k
+
1+ 3k°

thay vao PT(1.5) ta duge: =14

2
& (k-2) 13(/("3) L4 N S
AL

?ﬂ)o
V6i k=2 kéthgp PT(1.7) va cach djt x=ky, ta
, 13
Y Wiy =1
cb: 1+3.(2)° <:>{y - Kiém tra I b
r=
x=2y

80 (x;y)=(21) vio h¢ PT(1') théy thoa man.
Két lugn: HPT(I') c6 nghigm duy nhat

(%2)=(21).

Bai toin 2 (Bai 6 (236+237),TTT2). Gidi h¢
phuong trinh

o |4y =27 43y’ = 2(x+y)=0 (2.1)
(%) {(Z—xy)(xz +y')=4-2x (2:2)
Loi gidgi. Tap xéc dinh R , ta c6 PT:
(22) = (2-0)(x*+y* -2)=0
[xy 2 (221)
X +yt=2(222)
Ta xét hai trudng hop sau:
TH1. Xét PT xy=2(2.2.1). D& thly x=0 hodc
y=0 khong théa man PT(2.2.1), do do véi

2
x#0, ta co PT (221)<:>y- thay vao PT

(2.1), ta nhan dugc:

' sast
a2 Zx(z) +3(£) —-2[x+3)=0
x x x X
w0 12 24w

& 6x ——+——0<:>6x
x X

-12x* +24=0

6(x* ~1)' +18=0, PT ndy vé nghiém trén R.
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Do d6, & trudmg hop 1 HPT (2°) vé nghi¢m.
TH2. Xét PT x? 4+ =2 (2.2.2).

DE thdy (x;y)=(0;0) khong thoa man PT
(2.2.2), gid sir c6 x = ky va vi (x;y)#(0;0) nén
k#0, k14 an sb phy, khi d6 cdc bién sé théa man
NX1-(14), nén ta cé thé dit x=ky,k =0 thay
vio PT(2.2.2) va PT(2.1) thu duge hé:

(ky)' +y* =2
4(k) y=2(ky)y* +3y’ - 2(ky + y) =0
2 2
Y= +1>0) (23)
y[yz (4k* - 2k +3) -2 (k +1)]= 0 (2.4)
Taco PT:
y =1 (2.4.1)
(2'4)@[y2 (4k* -2k +3)=2(k+1) (24.2)
Ta xét cac truong hop sau:
=ky

e TH2.1. Tir (2.4.1) ta c6 y=0= x=0, by sb
(%) =(0;0) khéng théa méin h¢ PT(2").

e TH2.2. Tir (23) tac6 y* = thay vao PT

K +1
(2.4.2) tadugc:
2

mx(4k2-2k+3)=2(k+1)

2
=93 —3kz+3k-2=0<:>(k—2) (k—%) +% =0

P(k)>0
ok=25x=2y (25).
Thay k =2 vio PT(2.3) ta dugc:

. ML J10 @9 2J10
=S— =t——D x=t——,
LNl B il 5

(2~/1—6_;/T5J [—2\/5_—\/1_0]
rabral ;

Thir lai 2 b sb g

Thi lai 2 b§ so 5 5 5
vdo lai hé PT (2) ta thiy thoa man.

Két lugn: HPT (2') ¢6 hai nghiém la

B &« B T

Bai todn 3 (CAu 8, dé s6 1, d¢ khoi dfng trude
ki thi THPTQG nim 2015). Gidi hé phweong

o[ 28 )28 0]

2xt = 5xy -y =1 (3.1)

trinh (3 3

( ) y(\,/xy—Zy2 +\/4y2 —xy)zl (3.2)
xy=2y"20
Loi gidgi. DK: {4y —xy2>0
y>0

S4y'2xy22)y" >0 4y2x22y>0.
Trit theo vé PT(3.1) cho PT(3.2) ta nhan dugc:
2x* ~ 5xy - y? =y(\/xy—2y2 +Jay? ——xy)(3.3).
Gia sir ¢6 x = ky, theo PK ta ¢6 x>0,y >0 thi
k>0,k 12 4n sb phy, khi 6 bién sb théa min
NX1-(14) nén ta c6 thé dit x=ky, k>0, thay
vao PT(3.3) ta dugc:
2(@)2_5@2_),2:))(\/@2“2)}2+J4y2_kyz)
c:>y2(2k’—5k—l—s/4—k—\/ -2)=0,

(voi y >0,k €[2;4])

>0
S22 -5k-1-VA—k-Vk=2=0 (34)

/(k)
©2k’—5k—3—( 4-k-1)—( k—2—1)=0
k-3 k-3
S22k +1)(k-3)+ - =0
( ) ) 1+vd-k Jk-2+1
1+J4-k >0
woi{ V577 vke[24)
1+vk=-2>0
st e J—o
L 1+Jy4-k Jk=2+1
(
1 k=2
o (k-3) 2k + + =0
{od 1+4-k Jk-2+1
\ P(k))O,’Vke[Z;O]

& k=3 (théa man k € [2;4)).
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x=hy
Vé6i k=3= x=3y, thay vio PT(3.1), két hop

) ' — ) ) - ’2 =
DKXD ta cé: {2(3") 3l -y =1
y>0
2y =1 | x=b 3
o &Y= —m =D X =,
y>0 2 2
23 . & 3 1
Kiém tra lai b sé (x;y)= —-2—,—3 vao h¢ PT

(3') thiy thda min.
Két lugn: HPT(3") c6 nghi¢m duy nhét Ia

(x7) =(~:”-;L).
V2’2

Binh lugn: D& c6 huéng gidi nhu trén, ta sit dung
may tinh Casio f(x)—580VNX dé do doén so
nghi¢m, ta diit vé tréi PT(3.4) 1a f (k) véi chirc
ning bang TABLE ta tinh 45 gia trj trong doan
[2:4], thu duge két qué hién thj trén man hinh
nhu sau:

144156 =3,

1851653 -1.9898637207

28309124
f(a> 29 ,-;7?7 ,_’( =)
gii?".'%% - S
R 7 g 2304| S o 2589642
- (=) - (s>
3. 4545 |2 6504 3.6363| 8. 322
3.5|a. 0581 3.6818|5.8415
N BEis
933796147 = 705136444
2 b
g : ") g - (=)
2.6181(7.291) 3.9636|7.0027
A Sl nn
. 892880924 ‘9. be578643¢

Quan sat bang gia tri, tmhtuthutu 1dén22 va24
dén 45, f(x) (lru ¥ vai trd 4n k bay gio 12 4n x
) chi d6i ddu tir "-" sang “+” mdt 1in va tai thir
tw 23 cia x thi f(x) nhan x=3 lim nghiém, vi
viy f(k)=0 chi c6 mdt nghiém duy nhét trén
[2;4] . Ngoi ra, ta c6 thé gii tim lai nghi¢m bing
chirc ning SOLVE (SHIFT CALC) khi d3 biét
chic chin c6 mét nghiém, vé man hinh tinh toan
thong thuong, nhip biéu thirc f(x) va an SHIFT

34 T?g?uggce S§ 571 (1-2025)

CALC, chon gi4 tri “khdi tao” c6 thé ngdu nhién
trong [24], ching han x=23 ta tim duge
nghi¢m x =3, tiép tyc tim nghiém con lai ta chia
f(x) cho (x-3) 4n SHIFT CALC chd may

gidi thi két qua man hinh hién thj “khong gidi
dnqrc”.

22251~ (4% ~ (%]
L-R=

o0
= Khdong gial dugc

(AC) :Hay
(«1(»):D1 dé&n

Ta thay k,=3 vdo mbi cin thic thi dugc

I R

Je=-2=1 |Jk-2-1=0

50 hang trong 1&i giai sau khi tich cac sé hang tir

PT(3.4), tiép theo ta diéu chinh lai hé sb ty do va

lién hgp nhu trén.

Bai todn 4 (Cau 9, dé thi thir THPTQG lan 2,

THPT Néng Cong I, Thanh Héa, nim 2015).

Giai h¢ phuong trinh

(4_) [\/Jr2+1cy+2y2 +\/y2 +xy+2x" =2(x+y) (4.1)
(8y—6)\/x—1=(2+\/y—2)(y+4\/x——5+3)(4.2)

day chinh 1a hai

x22
ngtaLDK{ 2,glasu'cox ky, tit PK ta
yez

c6 k>0, véi k 12 4n sb phu, khi d6 céc bién sb
théa min NXI-(1i) nén ta c6 thé dit x=ky,
k >0, thay vao PT(4.1), ta dugc:

Vo) + () y+ 25"+ +(0)y+2(0) =2(ky + )

y2250

= y(\/kz +h+2+ V2K +k+1) 2y(k+1)

y22>0
& VK +k+2 442k +k+1-2(k+1)=0 (4.3).
20
Giai PT(4.3) ta c6 hai cach:
e Cich 1. Pua vé PT bic cao, chuyén vé binh
phuong hai vé PT(4.3) khai trién va thu gon, ta
dugc:

2J(K +k+2)(2K* +k+1) =k +6k+1  (4.4).
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D& thiy, k?+6k+1>0,Vk>0, do do tiép tyc
binh phuong hai vé PT (4.4), thu gon, ta duge:

k* <2k +1=0> k=1,
pbi chidu DK & >0, tanhfn k=1, suyra x =y,
o Ciich 2. Dung lién hop, tich ghép céc s6 hang &

PT(43). ta co: (4.3)<‘::>(\/k2 +k+2- 3k4+5)
+(\/2k’+k+1—5k+3)

=0 (4.5).

k? +lr+2+3k+5 >0,Vk>0

: 4 :
" e, 5":3 SOVES0 o
tuong duong vai:

16(k* +k+2)-(3k +5)’ 16(2k’+k+1)—(5k+3)‘
AW +k+2+43k+5 AP +k+145k43
7(k* -2k +1) 7(k* -2k +1)

Ak +k+2+3k+5 42k  +k+145k+3

& 7(k* =2k +1)x

= =0

1 1
X +
A +k+243k+5 AN2KP +k+1+5k+3

P(k)>0, Vk>0
ek -2k+1=0k=1.
Véi k=1,suyra x=y. Tathay y =x vdo (4.2)

=0

nhén dugc:
(8x=6)Vx—1=(2+x-2)(x+4/x-2+3)(4.6).
Ta co:

srali=243=| (V=2
G ch_—§+2)2 +1  (47);

)2+2.2.Jx—2+4]+1

(
(8x—-6)Vx-1 [JE 4 +1]Jm (4.8).

Thay ding thic (4.7) va (4.8) vao PT(4.6) va
bién dbi ta thu dugc:

(J4x-4)’+J4x-4=(J}_-5+2)3+(

V¥=2+2) (49).

u=vadx-4 ;u20
v=x/x—2+2;v22'

(4.9) duge bién déi tro thanh:

Huémg 1. Djt { khi 46 PT

3
u' —v +u—v=0<:>(u-v)(u‘+v’+uv+l}=0
| AL A

Pu,v)>0,Yuz0,vv>1

& u =, tlr day ta c6:
Vax-4=Jx-2+2 (4.10).
Hudng 2. PT (4.9) con c6 dang
f(Jﬁ)=f(x/;——2+2),
voi f(1)=0+1,20 cbo: f'(£)=3 +1>0,vt >0,
/(t) 1a ham s6 ddng bién, tir d6 ta suy ra duge
PT(4.10). Binh phuong hai vé PT(4.10) khai
trién va thu gon, ta dugc:

Ix-6=4Jx=-2 @{

x22
9(x—2)2=16(x—-2)
32 x=2=y=2
~ L
Ox? -52x+68=0

Kiém tra lai bd s6 (x;y)= {(2;2);(%;%‘1)} vao
h¢ PT(4") théy thoa mén.

Két lugn: HPT(4') c6 hai nghi¢m 1

(x;y)e{(?. 2); (394 394)}

Binh ludn: O cich 2, tuong ty nhu bai toén 3, ta
cing di s dyng may tinh
Casio f (x)—580VN X dé do don nghi¢m, sau
d6 méi cé cach tach cac sb hang nhu trén, ta dit
vé trai PT(4.3) 1a f(k), cung chirc ning bang
TABLE ta tinh 45 gié trj, tinh tir gid trj x=0 (d6i
vai trd &n & bay gidr 1a 4n x) trén khodng (0;+0)

A
cam tay

, thu dugc két qua hién thj trén man hinh nhu sau:
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Dya vio bing tinh, f(x) khong dbi dau véi 45
gia trj tinh trén bang, tirc dd thj ham sé f(x)
khéng cét truc hoanh (trén 45 gia trj dAu), ma gan
nhu x4p xi bing 0 tir thir tw 0 dén 12 clia x va
ting dan déu dén thir ty 45, qua d6 ta cé nhan dinh
tai gid tri x, thuge [0;1] dd thi him sé f(x) c6
xu huéng tiép xic véi tryc hoanh tai diém x, (kha
niang c6 nghi¢ém bji), dung chirc ning SOLVE
(SHIFT CALC) dé tim nghiém x, ciia PT(4.3)
trén doan [0;1], véi gia tri “khéi tao” ching han
tai x=0.5 (vi gia tri ndy gin v&i nghiém x, ), tim
duge x, =1, tiép tuc tim c4c nghiém con lai bing
cach chia f(x) cho (x-1) va an SHIFT CALC
chd may giai thi két qua man hinh hién thj “khéng
giai dugc’.

J?m2+42x2+x+1 || {24242 + {22 4x#1 >

@ r= §

i
:Ix2+x+2 +IEEIL Khdng giai duec
=1 llrac1 :Hay
[«]1(»]):Di dén
PT(4.3) chi c6 nghiém x,=1 va c6 thé la
nghiém bgi hai, ta tich nhan tir cho tirng cén thirc
theo cong thirc sau:

e

tim.

. A £ A
x,=la,beR, a,blaansocan

36 TOMADS  sssmi-som

f(x) lan VK +k+2  va

J2k* + k +1, thyc hién céch tim a,b hai lin khi
d6 ta ¢6 cch tach céc s6 hang nhu & céch 2.

Vi lugt la

Bai toan 5 (Bai T6/496, TH&TT). Giai he¢

phuong trinh
I
LI R (5.1)

(5.) X Yy

X 1
x+y+z=xyz+—(x+y+z) (52)
x+) : 27( y+z)

x#0
e y=kx
Loi gidi. DK: y#O.Glésu’cé{ l,tuDK
z=Ix
z#0

ta c6 k,I#0, voik, {13 4n s6 phuy, d& thiy cic

bién sb thda man NX2 -—(21‘) nén ta cé thé dit:

(5‘1):{y =K 1 €R\{0) v thay vio PT(5.1),
z=lIx

PT(5.2), bién ddi va thu gon, ta dugc:

2 _ 1
K+k+1l’

x2|:k1+%-(1+k+l)3]=l+k+l

Kl+k+1>0

{ kl+k+1>0
=(572): A
27k +8(1+k+1) =27(1+k+1)(kl +k +1)

3 | S=k+1 R s
Tiep tuc dat {P:kl ta c6 hé (5 2) trd thanh

S+P>0
27P+8(1+5) =27(1+ 8)(P+S) (53)
Ta c6 diéu kién dé PT(5.3) c6 nghiém la

(5.3):{s2-41>20 (5.4)

S+P>0(55)
Thu gon PT(5.3) ta dugc PT tuong duong:
275P =85" -35% -35+8 (5.6).
Ta xét céc kha ning ctia PT(5.6) nhu sau:
TH1. Xét S=0, o rang PT (5.6) khong thoa

man.
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TH2. XétS# 0, ta chia hai vé PT(5.6) cho 278,
85) <3857 -354+8
278
1"y 135
S+1)|8|8S-—| +=—=
( )(( 16) 32

) 278 (57)

ta duge: P=

Tir PT(5.7) taxét:
e Néu $>0 thi P>0 khi d6 S+P>0 thoa
min DK(5.5), ta thay P boi vé phai PT(5.7)
vao DK (5.4) kéthgp S> 0 ta co:

S>0

S>0© . )
278

0

§>0
& 14-(5-2) §=2.
($-2) (5S+8)20¢>
218
Thay S =2 vao vé phai PT(5.7) tinh dugc P=1,

kh' d()' Qk—l—l k,t h Vé.
: P-—k]—l ; " qp ’

(5'1) ta co {y =x, thay vao (5.1) ta dugc:
z=x

x#0
-%-—ic:» 1¢x—i—l—<:>y—z=i
s x x2=§ V3 N

o Néu S=-1 thi P=0 khi dé:

S=k+l=-1 k=-1__ |k=0
o hodc
P=ki=0 I=0 I=-1

(khéng thoéa man DK nén loai).
e Néu -1<S<0 thi P<0, khi d6 ro rang
S+ P <0 khong théa man DK (5.5) nén loai.
eNéu S<-1thi P>0,tacd3khining:
+ Néu h (53) c6 (5.4) thoa mén, (5.5) khong
théa man thi ta loai.
+ Néuhg (53) 6 (5.5) thoa man, (5.4) khong
thoa mén thi ta loai.
+ Néu hg (53) thoa mén ca 2 DK (54) va
(5.5), khi d6 ta c6 lap ludn:

S<-10<S+P<-1+P=>P>1 (58).
Tir (5.4) ta ¢6: §? 24P va P>0, liy cin bic 2
hai vé cia §* 2 4P duge:

4 s> 2P (59)
Isl'zﬁo{ss—zﬁ (5.10)

- Xét truomg hop c6 (5.9) két hop vai S<-1 ta
co: 2\/FSS<—-1<:>\/'I;<—%, méiu thuin véi

(5.8) nén loai.
- Xét truomg hgp c6 (5.10) két hop véi S<-1 ta

. | 5=~
o {SS—ZJF

thudn véi (5.8) nén loai.

@—l<—2xf5¢>ﬁ<%, mau

Két lugn: HPT(5") c6 hai nghiém 12

oo o} -1 -1 -1
el s} E33)
2.2. Ciic bai todn tim gia trj 16n nhit (GTLN), gi4

trj nhé nhit (GTNN)

ctia biéu thirc hai bién sb, ba bién s, véi cac didu
kién rang budc cho trudc, theo cich dit 4n phu
(trong chuyén d& nay), ta c6 phuong phép sau:
Phwong phdp chung: Dya vao cac DK cua NXI
hojc NX2 va biéu thic cin tim GTLN, GTNN,
két hop DK rang bugc, ta djt an phy sao cho phu
hop, luu ¥ ring cin x4c dinh mién x4c dinh cia 4n
s6 phu that chinh xéc, lic d6 quy bai toan hai
bién, ba bién vé khdo sét bai toan tim GTLN,
GTNN ciia ham mdt bién sé trén mot doan, mot
khoang quen thugc trong sach gido khoa Toéan 12
hogc c6 thé tim GTLN, GTNN béng cic BDT cb
dién nhu BPT Cauchy, Bunyakovsky, ... véi luu
¥ ring c4n doan dugc du “=" trong ting bai todn,
khi d6 ta méi vén dung dugc.

Bai toan 6 (Bai T9/544, TH&TT). Cho cdc s6
thie duong x, y. Xdc dinh gid tri lom nhat ctia

XV

]

biéu thitc A=
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Loi gidi. Gia sit ¢6 x = ky, va v6i x,y la céc sb
thye duong thi k>0, véi k 1 &n sé phy, khi d6
céc bién s6 théa man NX1-(1.) nén ta cd thé djt
x =ky,k >0, thay vao bidu thirc 4 dé dugc:
e ()
(kyﬂ/fy ) (k +‘/k’_
k +JEG >0,Vk>0

(k+~/k’+l)(k—~/k’+1)=k’— k’+1)=—

=vk'+1-k (6. 2).
k+ \/k’ (
Tir (6.2) , ta bién ddi ham s6 f (k) tr thanh:

f(k) =k(\/k’ + —k)2 =2k + k- 262K +1

Khi d6, lay dao ham c4p 1 va dao ham cp 2 ham
s0 f(k) va thu gon, nhan dugc:

, ) 6k* + 4k
f'(k)=6k*+1- m;
12k* +18k* + 4
(\/k’+1)3
k>0
Ta Cé:f'(k)":O@{(szH)’ (kz +1)=(6k’ -Mk)2

- { 3k’2c " ~1f
) ro-omomn

1

= lim k =0.

k-4 & it
1
( 1+P-J

] NE 1
Lai c6 " — |=——<0, dod6 k,=— 1la
g f(ﬁ) 4 ‘T

diém cyc dai cia ham s6 f(k) trén khoang
(0;4<0). Ta c6 bang bién thién ham s6 f (k) trén
khodng (0;+)

I(k) 6.1).

Ta co:

=

f(k)=12k-

3 TOMNMHOL  sssma-som

k 0 71—5' +00
f'(k) + 0 -
() 2
Sk 9
0 / 0

Tir bing bién thién va (6.1) ta thay:

o 4= o 0= 15 )< 2

x0;,y>0 ke(0;420) \[3_ 9
voi k ——1—-x;yx ——l—y
V3 V3T

Két lugn: rraxA=—\/9E tai (r,y):(—\/%y;y);yek*.
Binh lugn. Ta nhic lai dinh 1i sau: Néu ham sé
y = f(x) ¢ dao ham lién tuc téi cap hai tai diém
Xo va ['(x,)=0,1"(x,) #0 thi x, la diém dimg
ciia ham 56 y = f(x). Hon nita:

Néu f"(x,)<0 thi ham s6 dat cuc dai tai diém
X,. Néu S"(x,)>0 thi ham s6 dat cvc tiéu tgi
diém x,.

Dinh li ndy gitp ta khing dinh dugc x, 1a diém
cuc dai hay didm cyc tidu khi khéng xét ddu dugc
f*(x) hogc gitip cho 15 giai bai todn dugc chjt

ché hon. Néu gia thiét bai todn 6 dugc thay bai
x,y 14 hai s8 thyc khong 4m vA khong dong thoi

bing 0, véi luu ¥ cin xét kha ning NXI1-(1.i)
truée khi dat 4n s6 phu thi khi d6 ta con tim duge
GTNN cua biéu thirc 4 bing 0 dat dugc tai

=0 =
e hodc A 0.
Y, >0 X, >0

Bai toan 7 (Bai T9/514, TH&TT). Cho cdc 56
thuee duong x, y thoa man

x <2y (7.1)
(" Ry
1 X 2_X )
ny ——2——2J} i +x (7.2)

Tim GTNN ctia biéu thirc B = x* | y* - ‘7
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Loi gidi. Gia sir ¢6 x = ky, va v6i x,y 1A cée s6
thye duong thi & >0, véi k 14 dn sb phy, khi d6
céc bién sd thda man NX1-(14) nén ta c6 thé dit

y=hke,k>0 thay vio gid thiét (7') va bidu thire
B, bién ddi, nhn duge:

x<‘/5(kx).x>0

J ¥ =>4
J(:r) -—-2 (kx) —-z-+x
Bién ddi biéu thirc B két ho’p cing (7.3)va(74),

x>0
tacb:B=x,’ 2.2
v |
2 k:-.‘_+1 20k ~ l+1
04 4 109 4
= | ph—— ‘f - .

-
21 =
k—2 2

1 1 1
i dit t=,[k*-— véi k>— thi t>=. Vi
bl e 72 2
véy, bidu thirc B tiép tuc dugc bién ddi tré thanh:

_4(2+1) C34(2+1)
ToAr sl T el

=4|:(2t—1)+-(2t4—_1)+4:|.

Ap dung BDT Cauchy ta c6:

BBDTZCN‘:M“X[Z\/@—I)X (21‘4—1) +4]

=4x(2.2+4) =55

Ding thirc xdy ra khi

B TS

J10

két hop véi tim duge k= 17

k>—

V2

tiép tyc sir dung (7.4) va y =k, ta tim dugc:

x=2\/5,y=2\/§.

Két lu@n: minB = 32 khi (x;y )=(2\/5'2\/§).

Binh Iu@n: Khong sit duyng BDT Cauchy, ta vin
¢6 thé 1ip BBT nhur bai toén 6 dé giai, trong d6 ta

8(4r’ -4r-3)
(2t-1)’

B'(t)=0at=%, khi d6 B'(t) i ddu tir "-"

cdn lwu ¢ voi t>% thi B'(¢) =

sang "+" khi qua gid trj tz—;- két hop
1)’ 4(2t +1)’
im i1—(-25—-i=+oo va lim ( b ) =400 bai
,_,(1)‘ 2t-1 A
2

toan méi dugce khao sat dang.

Bai toan 8 (Cdu V, D& tuyén sinh DH, khéi A,
niam 2009). Ching minh rdng vdi moi s thuc
dwong x,y,z théaman x(x+y+z)=3yz (8.1)

tacé: C=(x+y) +()c+z)3

+3(x+y)(y+z)(z+x)—5(y+z)‘ <0.

=lx

Loi gidi. Gia st co{ , Vavei x,y,z la cic

z=Ix
s6 thuc dwong thi k,1>0, véi k, I 14 céc 4n sb
phuy, khi d6 céc bién s6 théa min NX2 -(2.1') nén

ta dit: (8'1){ d

Z_kx k,1>0, thay vao (8.1), ta
dugc:
x(x+ kot Ix) = 3(ke) () o1+ k+1= 3K (8.2).
Ap dung BDT Cauchy, két hop cling (8.2) ta co:
3k =14 k+ 122V +1
=3(VA) -2Vk 120
K21k 21

(8.3)

<~ .
JHl < -% (khong ton taik!)

Tiép tyc thay (8'1) vao BBT C<0, ta co:
C=(x+hkx) +(x+Ie) +3(x+koe) (ke + Ix) (b + x)
~5(ke+kx) <0
& C=x*(1+k) +x*(1+1)
+3%° (1+ k) (k+1)(1+1)-5x" (k+1)’ <0 (8.4).

TOAN HOC
vs39
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Vi x,k,l 1a céc s6 duong, nén ta chia hai vé BDT
(8.4) cho (k+1)' >0 va don gidn cho x' >0,
tiép tuc sir dung hing ding thirc

@' +b' =(a+b)' -3ab(a+b) vi (8.2) ta co:

1+k 141 14k 141
C(k;l 4| —| +3 — -5<0
( ) (k+1) (k+l) (k+l}(k+1)

c>C(k-l)—(2+k+l)] PMLLLILL NP

" k4l (k+1)’

(8.2) 3

@C(k;l):(”"’kl)— U 550 (29).
W-1)  (3k-1)

Ta it £ =4/, khi d6 ti BDT(8.3) v BDT(8.5),

tacd: f(t):= [1:%;) (2:11)

s A -6 3t+1
Tacb: f (:)_3.(31_1)2.(3_1)

~(3¢).3.(3t-1)’
(3r-1)°

=5t2l.

3
_24.(31 ~1)

21=162¢* 4361 +6 21 -6(9 +1)
(-1 (3e-1)
Suy ra f() 1a him s6 nghich bién trén [1;+<).
Do d6, véi t21 thi
f(0)$7(1)=0 bay max £(r)=1(1)=0 (86).
T (8.6) rd rang ta dd chimg minh dugc BDT
(8.5) tre BDT C <0 di dugc chimg minh.
Dau “=" x4y ra  BDT C <0 khi va chi khi:
{ t=ki=1 @{k+1=2¢3
1+ k+1=3k ki=1
()

=>x=y=2z>0.

<0,V € [1;+00).

k=1=1

Bai toan 9 (Bai T9/483, TH&TT). Cho cdc sé

thue dwong x, y, z théa mén diéu kién

X +y' =22 +2xy+ yz+2x<0 (9.1).
Tim gid tri nhé nhat ciia biéu thirc
' +x*

xa+y4 y4+z4

3 3
z* X y

Léi gidi. Ta c6 véi x,y,z>0thi:

40

D=

TOAN HOC
' CTusdilge__ S85714-2026)

(9.1) > (x+y) ~z(x+y)+2z(y+x)-2:2 <0

(x+y)(x+y-z)+2z(y+x-2)<0

& (x+y+2z)(x+y-2)<0e x+y<z(9.2).
y=1iz

duong thi k,/ >0, vdi k, [ 1a céc an sé phu, khi d6

céc bién sb théa min NX2-(2.) nén ta c6 thé

dat: (9'){0“:’0;

O<y=Iz

ke
Gid sir ¢6 {x .+ VA Vi xy,2 1 cho sb thye

k,l>0.

Thay h¢ (9') vao BDT(9.2) ta durge:

O<kz+lz<z50<k+I<1 (9.3),
Thay hé (9‘) vdo biéu thic D va rit gon, ta

dugc: D(k;l)=(k* +1‘)+[

1)+ r.eE
K 14 orS
ﬁ__J

Dy(ki)
Dy (ki) Dy(kJ)
Theo BDT Cauchy ta cé:
14 k“ ' k‘
k;l 22— =2 (94
( ) 14 k 14 ( )
D, (k;l)=F+%~2 T (9-5);

(k) (et (k+1)°
(7)

T bt L] (1.+1+1 1)_3

(“)'[k *16716 16)"\" "6 16 168

k* o N 7Y
z4ﬂf +4 4,/_--_—-— 9.6).
16° 16° (%5

Cong theo vé ba BDT (9.4),(9.5),(9.6) thu dugc:

D(k:l)=D, (k; I)+D2(k,l)+D3 (k1)
k+l 3. 3
_(_-_]Jr__.ﬁz
2 8) (k+i)
& D(ki)2—2p+ X213 g9

(k+1) 2 8
Dit 1=k +1, tir vé phii BDT(9.7) va BDT(9.3)
321 . 13

ta c6: f(t)——-— Al ; 0<t<1. Khi dé:
on 1 128 255
tj=———< "2 .
f'(t) 2= 3 <0,vte (0;1].

Suyra f(t) 1 ham s6 nghjch bién trén (0;1], do
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do: minf(t)=f(|)=-2-g—3-

1e(0;1]

(9.8).

Suyra f(t) 1a ham s& nghich bién trén (0;1] , do

. 273
do: mé“f(’)=f(l)=“8_- (9.8).
T (97) va (98), ta suy ra duge
9.7) (98) 273

( ,
D(k;l) 2 f(1)2 == Ding thirc xdy ra khi va
chi khi ding thirc & (9.4),(9.5),(9.6),(9.7) va

(9.8) cing ddng thoi xdy ra:

( k;!1>0
1

=P =— .

k 16 1(%) z
R k=1=-5=>x=y=—>0.
I=—-; =—;k=l
kl 14 14 kl
| k+l=1

Két lugn: minD=2—;3 khi x=y=%>0.

Két Iugn. Bai viét nay 12 két qua dac két tir kinh
nghiém gidi todn ma tac gid hoc tap, rén luyén két
hop voi niém dam mé ma c6 dugc, hi vong bai
viét mang lai diéu bd ich cho ngudi doc va mong
cc ban yéu toan tiép tuc mé rong va khai thac hai
nhin xét trén vao van dung cidc mang toan khac,
chic cac ban thanh cong!

BAI TAP REN LUYEN
1. Gidi cdc HPT sau trén tép so thuec R

2’ -6y’ =xy
. { 3 4+2y=xy+x
THPT chuyén Hoang Van Thu, Hoa Binh, 2022)

{ X -y =37
b)

4x’ -3y* =16x -9y
10, THPT chuyén Bén Tre, 2022)
6y -4x* =1

C){x‘+xy’ +y=0

(Trich dé thi vao lép 10,

(Trich dé thi vao lép

(Trich dé thi HSG Iép 11,

tinh Vinh Phiic, 2021)

s 1 :
-y =
d) x+y (Bai T4/344, TH&TT)

x2+y2=1

5c'y~dxy’ 43y’ =2(x+y)=0
(4
w(x4y!)+2=(x+y)
(Cdu 11.2, dé tuyén sinh DH, khoi A, nam 2011)

X +y = ,ry,/2(x2 +y2)
ax+x =1 =9(y~1)V2x-2
(Cau 8, dé 56 2, dé khai dgng trude ki thi
THPTQG, 2015)
X +y +7(x+y)xy=8xy 2(4‘rz +}'2)

V2x-2-J6y-9=16x" 48y +35
(Bai tdp tw luyén, TH&TT 56 477)
2. Tim GTLN, GTNN
a) Cho x va y 1a hai s6 duong. Tim GTNN cua

3
(x+ N y‘)
xyz
b) Cho x 1a sb duong va y 1a s§ thyc. Tim
GTLN, GTNN cua biéu thirc

B= o4
(Jc2 +3y2)(x+\/x2 +12y° )

¢) Cho x va y 1a cic sb thyc théa man
x*+xy+y*=1. Tim GTNN, GTLN cua biéu
thic: C=x> —xy + )~
d) Cho hai sb thyc x, y khéc 0 thay déi va thoa
min (x+y)xy=x’+y' -xy. Tim GTLN cua
biéu thte: D =i+l3.
Xy

(Céu IV.2, dé tuyén sinh DPH-CP khéi A, nam 2006)
e) Cho hai sb thyc x,y thay déi va théa min
x* +y* =1. Tim GTNN, GTLN cia biéu thiec:

Z(x2 + 6xy)
T 142042y

f) Cho hai sb thyc duong thay doi x, y thoéa man

3x+y<1.Tim GTNN cla F=24-L

N

g) Cho cic sb thyc duong x,y,z théa min

f)

g)

biéu thirc 4=

Lo, 3,.08 L i SYIN oabidl tife:
X y z x+y+z
G=2+2+Z  (Bai 19484, TH&TT)
y z x

TOAN HOC 41
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TIENG ANH QUA CAC BAI TOAN
BAI SO 112

PROBLEM. Compute the sum to infinity

Zk%)- cos(nx).

TR

Solution. We have

© n 2

Z(}-) cos(nz)=1 ad +(§-) -
4 4 \ 4

»=0
k] 4
_(.3.) +(3) ¥
4 4
This is the sum to infinity of a geometric

. g . 3
progression with the common ratio r = - 4

o(3Y 1 4
Hence (—) cos(nm) = —r—mc=—,
.z,; R ) 1_(_ }J 7
4
TU VUNG
: tong tdi vé han (tong cia

CSN lii vo han)

sum to infinity

geometric progression : cap so nhan (CSN)

common ratio : cong bgi

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

BAI DICH SO 110

BAI TOAN. Mot thay gido ¢6 12 mon qua, trong
do ¢o 4 mon qua loai I va 8 mon qua loai II. Thay
gido dat qua vao 12 cdi hép giong hét nhau, sau
d6 géi lai theo cdach giong hét nhau. Thdy chon
ngdu nhién cdc hop trong ching réi diea cho 3 em
hoc sinh, moi em sé nhan diroc 4 hop qua. Tinh
xdc sudt dé méi hoc sinh nhdn dwoc ca qua logi I
va qua loai I1.
Loi gidgi. S6 cich ma mdi hoc sinh nhan dugc 4
hopquila C}xC;.
Ki hiéu 3 hoc sinh dugc nhan qua 1a 4, B, C. C6 3
truéng hop thod min yéu cau: ba hoc sinh nhan
dugc qua loai I nhu sau:

(1,1,2),(1,2,1),va(2, 1, 1).
Trudng hop (1, 1, 2) nghia 12 4 nhan dugc 1 hop
qua loai 1, B nhan dugc 1 hdp qua loai I va C nhan
dugc 2 hdp qua loai 1.
Trong trudmg hop (1, 1, 2) thi s6 céch chon 1a:

(C} xC,’)x(C; xC3).

Trong trudng hop (1, 2, 1) thi s cich chon 1a:

42 T?g?'luggce S48 571 (1-2025)

(€ xCS’)x(C: xCy).
Trong trudng hop (2, 1, 1) thi sb cach chon 1a:
(Cixct)x(cxC).
Do d6 xéc sudt can tim 1a:
(cixc)x(cxc?) +(c; xC;)x(Cr=C?)

el el G %G
(CixC})x(CxC?)
&x G
né bing -3
55

Luwu y: Bai tap ndy dugc suu tam, chuyén thé va
dich tir d& thi miu HAS thing 8 nim 2024 (Dai
hoc Quéc gia Ha Noi, Viét Nam) va da ding trén
TH&TT sé 570, thang 12 nim 2024. S6 niy
ching tdi dua thém mdt cach giai khac cho bai tip
nay.

Nhin xét. Rit tiéc ky nay khong c6 ban ndo giri
bai djch vé Toa soan ca.

HO HAI (Ha Ngi)
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PROBLEMS ...

(71 ¥’ theo nang 3

Problem 17/571. Let x and y be positive real
numbers satisfying

3x* +4yT +4xy -9x =10y +8 = 0.
Find the minimum value of the expression

P= 7x+lly+13‘
2x+3y+5
Problem T8/571. Given a pyramid 0.4BC with
OBC is an equilateral triangle of side a,
0A L(OBC),0A=a. Let I be the midpoint of
BC, and M a variable point on the line segment A1/.
Let d,, d,, d; be the distances from M to the lines
OA, OB, OC respectively. Find the smallest value
of T =3d} +2d; +2d} in terms of a.

Problem T9/571. Solve the equation

J8x? =3x +2025 —J27x? - 2x + 2025

+326x% =3x 42025 = 7x* - 4x + 2025.

TOWARDS MATHEMATICAL OLYMPIAD

Problem T10/571. Given a polynomial with real
coefficients f(x)=3x*~7x’+ax’ +bx+c that

has four real roots in the interval (0; 2). Prove that
8
(2a+b-14) +(b+c+2)* 2 9(%) :

Problem T11/571. Find all continuous functions
SRR that satisfy the condition

f(")=f(-x—zi¥J-x’—2x+2

for every xeR.

Problem T12/571. Given triangle ABC inscribed
in a circle @ and with the orthocenter /., Assume
that MN and PQ are two chords of @ which are
perpendicular to each other at S. Let K be the
intersection between the Simson lines of ABC
corresponding to M, N. Let L be the intersection
between the Simson lines of ABC corresponding
to P, Q. Prove that HKSL is a parallelogram.

NGUYEN PHU HOANG LAN
(University of Education, VNU, Hanoi)

B L T e s R s ettt T e e e e S e

SAILAM . .. (Tiép theo trang 47)

T d6 suy ra dao him cép mjt c6 téi da mét
nghiém. Hon nira
£(0)=-2012; £'(1) =¥
= f'(0)f'(1)<0.
Do d6 tdn tai duy nhét a € (0;1) dé f'(a)=0.

Ta c6 bang bién thién:
t 0 a 1
f'@® - 0 +
1 1
10, \f( )/'
a

Do d6 phuong trinh da cho c6 nghi¢m

t=0 [sin*x=0
e,
=] [ sin“x=1

sinx=0

[ cos’x=0
; kx
osin2x=0x=—keZ.

Viy tép nghiém cua phuong trinh 1a
S= {E,k € Z}.
2

Ca ldp 6n tip déu cho ring 15i gidi ciia Hing la

tot, khong sai sét ché nao. Theo em, em cé tim ra
diém sai ndo khong?

TRAN MINH VU

(GV THPT chuyén Hung Vuong, Gia Lai)
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2
<:>(x+y-—':y++:] 20 (ludn ding).

2
Viy x2+y2+[xy+lJ 22
X+y

Cich 3. Sir dung phwong phap doi bién.

xy+1
X+y

Djt z=- Dxz+yz=-xy=-1

= xy+yz+zx=-l.

BAI TOAN 91. Cho x,v ld cdc so thiee thoa min 2. 2. .2
Khi 46 BDT da cho tré thanh: x* + y* +2z° 2 2.

x+ v #0. Chimg minh bdt déing thiec

i Ta cé:
x4y +[-‘Z"+l) >2 x3+y2+zz=(x+y+z)2—2(xy+yz+ZX)
X+y
b 2

L&i gidi. Cich 1. Phuwong phdp bién déi teong st pra) -2
diwong. =(x+y+z) +222
BDT di cho twrong dwong véi Doddé x*+y*+2z°22.
(2 +y ) (x+y) +(xp+1) 22(x+p)

(oY) sl z2ees) A

x+y

<:::>':(x+y)2-—2xyjl(x+y)2 —2(x+y)2 ]
Cdch 4. Str dung bdt ding thirc Cauchy.

2
+(+1) 20 BDT d cho twrong duong véi
& (x+y) =2(x+y) (1+ ) +(1+ ) 20 g_xy_+1)_>2

(x+y)2—2xy+( et
<:>|:(x+y)2—(l+xy)]2_>.0 4

2 (xy+ 1)’
(BDT cubi luén ding). et vy el
: Ap dung B 5
Viy x* +y? +(xy+1] 52 p dung BDT Cauchy ta c6:
o (x+y)2+(ﬂ_'*ﬁ ( )2 (xy+ )
Cdch 2. Phuong phdp bién déi tuong duwong. (x+y)? - (x+ )2
BDT di cho twong duong véi ‘ =2|xy+l|22 xy+1).
¢ 2
x2+y,+(xy+1] -220 Viy X +y* + oL} 5o
iry ' x+y

2 god ~ ’ v; 2
Cach 5. Diing phwong phap dat an phu.
¢>(x+y)z_zw+(w+lJ P g phiong phdp dat an phy
+ =x+
- Pit {“ **Y Khidé BDT d4 cho tréd thanh

+1Y g
<:>(x+y)2-2(xy+1)+(xy J >0
X+y

u —2v+(l+v) 22
u

ut =2utv+(1+ v)2
& = 22 @

x+y xX+y

2
<=>(x+y)z—2(x+y)xy+l+(xy+l) 20

TOAN HOC
44 * CTudilye__S3571(1-2025)
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BAN CO BriiT 2
SO NGUYEN TO LON NHAT

Shnguyén (5 lén  nhdt  duge  bidt
dén 1A 2136279841 _ | mdt s6 ¢6 41.024.320 chit
s khi viét theo hé thip phan. N6 duge tim thdy vio
ngdy 12 thang 10 nim 2024, trén mft mdy do dya
trén ddm may do Luke Durant tinh nguyén cung cép
cho Great Internet Mersenne Prime
Search (GIMPS).

-~ iR fumber doubling every 42y |
en @GR Aurber growing by 10° evey 071y s ¥ T

0’1950 1960 1970 1980 1990 2000 2010 2020
Year
Biéu d6 sd chit s6 trong sé nguyén 16 Iém nhat dugc biét
dén theo nam, ké tie khi ¢6 mdy tinh dién tit. Thang do
theo chiéu doc la logarit.
Sénguyén té1asd ty nhiénlén hon 1 va khéng
¢6 udc sb ndo khac ngodi 1 va chinh né. Theo dinh
ly Euclid, c6 v6 sb s6 nguyén t6, do d6 khong cb sb
nguyén t6 16m nhat.
Nhidu s nguyén t6 16n nhit duge biét dén 1a sd
nguyén t6 Mersenne, c4c s6 nhd hon mét liy thira
ciia hai, vi ching c6 thé s dung mot phép thir
nguyén t6 chuyén biét nhanh hon phép thir chung.

Tinh dén thang 10 nim 2024 , bay s nguyén té Ién
nhit dugc biét dén 1a sé nguyén td Mersenne. Mudi
tdm s6 nguyén t ky luc cudi cung la sb nguyén tb
Mersenne. Biéu dién nhj phén cta bat ky s& nguyén
t6 Mersenne ndo déu bao gbm tit ca céc sb 1, vi
dang nhj phan cta 2 - 1 chi don gidn 1a k sb 1.

Viée tim ra cdc s6 nguyén t6 16n hon déi khi dugc
coi 12 phwong tién dé ma héa manh hon , nhung thyc
t& khong phai vay.

Ky lyc hi¢n tai

Ky lyc hién dang dugc nim giir bai 2" — |
voi 41.024.320 chir s6, dugc GIMPS tim théy vao
ngdy 12 thang 10 nim 2024, 120 chir sé dAu tién va
cudi cung cia gia trj clia né 1a;
881694327503833265553939100378117358971207
354509066041067156
376412422630694756841441725990347723283108
837509739959776874 ...

(Bo qua 41.024.080 chir s5)

852806517931459412567957568284228288124096
109707961148305849
349766085764170715060409404509622104665555
076706219486871551
Tinh dén thang 10 nim 2024, sé nguyén té dugc
phat hi¢n trudc do6 1a My)sseess, c6 24.862.048 chir
s, da gii ky lyc trong gin 6 nim, liu hon bét ky s6
nguyén t6 nao khac ké tir M,g937 (gitr ky luc trong 7
ndm tir 1971 dén 1978).

(Theo Wiki pedia)
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& < ut —2u2v+(1+v)2 > 2u°
su' -2+ +(1+v)' 20

& (ut-v- 1)2 >0 (ludn déng).

2
Viy x* +* +(_xy_+_1) -
x+y

TRAN VAN HANH
(GV Truémg DH Pham Vin Pong, Quang Ngai)
Nhin xét. Ky ndy cac ban Ddng Sy Phudc Diec,
9A1, THCS Lé Vin Thiém, Ha Tinh va ban
Nguyén Hiung Cuwong, xi Nhon My, TX. An
Nhon, Binh Dinh ciing déng gép mt sb cc giai

tuong tu nhu céc cdch ma ban Tran Vin Hanh dé
xut trong bai viét trén. Xin hoan nghénh hai ban.

LE MAI (Ha Ngi)
Mai cac ban giri 10i gidi BAI TOAN 91 dudi day
vé Toa soan Tap chi TH&TT trudéc ngay
28/2/2025.

BAI TOAN 93. Cho hinh hép ABCD.A'B'C'D".

Goi M, N lan leot la trung diém cua CD va DD

G, G' lanleot la trong tdm cua cdc tr dién

A'D’'MN va BCC’D’. Cluimg minh rang GG’ song
song voi mat phang (ABB’4").

TRAN PUC PHUONG

(GV THPT Giao Thiiy, Nam Djnh)
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BA1 TOAN 99 (Thi vd dich Quoc gia Hungari,
2000). Goi X, Y, Z la chdn cac dweng phdn giac
cia tam gige ABC. Pudng tron ngogi tiép fam
giac XYZ cat cde canh AB, BC, CA va tao thanh
ba doan thang. Chiing minh rdng cgng hai trong
50 ba d¢ dai ciia doan thang nay thi b&ng do dai

doan thang thit ba.

Li gidi.

bit EE=a,a=b,Z§=c,x=7’Y,y=-ﬁ

z=RZ Vvéi a, b, ¢ 1a chc sb duong. Theo tinh
chét dudmg phan giéc ta co:

7 PO R, L. 0
c+a a+b

{ — — —  }c
Ted6: QA=YA-YQ=—+y;

c+a

— — — b
AR=AZ-RZ = —z

a+b

Theo tinh chit phuong tich cia 4 déi véi dudmg
tron (XYZ) ta cé:

AQ.AY = AR.AZ

TOAN HOC
46 -+ cTusife

S3 571 (1-2025)

be ( be ) be ( be )
& +y|= =g 1
c+a\c+a a+b\a+b

Khai trién va nhan hai vé véi -l;i ta dugc:
c

a i AT abc  abc 1
c+a” a+b (a+b) (c+a) ).
Tuong ti ta ciling c6:
b b b . abcz_ abcz Q).
a+b b+c (b+c) (a+b)
c c abc abc
+ ) -_— 3-
¢ e e e B
Cong theo vé (1), (2), (3) ta dugc:
b c a ¢
[b+cx+b+cx)+(c+ay+c+ay)

Frrgerd

+ zZ+ z|=0
a+b a+b
Sx+y+z=0.

Suy ra hai trong ba dai lugng x, y, z cling diu va
trai ddu véi dai lugng thir ba. Tir d6 tdng gia trj
tuyét d6i cua hai dai lugng d6 bing gié tri tuyét
d6i cua dai lugng thir ba, viy ta c6 didu phai
chimg minh.
Nhin xét. Rét tiéc 12 Toa soan khéng nhin dugc 15
gidi ndo cho bai toén nay.

NHU HOANG
Sau dﬁy 1a bai tap d& nghi. Ban doc hdy giri 10i
gidi vé Tda soan TH&TT trudc ngay 28/2/2025.

BAI TAP DE NGHI
BAI TOAN 101. Cho phuong trinh bdc ba
o +[ 1 +[x+[]=0.
Ban F va ban T choi mét tro choi g(iﬁl ba luot,
o moi lugt trwde ticn ban - chon mét so thuc,
sau do ban T dién so thiee do vao mdt trong ba

(6 trong trong phuong trinh. Sau ba luot, 0o

choi s¢ két thic. Ban I sé la nguéi chién thing
néu phiong trinh cudi ¢d ba nghiém nguyén
phuu biét, néu khong thi ban T la ngueot c‘lncn

thang. Theo em ai s& la ngum’ co clnen Imr(
chwn zlzam;” o Kt

'KHANH HO'U (Ha Noi)
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GIAIDAP:  SAI O DAU NHi
(Dé ding trén TH&TT s8 567, thang 9 nim 2024)
Phén tich sai lam. Loi gigi ciia hoc sinh méc phdi

hai 16i sai:

- Loi gidi  dd  xét  trudng  hep
U=HJ+IH=5J3+{3= 6\3 , xét thiéu trurong
hop: I = HJ - IH =53 -3 = 443.

- Trudmg hop 43 xét trong 1di giai chua loai diém
J(=6;-8;-5). Vi J(~6;-8;~5) thi

JH=T3 = Ja=JIH ++* =J147+6
= 3\/ﬁ >0,

Léi gidi ding. Loi gidi cin b sung trudng hop
IJ = HJ - IH =53 —=\/3 =43 khi d6 tim dugc
diém J(—4;-6;-3).
C6 thé khong xét hai trieomg hop, bai todn dwoc
gidi nhur sau:
Mit cau (S) c6 tim 1(0;-2;1), ban kinh R = 3. Goi
H la tam dudmg tron (C).
Miit phing (P) c6 VTPT n(l;1;1). Pudng thing IH

di qua [(0;-2;1) nhén ﬁ(l;l;l) lam VTCP cé

phuong trinh: -JIE=yT+2=z—;—1.

Piém H=(P)Nn(IH)= H(t;—2+t;1+1) e (P)
St+t-2+t+1-2=0
st=1= H(;-1;2).

|-2+1-2) o

Taco: d =d(I;(P))= J.——-IT

Khi d6 bén kinh dudmg tron (C) 1a:

r=JyR -d* =3 -3 =46,
JH =R ¢ = JT5; J e(IH) = Jm -2+ m;1 +m)
:>.7ﬁ(m-l;m—~l;m-—l).
Do d6: JH? =755 3(m—~1)" =75
om=1=45=5m=06,-4
= J,(6;4,7);J,(~4;-6;-3).

Phuong trinh cédc mat ciu cin tim 1A

(x=6)' +(y-4) +(z-7)" =81,

(x+4) +(y+6) +(z+3)" =8l.
Nh{n xét. Ban Nguyén Hing Cuomg, x4 Nhon My,

TX. An Nhon, tinh Binh Djnh da phat hién dugc sai
14m v dua ra 1oi giai dang. Xin hoan nghénh ban.

KIHIV

SAI O DPAU NHi ?

Trong mot gi& 6n tap thi hoc sinh gi6i cép tinh 16p
12 c6 bai tap sau.
BAI TOAN. Gidi phuong trinh hegng gidc sau

2024 UZS _ l

COos X +sin®

Ban Hung da gidi bai nhw sau:
Phuong trinh d3 cho tuong duong véi
. 3 \l012 & .
(l—sm x) +(sm x) : =1

Téi day, dat ¢ =sin’ x; 1 €[0;1] va xét ham sé:

2025
f()=(1-1)"" +£ 7 ;1€0;1).
Ta c6:

2023
£1(8)=-1012(1-1)"" + 20225 (1

2021
S(H)=1012.1011(1=¢)" + 20225.20223,7

>0,Vt.
(Xem tiép theo trang 43)

TOAN H
Peniged
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DT Bién 1gp: 024.35121607,
DT Phél hanh: 024.35142649, 024.35682701
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BAN CO VAN KHOA HOC
GS. TSKH. TRAN VAN NHUNG
75.NGUYEN VAN VONG
| GS.DOAN QUYNH |
PGS.TS. TRAN VAN HAO

CHIU TRACH NHIEM XUAT BAN

Téng Gidm d6c NXBGD Viét Nam
NGUYEN TIEN THANH
Téng Bién tap NXBGD Viét Nam
PHAM VINH THAI
Vién truong Vién nghién ciu Sich va HLGD
LE HONG SON

HOI PONG BIEN TAP

Téng bién tap : TS. TRAN HOU NAM
Thu ki Toa soan : ThS. HO QUANG VINH

Phé téng bién tgp : CN. TRAN THI KIM CUONG
7S. LE HONG MAI

7s. TRAN DINH CHAU, ThS. NGUYEN ANH DUNG, 7S. TRAN NAM DUNG, TS. NGUYEN MINH D(C, TS. NGUYEN MINH HA,
TS. NGUYEN VIET HAL PGS. 7S. LE QUGC HAN, ThS. PHAM VAN HUNG, PGS. TS. VO THANH KHIET,
GS. TSKH. NGUYEN VAN MAU, Ong NGUYEN KHAC MINH, TS. PHAM THI BACH NGOC, PGS. TS. TA DUY PHUUNG,
ThS. NGUYEN THE THACH, GS. TSKH. DANG HUNG THANG, PGS. TS. PHAN DOAN THOAL ThS. VO KIM THUY, PGS.TS. VU

DUONG THUY, GS. TSKH. NGO VIET TRUNG.

TRONG SO NAY

° Danh cho Trung hoc Co s
For Lower Secondary School

Cao Van Diing, Nguyén Dirc Hdi — Phuong
phap dém bing hai cich trong cdc bai toan td
hgp & THCS.

© Husng din gisi aé thi chon HSG 16p 9 TP.
Quang Ngai, ndm hoc 2024 - 2025.

@ i thi chon hoc sinh gisi 16p 9 tinh Hai Duong,

nam hoe 2023 - 2024.
© Thi siic trude ky thi THPTQG - Bé 56 2.

Q Dién dan day hoc todn
Nguyén Anh Tudn — Chimg minh hai géc bing
nhau (ky 1).

@ Dé ra ky nay Problems in This Issue
T1/571, ..., T12/571, L1/571, L2/571.

R L—

€D Giii bai ki truée
Solutions to Previous Problems

T1/567, ..., T12/567, L1/567, L2/567.

@ Phuong phép gidi toan
Lé Huy - Mot cach dit 4n phu dé giai hé
phuong trinh va bai todn tim gié tri 16n nhét va
gia trin nho nhit.

@ Tiéng Anh qua cic bai todn — Bai s§ 112 -
Bai dich s6 110,

@ nnidu cich gidi cho mit bai todn — Gidi bai
to4n 91 — D& bai toén 93. |

@ pu tich thé gisi qua chc bai todn hay — Giéi
bai toan 99. D& bai toan 101.

@) saitim i aau?

Thiét ké, ché ban: MINH HOA
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NHA XUAT BAN GIAO DUC VIET NAM PHOI HOP
TAP HUAN GIAO VIEN NGUGI VIET O NUGC NGOAI

T ngdy 1/12/2024 dén 15/12/2024 tal Ha
Nol, Uy ban Nha nuoe vé nguol Viet Nam &
miéc ngodl (BO Ngoal glao) phét hgp val
Triong Dal hoe Khoa hge Xa hol va Nhan van
(Dai hoc Quéc gia Ha NOI) va Nha xudt bin
Gido dyc Viet Nam (B¢ Gldo duc va Dao tao)
t6 chic khod tap hudn gldng day tiéng Vigt
cho gido vién ngusi Vigt Nam & nuéc ngoat
nim 2024. Khoa tdp hudn ndm nay cé sy
tham gla ctia 40 gido vién va tinh nguy¢n vién
day tiéng Vigt trd vé tir 9 qudc gla trén thé
glo.
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Gidng vién Trung tdm Cdng nghé gido dyc - NXBGDVN
ctng c4c thdy cé gido ngudi Vigt Nam & nudc ngoai
Bén canh toa dam “Chia sé phudng phép
day tiéng Viét cho tré em & nudc ngoai” vdi
dién gid chinh Tién si Nguyén Thuy Anh, tac
gid by sach “Chao tiéng Viét", trong ngay 5 va
6, cic gidng vién cla Trung tam Cong nghé
gido duc - Nha xuat bdn Gido duc Viét Nam da
tham gia tap hudn cho gido vién véi hai chi
dé: Cach dung hinh tugng vdn va Kindng to
chitc tro choi trong gido duc. Pay la mot
hoat dong y nghia nhdm ho trg cac gido vién
nang cao nghiép vu su pham, qua dé lan tod
tinh yéu tiéng Viét va van hoa Viét Nam dén
thé hé tré xa xu.
Trong budi tap huén vdi chi dé Cdch dung
hinh tugng vdn, cic glao vién da dugc hoc
cach hudng dan hoc sinh dyng hinh tugng vin

tit cdc thé loal nhy déng dao, ca dao, th,...
vd chla nhom thyc hanh gidng day tal lap.

Trong phan thye hanh, cic gldo vién da ty

minh tao ra duge nhiéu bai dong dao tha vi.

Vi chii dé Li thuyét va thuc hanh té chife
tro chai trong gido duc, cac gido vién sé duge
hudng din cach sit dung tro choi nhu mot
cong cy gido duc hiéu qud, nhdn manh tro
choi trong gido duc khong chi cé tic dung khdi
dong, din dit vao hoat dong hoc, ma con co
nhiéu ¢ nghia khi ngusi day van dung ding
muc dich nhu: rén luyén ki nang phan xa, tu
duy, van dong; gdn két tinh than dong doi,...

Mot noi dung rat tha vi ctia budi hoc 1a céc
gido vién chia nhém, thyc Hanh tré choi ghép
tranh, thuyét trinh vé cdc mén 4n va dia danh
ndi tiéng cha Viet Nam nht: hé Hoan Ki€m,
vinh Ha Long, phd, banh mi, bin dau mam
tom,...

Hoat djng teamwork
gitip gdn két c4c thdy cd trén khdp thé gidi
Két thic chudng trinh, cac gido vién bay té
long biét dn sau sic dén Bang, Chinh phi vi
da té chitc mét khoa tap hudn y nghia va bd
ich, gop phan mang lai trdi nghiém hoc tap
t6t han cho hoc sinh, dong thdi truyén tai hiéu
qua van hoa va ngon ngd Viét Nam, thit chat
mdi quan h¢ gilfa cac gido vién ngudi Viét trén
toan thé gidi.

BAN TRUYEN THONG
(Nha xuat ban Gido duc Viét Nam)

Dugc quét bang CamScanner


https://v3.camscanner.com/user/download

PITAN NGUY N

N'HA XUAT BAN GIAGDUC VIET NAM.
‘Emmmwmmhndaommdmw |

VA UNG DUNG TRONG GIAT TOAN

Tic gid: Ngmy®a Thi Hidag Hizah, Npuyén Thi Bink Mink,
Te Dy Phargig, Nguy®n Thi Bich Thity
Séch diy 303 trang, khd 16 x 24cm, gid bia 105.000 dong.

Phan nguyén [x] ciia mét s6
thue x la s6 nguyén Iom nhdt
khong vueot qua x. Do tinh doc
ddo khong gidng ai cua ham
phan nguyén, thi du, ham phan
nguyén kha don gian: 1a ham
hing timg khic, nhung ciing
kha phirc tap: khong lién tuc
tai cac diém nguyén véi bude
nhay bing 1, do d6 kho sir dung
cong cy g,lal tich, vi vay cac bai
tap vé phan nguyén thudng la
kho.

Ngodi 1 thuyét duge trinh bay
chi tidt, bat ddu i Trung hoc
Cor s0, sich ¢6 nhi¢u bai toan
thi hoc sinh gioi cip huyén,
tinh, Qm‘)c gia va Qubc 1é lién
quan dén phin nguyén,

Cubn séich gdbm nam chuong,
Chwong 1 tip hop nhirng kién
thire co’ bin vé phiin nguyén:
Ham phan nguyén va dd thi
ham phin nguyén,

Chuong 2 trinh bay cac bai
todn s6 hoc lién quan dén phin
nguyén: Toan chia hét, (g
dung nhj thirc Newton trong
giai toan voi phin nguyén,...
Chuong 3 trinh bay cac dang
toan lién quan dén phén
nguyén trong dai s6: Tinh gia
tri cia biéu thirc chira phéin
nguyén, ching minh h¢ thirc
chira phin nguyén va dic biét,
phén loai chi tiét va kha day du
vé cac dang phuong trinh chira
phén nguyén.

Chuong 4 li che bai todn v
phin m,uycn trong muu Gidi
tich: I)Jy 50, chudi 56, gioi han
cuia biéu thirc ¢ phan nguyén.

Chuong 5 so luge trinh bay
mot s6 van dé licn quan dén
phan nguyén: phan nguyén va
h¢ dém co sd khac 10, phéan
ng,uyc.n va phuong trinh ham,
phin nguyén trong 1i thuyét
ham thuye,

Nhing kién thirc va bai tap
trong sach 13 co s& d¢é giai nhiéu
bai toén thi hoc sinh gioi khac
chua dugc dua vao sach. Ngoai
ra, cudn sach co thé giap cic
thay ¢ gido trong viéc thiét ké
céc bai tap va dé thi mai.

Cudn sach khong chi co ich
cho cac hoc sinh, cidc ban yéu
toAn vi céc thay c¢6 day toan
phd thong, ma con la tai licu
tham khao t6t cho céc sinh vién
va giang vién dai hoc, cao dang
nganh toan, ciing nhu cic phu
huynh mong muén gitip con
em minh hoc tét mon todn.

CONG TY CO PHAN SACH DAI HQC - DAY NGHE

Dja chi: 1878, Giang V6, Ha Noi

© Dién thogi: 02439718437 - 0913031845

Gidy phép XB s6 534/GP-BTTTT cap ngay 19.11,2020; Ma s6: 8BT1M25

In tai Xi nghiép Ban d6 1 - BQP.

In xong va ndp Iuu chiéu thang 1 ndm 2025
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