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THU TOA SOAN

A

Poi loi cung ban doc

Thé la Pi da tron 4 thang!

Pi khéng phdi la to bdo nghién ctru, ma la bdo
ph6 bién khoa hoc, v&i nhitng doi hdi khit khe
clia mot tor bdo “thdng thwdng”. Viy nén véi
ddi ngii nhirtng ngudi chi gidng day va nghién
ctru Todn, chwa tirng lam bdo, thi viéc Pi chwa
dwoc nhw v 1a digu dé hiéu. Con nhiéu thiéu
sot & ndi dung, hinh thirc, va khdu phdt hanh
bao. Trong tinh hinh dé, Pi rdt biét on sw phé
phén, cling nhw sw ¢0 vii ctia ban doc.

Co6 nhiéu ban da nhiét tinh giti bai dén Toa
soan. M6t sO bai dd diang, mdt sd bai chwa
dang, hodc s& khdong dwgc ding. PE cic ban
hiéu 16 hon, Pi xin gidi thich quy trinh lam
viéc v&i nhitng bai nhan dwgc. Trudc tién,
Thuw ky toa soan s& giti dén uy vién BBT phu
trach chuyén muc gin vé&i bai viét, hoac g
dén TBT trong trwdng hop kho xdc dinh. Uy
vién BBT s& xem xét, hodc tw xtr ly, hodc giri
cho moét chuyén gia trong linh viec dd nhdn xét
gitip. Trong trirdng hop nhan thiy bai co6 thé
dang, sau khi stra chitra, BBT sé& lién hé v&i tac
gid dé hoan thién bai viét. Thoi gian thdm
dinh mat bai doi khi kha lau, tuy thudc nguoi
ma BBT nh¢ thim dinh. BBT rat biét on sw
kién nhan ctia cic tdc gia.

BBT nhin dwoc kha nhiéu bai dwédi dang: dé
thi va ddap dn ctia cudc thi nao do, mot sb bai
tap kém theo loi gidi thudc mot chi dé nao do.
Nhitng bai nhw viy thwdng khong thich hop
v¢i Pi. Muc dich cida Pi 1a lam cho ddc gid yéu

Toan, chir khéng dinh hwdéng dén viéc “luyén
tdp” cho mo6t ky thi nao. Vi thé, cdac bai tip
cung voi loi gidi chi dwoc hoan nghénh néu
qua do, tac gid trinh bay rd quan diém,
phuwong phdp, nhdm gidp nguwdi doc hiéu bin
chdt vdn dé. Di nhién, viéc gidi cac bai toan
ctia Pi, hodc doc nhirng bai viét cla Pi cling cé
thé gitip ich cho nhitng ban tham gia ky thi
nao do!

Nhiéu ban gép y 1a cdc bai viét cida Pi con hoi
kho! Pi s& ¢d gdng hon trong viéc 1am cho cdi
khé trér thanh dé, nhung van giir duoc cdi hay!
Mong muén 1a thé& nhung nhw moi nguwdi déu
biét, viét dé thi kho, viét kho thi dé Hy vong
cdc tdc gid cha Pi s& chiu kho diu tw dé vidt dé
hon.

CdH ban khen Ia Pi c6 nhiéu bai b6 ich vé Lich
str Todn, lai cling c6 ban cho 1a médc da Lich st
la c6 ich, nhung nén bét di, dé gianh nhiéu
trang hon cho ndi dung Todn. O chd nay thi Pi
hoi ¢6 chut bdo thi: cadi ma Pi huéng dén la
tinh yéu Todn hoc, ma vé&i kinh nghiém cila
nhitng ngwdi lam Pi, hiéu biét lich st la m6t
yéu td quan trong trong viéc hinh thanh tinh
yéu.

Pi nhin dwoc nhiéu 11 gidi cho muc Thdch
thitc todn hoc, nhung hiu nhw khdng ¢6 ban
nao gii l&i gidi dap cho nhitng cdu do trong
muc Qudn Todn va Todn ctia Bi. Toan hoc diu
chi todn thich thic, ma con rit nhiéu niém vui
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trong Qudn va Todn cta Bi. Cic ban dirng quén
nhé!

Ddc gid nhd tudi ctia Pi.

Ngudn: Ta Thi Hodi An
bé lam ky niém, Pi s& gii ting nhitng ban
dwoce nhic tén vi ¢o 1o gidi ding s bdo cd tén
ban do6. Ban nao co tén trong cac s6 1, 2, 3 ma

Pi chwa kip gti bdo ting thi nhic Pi nhé (vi Pi
cling ... dang tri nhw moi nha todn hoc khdc).

Anh séng ,

TANG HINH

Phu
N

pHUONS i
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Co nhiéu thiy gido & bic THCS phé binh 1a Pi
con it bai cho doi twong do. Pi dang cdi tién
din, va ¢d gdng hwdng dén nhirng bai viét ma
hoc sinh THCS c6 thé hiéu dwoc, nhung thay
gido va nhitng ngwdi khdc khi doc van khong
thdy 13 tAm thwong. Lai van 13 diéu nghe nhw
nghich ly: viét nhitng bai nhw thé cho THCS
cin sw ddu tw “chidt xdm” ¢6 thé la nhéu hon
viét cho bic hoc cao hon!

Vé trinh bay, Pi dang c6 ging dé€ ngdy cang
dep hon. Nhung 6ng TBT nhin bdn pdf thi
thdy rit dep, ma khi in 1én thi dnh mau da tré
thanh den tring, ching dep ty ndo! Ma in mau
tat ca cdc trang thi Pi khong co tién. Biy gi¢ Pi
mdi théng cdm véi cac chi em: phdn son trang
diém bao gi¢r cling rdt tdn kém! Tuy nhién Pi
1a nha Todn hoc, khong phdi la ¢ gdi. Bdi vy
néu ciac ban thiy xdu thi c¥ ché, khoéng cin gitr
“lich sw” ddu nhé!

Pi con nhiéu digu dang trach, khong thé ké
hét! Nhwng Pi lubn hy vong la cic ban s& ngay
cang than thiét hon, yéu mén Pi hon, vi cic
ban s& ngdy cang yéu Todn hon, nhw Pi hing
mong doi.

TAP CHI PI
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TOAN HOC TU'CO DIEN DEN HIEN DAI

HINH HOC: TU’ EUCLID DEN HILBERT

Trian Mai Hoatl

David Hilbert, mét trong nhitng nha toan hoc vi dai nhat moi thai dai, 6 néi
dai y rang, Todn hoc ciling gidng nhuv nhac ¢é dién: vira don gidn vira dep.
Cling nhu trong 4m nhac, vé dep cha toan hoc ¢6 dién con mii vai thoi gian.
Ngay nay, doc lai nhitng trang “Co s&” cla Euclid, ta van ngac nhién thén
phuc trudc sy chat ché cia 1ap luin, su trong sang cda tv duy trong mot
cdng trinh dwoc viét da hai ngan nam.

Tim hiéu vé ddi tuong va phuong phap cla Todn hoc ¢d dién la sy trd vé vai
cdi ngudn cla nhirng y twdng, nhitng phuong phap todn hoc ma ta duoc
hoc trong nha trwéng. Hiéu dugc ¢di nguén cia nod, ta sé hiéu rd hon, sau
hon, va sé c6 thé di xa hon. Su hiéu biét dé cling sé gilp ich rat nhiéu cho
nhirthg ngudi lam céng tac gidng day Todn hoc trong nha truwong.

Bai viét sau day lay tu liéu tir cudn “Mathematics - the Music of Reason”
cla J. Dieudonné va 1a mét phan cha Luin van Thac si chuyén nganh Toéan
cla tac gid bai viét, duoc hoan thanh va bao vé tai trudng Pai hoc Thang
Long dwéi sw huéng dan clia Gido sw Ha Huy Khoai.

Bang cich chon loc, phin biét cdc loai kién
thirc hinh hoc di cd, b8 sung, khdi quat va sip
x€p ching lai thanh m6t hé thong chit chég,
dung cdc tinh chit trwede d€ suy ra tinh chat
sau, b0 sach Co s& db sé cia Euclid da dat nén
mong cho moén hinh hoc cling nhw toan bd

Toan hoc ¢d dai. BO sach gdbm 13 cufn: sau
cubn ddu gbm cac kién thirc vé hinh hoc
phing, ba cudn tiép theo ¢6 ndi dung sd hoc
dwoc trinh bay dwéi dang hinh hoc, cudn thir
muwdi gbm cac phép dung hinh ¢ lién quan
dén dai s0, ba cudn cudi cung ndi vé hinh hoc
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khdng gian. Trong cudn thir nhit, Euclid dwa
ra 5 dinh dé:

1. Qua hai diém bit ki luén vé dwoc mot
dwdng thing.

2.  DPuong thing c6 thé kéo dai vo han.

3. Vi tdm bat ki va ban kinh bat ki, ludn vé
dugc mot dwong tron.

4, Moi goc vudng déu bang nhau.

5. Néu hai dwdng thing tao thinh vi mot
duwing thdng thi ba hai gdc trong cling
phia c¢6 tdng nhd hon 180 dd thi ching sé
¢dt nhau vé phia do.

va 5 tién dé:

1. Hai cdi cing bdng cdi th ba thi bdng
nhau.

2. Thém nhitng cdi bdng nhau vao nhimng
cdi bang nhau thi dwoc nhitng cdi bang
nhau.

3. Bt di nhirng cdi bidng nhau tir nhitng cdi
bang nhau thi dwyc nhirng cdi bing nhau.

4, Trung nhau thi bing nhau.
5. Toan thélén hon mo6t phin.

V&i cac dinh dé va tién dé do, Euclid chirng
minh cdc tinh chit hinh hoc,

N&i bat bdi su suy dién hé thdng va chit chg,
tdp sdch dwoc chép tay va truyén di khip thé
gi¢i. Tuy nhién, cic dinh dé va tién dé cda
Euclid con qua it, ddc biét 1a khéng cd cdc tién
dé vé lién tuc, nén trong nhiéu chirng minh,
dng phdi dwa vao trwc gidc, hodc thira nhan
nhitng diéu ma 6ng khong néu thanh tién dé.

Nhitng “dinh nghia” cua Euclid trong cac
quyén tir I dén VI da liét ké cac ddi twong cia
hinh hoc phing: diém, dwdng thing, goc, hinh
tron, hinh da gidc.

Tt nhitng khai niém, tién dé va dinh dé,
Euclid chitng minh mot chudi cdc dinh Iy, va
thwiong c¢6 nhitng hinh v& hoidc so dd kém
theo, dé gitip ngudi doc dé hinh dung. Piéu

nay ciing c6 thé tim thdy & hinh hoc ctia An
b6, Trung Quéc khi ho vé biéu do va sau dé
noi don gidn la “nhin” vao ta thiy diéu cin
chirng minh.

Vi du, dé chirng minh dinh ly Pythagore, ho
ndi rdng nhin vao Hinh 1, ¢6 thé thiy ring
(b—c)? = b? -2bc+cZ va nhin vao Hinh 2, ta thdy
a? = (b—c)? +2bc (dién tich hinh vudng lén
bing dién tich hinh vudng nhé cong véi 4 lin
dién tich cua tam gidc vudng c6 canh huyén a
va hai canh géc vudng b, c); tir do, ta c6 chirng
minh cda dinh ly Pythagore.

NN -

b

I"’

h—c¢

M

Hinh 1

(1

b—c

b €

Hinh 2

Trong quyén I1I, 17; quyén VI, 13 Euclid cho la
hién nhién rang dwong thing di qua mot diém
nim bén trong mot dwdong tron thi cit dwong
tron nay; theo cach thirc twong tw, néu dwong
tron € ¢6 mo6t diém ndm bén trong va mot
diém ndm bén ngoadi dwdng tron €’ thi € va ¢’
giao nhau (quyén I, 1 va 22). Viéc dwa vao cdc
doi twong “céd thé nhin thdy” thdm chi con
dwgc thé hién rd rang hon trong Cudn 11, 8,
khi Euclid nghién ctru cdc doan thing ndi mot
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diém ndm ngodi dudng tron véi modt diém
trén dwdmg tron (xem Hinh 3). C6 thé€ tim
dwoc rat nhiéu nhitng vi du loai nay. Ching
cho thiy nhitng khé khin dng phdi khic phuc
dé tao ra mot bang tir veng phl hop véi bin
chat ctia cac doi twong chi “co thé thiy dwoc
trong tri twdng”, roi cit nghia cic tinh chit
phu hop v&i ban chdt cda ching, nghia la
khéng ding so do.

M

Hinh 3

Hon nira, Euclid chi nh& cidy vao sw “hién
nhién” trong rit it tredng hop, va chinh éng
chi cho phép minh dung rit han ché cic “so
do”. Nhitng ngwdi noi tiép dng thoi co dai da
lam phong phi thém linh virc hinh hoc bing
viéc kham phd va nghién ctru nhirng dudng va
mit m&i, va nhw viy, da chudn bi nén tidng cho
bwérc nhdy vot trong linh vwe Todn hoc sau
thoi ky Phuc hwng. Nhwng khi xem xét k¥
cang, ching ta thiy ring ti€n bd nay, khdc vdi
treomg hop clia Euclid, ¢ dwgc nhd viée st
dung mot so lén tinh chdt khéng dwoc phat
bifu, ma chi dwoc goi v béi nhitng hinh ve it
nhiéu chinh xac hon.

Nha todn hoc Euclid. Minh hoa: Linh Rab

Tuy nhién, chi ¢6 sw hiéu biét vé tinh chit ché
cta cac hé tién dé hién dai mdi lam ching ta
nhin ra nhirng khiém khuyé&t noi trén. Ngoai
sw nghi ngdr dinh dé& dwong thing song song
(dinh dé thit nam cia Euclid) 1a kh6éng thit sw
hién nhién, cho dén trudéc thé ki 16 chwa co
nhiéu phdn bién vé cic cbng trinh cua Euclid.
Piéu ndy co thé 1a dé hiéu khi nhic dén Plato
va Aristotle, nhwng thit ddng ngac nhién khi
nhirng nha tw twéng siu sic nhw Descartes va
Pascal - nhitng nguwdi khoéng hé do dw tin
cdng truc dién vao triét hoc kinh vién - cling
tuyén b8 manh mé vé “chin ly hién nhién” ctia
cac tién dé hinh hoc! Hon thé nira, ho bay té
quan diém chung cda cac nha toan hoc cung
thoi, quan diém ma trong thé ky tiép theo chi
don gidn la dwoc nhdn manh thém, khi Gauss
va Cauchy ¢d dbng cho “tinh chit ché hinh
hoc”, coi d6 nhw m6 hinh cho cac linh vuec
khdc cia toan hoc. C6 thé su tin twdng khong
hop Iy nay vao sw hai hoa hoan hdo gitra cac
ddi twong hinh hoc véi hinh dnh thiy dwoc
cia chung la cén thiét cho nhitng m6 hinh
todn hoc clia cdc qua trinh co hoc va vat ly.
Cho dén tdn ba mwoi nam cubi clia thé ky 19,
véi nhitng nghién ctru sdu sdc vé s6 thue,
nguwdi ta méi co thé tach biét “truc giac hinh
hoc” khdi nhirng tién dé.

Nhirng chi trich cic cdu truc cia Eudlid ngay
cang nhiéu, dic biét, sudt thé ky XIX, trong
phong trao tién dén sw “chat ché” trong toan
hoc. Tuy nhién, nhitng chi trich dé khdng
nham muc dich stra nhitng suy luin cda Euclid
trong qud trinh chitrng minh cta 6ng, ma chu
yé&u nhim phé phin cdc chirng minh khong
dwa diy di vao cic dinh nghia va tién dé da
dugc phat biéu twong minh. Cdm nhan chung
la néu hoan thién dwyc mot cich thich hop co
sé& ly ludn, thi ta c6 thé dat dén mot tinh trang
hoan toan thoa man.

b6 1a sir ménh dwoc Pascal va Hilbert thuc
hién vao cudi thé ky 19, khi ho liét ké ra hé
th&ng tién dé hoan toan twdong minh (23 tién
dé, trong trudmg hop cta Hilbert); nhe do, tat
cd cac dinh 1y cia Euclid c6 thé dwyc chimg
minh ma khéng cdn téi so do.
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Nha todn hoc Hilbert. Minh hoa: Linh Rab

Gidng nhw Euclid, Hilbert bdt diu v&i nhitng
khdi niém khdng dinh nghia dwgc, nhung danh
sach clia 6ng la vét can. Co ba loai “ddi twong
nguyén thdy”: diém, dwdng thing va mit
phidng, va ba “quan hé nguyén thdy”: thudc
vao (vi du, di€m thudc mdt dwong thing hay
mot mit phing), “ndm gitra” (nhw quan hé clia
moOt diém do6i véi hai diém khdc, khi ¢d ba
difm nim trén cing mot dwong thing), va
“bang nhau” (nhw hai doan thing hay hai goc).

Mot cdu héi ngay lap tirc ndy sinh la lam thé
nao c¢é thé suy luin moét cach chinh xdc, khi ta
tlr chéi dinh nghia nhitng cdi dwoc xem xét, va
nhw vy tranh dwoc mét phép hdi quy vd han
cac dinh nghia. Ciu trd loi rdt don gidn: chi
can khéng bao gior dwa ra bit civ ménh dé nao
vé cac dbi twong hinh hoc va nhimng quan hé
ctia ching, néu dé khong phdi 1a hé quad logic
ctia hé tién dé kiém soat chung (ciing ¢ nghia
la cac dinh nghia dd dwoc liét ké mot cach vét

can). Poincaré d3 viét, co thé ndi ring nhirng
tién dé nay lam nén nhimmg “dinh nghia tra
hinh” v& cdc d0i teong va quan hé cda ching:
nhitng quan hé nay, theo mdt nghia nao do,
khéng xudt hién va dwoc thay thé bdi cidc bin
chit “tién dé” cia ching.

Hilbert, ti€p theo Pascal, di chi ra phwong
phap loai bd nhirng két ludn c6 thé dwoc goi y
bdng truc gidc hinh hoc, ma khong suy ra tir
cac tién dé: do la thay doi tén goi thong
thwing cia cdc doi twong hinh hoc va cdc
quan hé ctia chung. Hilbert dé nghi noi “cai
ban”, “cidi gh&” va “cai coc” thay vi “diém”,
“dwdng thing” va “mit phdng”. Vi du, hai tién
dé diu tién trong danh muc cta Hilbert:

1. “Hai diém phén biét thuéc mot va chi mot
dwdng thing”,

2. “Co it nhit hai di€m phin biét thudc cliing
mot dwdrng thing”

¢O thé ddi thanh:

1. “Hai cdi ban phan biét thudc mdt va chi
mt cai ghé”,

2. “Co it nhat hai cai ban phan biét thudc
cung mdt cai ghé”.

R& rang khong cd nguy co gap sai sot khoa
hoc trong cic ménh dé nhw viy, vi ching
khong c6 nghia trong ngdn ngir doi thwong.

biéu nay c6 vé giong nhw tro duia, nhung thuwce
ra viéc tach biét gitra y nghia va tén goi cla sw
vat, doi véi hinh hoc so cdp, 1a mdt qua trinh
co bdn, nd gidi phong Todn hoc khdi viéc gdn
qud gin véi thuc tién.

Diu nay 1am nén nhirng thing loi khéng ngdr
trong thé ky XIX, va dwa dén nhirng &ng dung
dang kinh ngac trong vat ly.
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TOAN HOC VA D01 SONG

CAC POI XUNG C, P VA T BA “CHUI” VAO TOAN HOC THE NAQ?

Nguyén Ai Viét

Pai xrng P (con goi la dbi xirng guong) ma chidng ta da quen thudc trong truong
phd thong gdn lién véi bao toan tinh chdn 18 trong vat ly hat so cip. Bé&n canh dai
x&ng P, con cé dbi xirng C va T, gan lién vdi viéc tong quat hda cac phép bién déi
Lorentz clia ly thuyét twong ddi hep thanh nhém SO(3,1), dem lai nhitng phét
hién rat Iy thd vé ty nhién. Trong &ng dung Toan hoc, nhitng van dé don gian
nhat cling chra dung nhing chan Iy sdu xa, ma mdi buéc suy ludn déu phai phan
tich v nghia mot cach can than dua trén hiéu biét cac khdi niém todn hoc mét

cach tinh té.

Péi xirng guwong

boi xirtng gwong ¢6 thé hifu modt cich don
gidn la khi ban quan sat thé gi¢i qua mot cai
gwong. Néu moi hién twong quan sat dwoc
trong gwong déu co thé dung dé suy ra cic
hién twong trong thé gidi thwe, thim chi ton
tai trong thé gidi thwe, ching ta sé ¢ d6i xiing
guwong hoan hdo. Mot ¢d gai c6 nét rudi trén
ma bén trai trong gwong, trong thuce té€ sé c¢o
not rudi trén ma bén phdi. Trong gwong ciu
thu Ha Lan Robben sé& thuin chdn phai.

Trong Hinh 1 ¢6 3 b0 mit. B6 mat thir nhit 1a
cia mot nguwoi thwe khdng cb dbi xtimg guwrong.
Hai b mat sau c6 doi xirng gwong sinh tir hai
nira ciia bé mat thir nhit. Nhw viy, dé thiy
ring d6i xing 1a vé dep todn hoc, nhwng ciing
dem lai sw nham chdn trong thuec té.

Right i A Nald Left

Hinh 1: B§ mdt ddi xitng girong

HOi hoc phé thdng, suyt niva thi t6i mit hét
himg thi hoc moén todn vi mt ly do co lién
quan dén doi ximg gwong. HOi do hoc tédi
treong hop bing nhau canh canh canh cta
tam gidc. TO6i bén cdt hai hinh tam gidc bang
gidy c6 canh bang nhau va thr chong Khit
ching 1&n nhau. Thit kh6ng may la gidy thoi
bdy gitr hai mat khong gidng nhau nhw biy
gid, mot mit tron va modt mit sin sti sdm
mau. Téi khéng thé nao “chong khit” dwoc hai
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tam gidc 1&n nhau. Vi vy, tdi két luin la Todn
hoc trong sidch khong ding vdi thuwe tién,
khdng phai la chit ché vé logic.

Biy gid thi tdi hiéu, 1a hai tam gidc déi xitng
guwong cb ba canh bang nhau chi c6 thé chdng
khit 1én nhau trong khéng gian 3 chiu va phéi
gid thiét mit phia bén kia ciing van 13 tam gidc
d6. Néu nhw vidy mo6t vat thé ba chigu thi
khdng thé chong khit 1&n dnh doi xirng gwong
cta nd trong khéng gian 3 chiéu duoc. Vi vay,
viéc dung gidy c6 hai mat khdc nhau quyét
dinh hai hinh tam gidc c6 thé& chdng khit 1&én
nhau hay khong.

Tai Disney Land, c0 mdt tro choi rat tha vi la
“Doan tau ma”. Ban ngbdi trén mot doan tau
chay bén canh mdt birc twdng bing guong va
quan sat chinh minh. Bdng nhién ban s& thdy
trong gwong c6 mét con ma gém ghiéc xudt
hién, ngdi trén vai ban nhidn nhd cwodi. Bat
gidc, ban sé hodng s¢ nhin 1én vai minh. C6
nhién la khoéng c¢6 gi. Nhw vay dnh trong
guwong khong nhit thiét phdi gidng hét sw vat
ngoai doi trong moi hoan cdnh.

Ciu hoi dit ra la liéu trong gwong co thé co
nhitng viéc khéng hé cé trong thuwc té€ hay
khdng. C6 nhién trong thuc t& s& cd cac ciu
thi thuin chin phai va cic ¢b gdi c¢b ndt rudi
trén mad trdi. Tuy nhién mot c¢d gai hodc mot
cdu thi gidng hét nhw trong gwong chwa chic
da co trong doi thit. Thé gidi thwe clia ching
ta khong doi xirng gwrong hoan toan ma nguwoi
ta chi c6 cdm gidc nhw vy vi d6i xitng guwong
chi gin dung théi. Ching bi vi pham chut it.
Cling giong nhw cac hgp dm “chéi” trong 4m
nhac, tw thin ching 14 choi tai nhwng phoi
hop véi cdc hgp dm chinh, 1am bai nhac nghe
d® nham chan. Thé gi¢i dep dé khdng phai bdi
vi n6 hoan toan doi xirmg, ma b&i nd gin doi
xttng voi mot chat it vi pham. Néu moi c¢b gai
va moi ciu thi déu gidng nhau, thé gi¢i nay sé
bubn té dén mirc ndo cho di mdi cd géi deu la
mot trang tuyét sdc, mdi ciu thi déu 12 mot
Lionel Messi.

Trong thé gi¢i vi md cia vat chét, vi pham doi
xirng guong con tré nén quan trong hon. Tir
nam 1899, Ernest Rutherford da phdt hién ra
rd bé-ta: moi hat nhan nguyén tir déu phat ra
electron. Do hat nhin nguyén tir trwedc va sau
khi phdt xa cé ndng lwgng xdc dinh, ndng

lwong cua hat electron phdt ra ciing phdi xac
dinh. Nhung trong thwc té ngudi ta quan sat
dwoc ndang lwong cla hat electron trong ra bé-
ta la lién tuc. Piéu do6 suy ra la trong rd nay
phdi ¢6 thém mot hat thir ba, khéng c¢6 khdi
lwong, khdng c6 dién tich 1a neutrino. Nguwdi
phat hién ra diéu nay nam 1930 la Wolfgang
Pauli. Pén ndm 1956, sw ton tai clia neutrino
m&i dwoc chimg minh bang thwe nghiém.

Hinh 2: Phdn rd bé-ta

Cac hat co bdn ¢6 mét tinh chdt 1a phin cuc
phdi hodc phan cuec trdi, twrong tw nhw ngwdi
thudn tay trdi hodc thuin tay phdi. Anh trong
gwong ctia hat phan cwc phdi sé cd phan cuc
trdi va ngwoc lai. Ngwdi ta quan sdat duoc
trong ra bé-ta, neutrino luén c6 phan cwe trdi.
biéu dé cd nghia 1a hién twong rd bé-ta voi
neutrino “thuan tay phdi” chi c6 trong gwong
chit khdng co trong thuc té.

b6 chinh 1a ndi dung dinh ludt vi pham bdo
toan tinh chén 1é do Chen Ning Yang va Tsung
Dao Lee tim ra nam 1956. Cic éng da nhin
giai thwéng Nobel do phat hién nay. D6 1a mdt
phat kién lén, nhung dwa trén mot khai niém
so cdp la dbi xrng gwong. Trong moi khai
niém don gidn nhit, déu chita dung nhiig
diéu ddng suy nghi sdu xa, va déu c¢6 thé dan
téi nhimg phat kién 16m. Thadm chi cic tw
twdng triét hoc sdu sic thay ddi cdch nhin,
cdch nghi clia mdt thoi dai.

Poixrng Tva C

Vé mat toan hoc, doi xirng gwong P, la phép
ddi chiéu cda cdc truc toa dd khong gian. Néu
chiing ta ¢6 mot ly thuyét todn hoc mo ta bdi
cdc phwong trinh, cong thirc trong mot hé toa
dd 3 chiéu {x, y,z) va néu moi phwong trinh,
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Chiing ta chwa biét nhiéu vé ddi xrng C riéng
ré, do phdn vit chit ciing c¢6 phin cuc nguoc
v&i vat chat. Phdn vit chit va vt chit lién hé
qua doi xitng CP. Thé gi¢i cda ching ta hinh
thanh nho vi pham doi xirng CP. Néu vit chit
va phan vat chdt 13 ¢in bang va ddi ximg CP 1a
tuyét doi, thé gidi clia chung ta da khong ton
tai, do vat chdt va phdn vit chat sé hiy ldn
nhau dé sinh nang lwong, nhw trong cac 1o
phan tng hién nay.

Y nghia todn hoc siu xa ctia cic d8i ximg C, P
va T tlr ddu ma cd? Tlr ddu ma chiing lai dwoc
thira nhin 1a hién nhién trong vt ly dé rbi sau
do, nguwdi ta lai phdi ¢ cdng phét hién rang
cac ddi xirng nay thuc té€ bi vi pham.

Phép bién d6i Lorentz

Niam 1905, Einstein ¢cong b6 Thuyét twong déi
hep. Pay la cong trinh dinh cao tong két két
qua sang tao cua ba nha bdc hoc vi dai Henrik
Lorentz, Henri Poincaré va Albert Einstein.

Ngay nay chung ta c6 thé hiéu ly thuyét twwong
dd&i hep dé dang dua trén cdc phép quay trong
khong gian Minkowski 4 chigu md td bing cic
toa db (x, y,zt), trong dd x, y, z 1a cac toa dd
khong gian con T la thdi gian. Khong gian
Minkowski M* hoan toan twong dwong vdi
khong gian Euclid R*, chi ¢6 mot khdc biét
duy nhidt la khodng trong khodng gian nay
dwoc dinh nghia nhw sau

o) 9 9

d* = x* + o r ol 1I (1)

Khac biét 1a & ddu dm va cd suw xudt hién cia
van tOc dnh sang € = 300.000 km/s.

Cac phép quay Lorentz gilr bdt bi€n khodng
trong khong gian Minkowski, twong tw nhw
cac phép quay giir nguyén khoang cach théng
thwong trong khong gian Euclid. Do dé, cic
quay Lorentz dim bdo vin tdc dnh sdng trong
moi hé quy chi€u va theo moi phwong la
khong doi. Piéu nay da dwoc cac nha vit ly
Albert Michelson va Edward Morley kiém
chirng bang thwe nghiém tir nim 1887,

Trong khong gian Minkowski cé 6 phép quay,
3 phép quay trong cic mit phang (x,y), (¥,2z) va
(zx), 3 phép quay Lorentz trong cic mit

phing (x.t), (.t} va (zt). Poincaré 1a ngudi diu
tien nhin ra ring cidc phép quay Lorentz
chinh 1a phép bi&n d6i m6t hé quy chiéu thanh
mot hé quy chiéu khac chuyén ddng quan tinh
so v&i nd voi mot vin tdc khong doi. Nhw viy
cac phép quay Lorentz la dé€ chuyén déi cic
toa do gitra cac hé quy chiéu chuyén déng déu
so v&i nhau, va ddm bdo vin tdc anh sdng
trong moi hé quy chiéu nhw th& déu phdi nhw
nhau.

Ching ta hiay xét phép bién doi Lorentz trong
mit phing (xt), bién d6i cic toa d6 (xy.zt)
thanh cdc toa do (x), y, z, t’} trong hé quy
chiu chuyén ddng v&i van toc v so voi hé ban
diu nhuw sau

: I »
‘_—”___*,.iru.__._{(f - VvX/cT)
=a W

; 1

=)

!

y = ¥V, 2=12

(x=—wt) (2)

Chiing ta ¢d thé kiém tra dé dang bit bién
khodng gitra hai sw kién bdt ky khi thay doi hé
toa do.

V&i cdac vin tdc nhé hon nhiéu so véi vin toc
anh sang v << ¢, phép bién dé&i trén quy vé
phép bién déi théng thwong, ching ta van hay
dung trong triwdng trung hoc. Quy luat doi hé
quy chiéu dep d& ma chiing ta biét ciling chi 1a
gén ding

f" = 1, .'l'f =X=-=VvI

¥ o= wigr=g (3)

I

V&i cac van toc v di 1om, ching ta khéng thé
ap dung dwoc phép tinh gin ding nira. Ching
han véi v =1/2¢, phép bién doi Lorentz trong
cong thirc (3) sé tré thanh

:
(t=x/2¢) , x'=—=(x—ct/2)

V3
Y=Y 3 =% 4)

:I

o)
; Z
I = :
V

-

Nhw viy, thoi gian trén hai hé quy chiéu tréi
di khéng gidng nhau, nhw trong cdng thirc
bién ddi (3) thong thwing gilra cic hé chuyén
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dong v&i van tdc nhé. Viéc moi hé quy chiéu
c6 thoi gian riéng ddo 16m hé thong thé gi¢i da
dwoc Newton xdy dung v&i thoi gian tuyét doi
gibng nhau cho moi hé quy chiéu. Trong trng
dung thuc tién, khong dwoc phép gia thiét bt
ctr diéu gi, hay tin & gido diéu nao chwa qua
kiém nghiém. N&u ban néi mét diéu la hién
nhién, xin hiy chitng minh, hodc ban phai noéi
ban la Todn cho mdt thé gidi khac véi gid thiét
m&i. Hé qua cda viéc ddong hd (gid thiét déu
hoat ddng chinh xdc) chay v&i thoi gian khac
nhau trén cic hé quy chifu chuyén dong
twong déi lam thay doi mot s6 quan niém cii
cia chung ta. Trwée hét 1a khdi niém dong
thoi. Gid st trén hé quy chiéu ban diu, cé hai
swr kKién xdy ra dong thoi tai cung thoi diém t1
= tz = t tai hai diém x1 va xz. Khi d6 trén hé quy
chi€u chuyén dong véi téc d6 v = 1/2¢ ap
dung cong thirc (4) ching ta sé co
/ X2 —X]

1=t = — #0. (5)
2z cv'3

Gid st c6 hai sw kién xdy ra cung mot noi x1 =
x2 = x tai hai thoi di€ém t1 va t2 = t1 + to cach
nhau mit khodng théi gian ¢o.

Khi dé, trén hé quy chiéu thi¥ hai ta sé co

2t
<l -
P V,3

Nhuw vdy, thei gian gitra hai sw kién quan sdt
tir hé quy chiéu thit hai sé dai hon so v&i khi
quan sat trén sw kién thir nhat.

Mot cdach tong quat, hai sw kién xdy ra dong
thoi trong hé quy chiéu nay sé khong con la
dong thoi néu quan sat tlir hé quy chiéu khac.
Cac phép do thoi gian va do dai trong cac hé
quy chiéu khac nhau déu thay dai.

Phép bién doi Lorentz con cho phép suy ra
cbng thirc ndi tiéng lién hé gitra nang luwong va
khoi legng cua mot vit

E = mc* (7)

Thay vi st dung c6ng thirc nay dé sdn xuit
ning lwong phuc vu phat trién, con ngudi da
nghi ngay t&i viéc sdn xudt ra bom nguyén tir
co strc tan sat chuwa tirng ¢6 trong lich str. Do 1a

10i clia con ngwdi con dé nhirng v dd xdu diéu
khié&n, khong phai 1a 16i cia khoa hoc.

Nhém SO(3,1)

Cac phép quay khéng gian thong thuwdng va
cdc phép bién doi Lorentz 1dp thanh nhém
Lorentz. Néu chi nhw viy, sé khong cd gi lién
quan t&i cac phép bién doi CPT.

Tuy vdy trong Todn hoc nguwodi ta thuwdng dung
bat bién dé dinh nghia cac nhém. B&i nhom
Lorentz bdo toan bat bién khodng cich trong
cdng thic (1), ngwoi ta dinh nghia nhom
S0(3,1) 1a nhém d6i xtmg lam bét bién khodng
nay. O diy c¢6 mot s khdc biét tinh t& vé mit
todn hoc gitra nhom Lorentz va nhém SO(3,1).

Nhéom SO(3,1) khéng phdi la nhéom Lie lién
théng ma gdm co6 4 to lién thdong. Mot td lién
théng trong s do6 la nhom Lorentz. Ba to kia
sinh ra do nhin cdc phép bién ddi Lorentz vii
cac phép bién doi r&i rac P va T. Nhw vay
cach dinh nghia nhom dodi ximg thong qua
khodng cach bat bién da vo tinh lam cac doi
xtng CP va T, vOn khbng ¢ trong ly thuyét
twong doi hep, “chui” vao vat ly.

Mat khac, cdc nha vit ly cling gbp phén gidp
cho viéc “nhép 1du” cac déi xirng CPT vao vit
ly ma chwa kiém nghiém. Ho thwdng chon
nhirng m& hinh todn hoc dep dé va thwdng la
tw dong c6 dbi xtrng CP va T. Truwdc nam
1956, khong ¢6 ai dit vin dé nghi ng & dbi
Xing véi nhom bién d6i SO(3,1).

Trong triedmg hop phwong trinh Dirac, cling
da co viéc “nhap 1au” d6i ximg CP. Pung ra,
néu di tim phwong trinh chi mbé td electron,
ddng 1& Dirac phdi tim cdch str dung biéu dién
tdi gidn cia nhom S0(3,1). Cic hat co bdn,
cling nhw cdc truwedng vat Iy khdc nhau thudc
ve cdc bidu dién t&i gidn khdc nhau ctia nhém
ddi ximg. Him song Dirac, md td bidng cic
spinor 4 chiéu Dirac thwc chit la téng truc
tiép cha 2 bicu dién tdi gidn cda nhém SO(3,1)
lién hé v&i nhau qua phép lién hop dién tich.

Trong trwdmg hop nay ching ta gap may,
thi¢u chit ché trong todn hoc di dan t&i phat
kién ra phdn vit chit, mot trong nhitng thanh
tuu rwc r& nhdt cia nhin loai. Nguwoi ta
thwdng noi hai cdi sai ¢6 khi thanh mdt cai
diing. Viéc str dung biéu dién khong t8i gidn
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Ké thém doan thing TRONG CHU'NG MINH HINH HOC

Vil Hiru Binh

Mét dwrorng nét dwoc ké thém
Biét bao quan hé hién Ién ré rang

Nhiéu bai todn hinh hoc doi héi phai 1ay thém nhirng diém méi, vé thém nhirng
dudng mdi (ndi mot cach khai quat 13 duwng thém nhitng hinh méi), nham muc
dich tao ra cac lién két can thiét gitra cac yéu t6 da cho trong hinh. Dbi khi, chi
véi mot doan thing duoc vé thém ma bai todn sé trd nén “sang sla” hon rat
nhiéu. Khéng cé6 mét “li thuyét” chung nao cho viéc dung thém nhirng hinh méi
can thiét cho viéc giai mot bai todn hinh hoc. Mdi hinh méi duwoc dung thém dé
gidi mot bai todn hinh hoc thé hién mot nét sdng tao cda ngudi giai bai.

Trong bai viét nay, thdng qua viéc phan tich cac tinh huéng cu thé, ching ta sé
cling 1am quen vdi viéc ké thém cdc doan thang dé gidi cac bai toan hinh hoc
phang, trong pham vi chuong trinh Hinh hoc cdp Trung hoc co s& hién hanh.
Poan thang can duoc ké thém cé thé 13 mét dwong ndi hai diém da co trong
hinh, la duong trung tuyén, duwdng phan gidc hay dudng cao cha mét tam gidc,
cling c6 thé 1a mét doan thang cé do dai bang d6 dai clia mdt doan thang da co, .

Bai 1. Cho tam gidc ABC ¢6 £A = 105", £C = gidc BIC can tai 1. V&i chi v rdng cdc dir lidu
30°, dwing trung tuyén BM cit dwong phin cho trong gid thiét ctia bai ra la s6 do cida cac
gidc €D tai I. Chimg minh rang IB = IC, goc, co thé nghi tdi viéc chirng minh tam gidc

" r eee wra W , _ BIC can tai I thong qua viéc tinh goc £B1 (xem
Phan tich va giai. Yéu ciu chung minh IB = IC Hinh 1)

twong dwong voi yéu cau chirng minh tam
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Hinh 1

Theo huwéng nay, ta nghi téi viéc dung thém
cac dwomg méi dé két nbi goc £B1 véi cac goc
da biét so do.

Vi chi v
—/“Bl = 180° — {éfz‘\] + /:Cl) = 45D

vad AM = MC, ta ké AH 1 BC va ké doan thing
HM, lam xudt hién tam gidc vudng cin AHB va
tam gidc déu AHM, nhdm tao ra tam gidc cin
BHM c6 goc £B1 1a goc day.

V&i viéc ké thém cac duwdong méi nhw trén, ta
s€ cO LBHM =90° +60° =150°. Suy ra

/By = =(180° = 150°) = 15°.

1
LO==£LC=15" g0
Ma 2 nén suy ra tam giac BIC

cintai I Vithé IB=IC.

Bai 2. Cho tam gidc déu ABC. Trén tia doi cia
tia CB, ldy diém D sao cho 2CAD = 15°. bwing
vudng goc véi BC tai € cit AD & E. Tia phan
gidc ctia goc B ¢t AD & K. Chimg minh ring
AK=ED.

Phan tich va giai. (Xem Hinh 2)

A

Hinh 2

Ta phat hién hai tam gidc cdn trong hinh vé:

- Tam gidc DCE vudng can tai C vi
/D= /ACB— ZCAD = 60° — 15° = 45°.
- Tam gidc ABK can tai B vi

ZBAK = 60° 4+ 15° =175°
va

ZBKA = 180° = ZABK — ZBAK
= 180° =30° = 75° = 75°.

Vé&i phat hién do, ta ké BH va CI vubng géc véi

|
AH = ;AK

AD. Xuidt hién quan hé 2 va

1
Cl=IE=ID=—-ED’ , .
2 Chi cdn chirng minh

AH=CL

Dé dang chimg minh digu d6, vi AABH = AACI
(canh huyén - goc nhon).

Tiwrdd AH = CI, suy ra AK = ED.

Bai 3. Cho tam gidc ABC vudng can tai A, cac
diém D va E thudc canh BC sao cho £DAE =
45° (D nam gitra B v E). Ching minh rang
BDZ + CE2 = DEZ,

Phan tich va gidi. Ta s& tao ra mit tam giac
vudng ¢ ba canh bidng BD,CE,DE (xem Hinh
3).

Ké CK B BC va Idy CK = BD (K va A cung phia
doi voéi BC). Chi can chitng minh KE = DE.

Ta co:

£C72=90°-2£C1=90° -45° =2£B
CK = BD (theo cach dung)

AC = AB (theo gia thiét).

Do dé AACK = AABD (c.g.c).
Suyra AK=ADva £A4 = £A1.

Talai c6 242 =45 (gid thiét) nén 241 + £43 =
45° .

Suyra £EAK = zAas+ £A3=45" = LEAD.
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Hinh 3

Do do AEAK = AEAD (c.g.c).

Suy ra KE = DE. Tlr ddy, hién nhién ta c6 diéu
phdi chirng minh.

Bai 4. Cho tam gidc ABC vudng cén tai A. Piém
D thudc canh AB, diém E thudc canh AC sao
cho AE = BD. Qua A ké dwdng vudng gbc voi
DE, ¢it BC & K. Chirng minh ring DF = AK.

Phéan tich va giai. Xét AK 1a canh clia tam giac
AKC, ta s& tao ra tam gidc bing tam giic AKC
va ¢6 mot canh 1a DE.

Trén tia d6i cta tia AB, Idy diém I sao cho Al =
AE = BD (xem Hinh 4).

Ta co:

DI=AD+AI=AD+BD =AB=AC
£2D1=2A1 (cung phu £4z)
£1=45° =2C.

B

D

K

b

Hinh 4

Do d6 ADEI = AAKC (c.g.c).

Suy ra DE = AK.

Bai 5. Cho tam gidac ABC c6 4B = 24C, AB =
4cm, BC = 5cm. Tinh d6 dai AC.

Giai. Trén tia d&i cda tia BA, Idy diém E sao cho
BE = BC = 5cm (xem Hinh 5).

A

-

Hinh 5

bPat2ZE=2C2=q,tacod

tB1=2E+ £02=2a.

Lai ¢ £B1 = 22C1 (gid thi€t) nén 261 = a.
Suyra £ACE = 2o = £ABC.

Do d6 AACE ~ AABC (g.g).

AC _AE

AB~ AC

Suy ra Do do

AC?P =AB-AE =4.9=136.
Vi vay, AC = 6(cm).

Cac bai tdp dwdi day danh cho ban doc tw
luyén.

Bai 6. Cho tam gidc nhon ABC c6 duwong trung
tuyén BM bang dwdng cao CH. Tinh s8 do goc
ZABM.

Bai 7. Cho tam gidc ABC vudng cin tai 4, M la
trung diém cia BC. Liy diém D tly v ndm gitra
M va C. Goi H 1a chan dwdng vudng goc ké tir
diém B dén AD. Chimg minh rang HM 13 tia
phdn gidc clia gbc 2BHD.
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Bai 8. Cho tam gidac ABC ¢6 £LA=60", 2B > £C
> 30°., Piém E thubc canh AC sao cho £CBE =
30°, diém F thudc canh AB sao cho 2BCF =
30°. Chirng minh ring BF = CE.

Bai 9. Cho tam gidc ABC c6 AB = 4cm, BC =
5c¢m, AC = 6¢m. Chiegng minh ring 2B = 22C.

Bai 10. Cho dwdong tron {0) dudng kinh AB.
Xét diém M di chuyén trén dudng kinh AB. V&
day €D di qua M sao cho ZAMC = 45°. Chirng
minh rang khi M di chuyén trén doan AB thi
tong MC? + MD? khong doi.

MOT SO BAI TOAN SO HOC - TO HOP (tiép theo)

3. Tinh chia hét
Ta bit diu v&i bai todn don gidn sau.
Bai toan 6.

Cho s nguyén n > 2016. Tim tdt cd cdc bd s§
nguyén A = (ai, az, .., an) c6 cdc tinh chdt sau:

1. 2017 € A;

2.  Mobi nhém tiy y gbm 2016 s6 thudc A déu
c6 thé chia thanh 4 nhém con c¢6 sd s§
bing nhau va téng ciia cdc s6 trong moi
nhém con déu bdang nhau.

Phén tich - Loi giai.

Tinh chit 2 cla A cho ta thdy ring, tdng cuia
2016 s0 thy y thudc A 1a mdt s chia hét cho 4.

Vi vdy, v&i modt nhom tuy y gom 2016 s6 thudc
A, tinh chit chia hét cho 4 cia tdng cic sb
trong nhém khoéng hé thay déi, khi thay mot
s6 bdt ky trong nhém b&i mot sty y thudc A
nhung khéng thudc nhém dé. Suy ra, moi sb
thubc A déu dong dw nhau theo modulo 4.

Hon thé, con cd thé thdy tinh chit 2 1a mot
rang budc rat manh déi voi cac sO thudc A. N6
dan ta dén du dodn ring moi sd thudc A déu
bang nhau.

bé kiém chirng dw dodn néu trén, ta xét bd sd
B={(a:-a az-a..,an—- a), trong db a la sb
nho nhit clia A. RO rang, bd s6 B ciing ¢ tinh
chit 2 nhw bd s6 A. Do d, moi s6 thudc B cling
dong dw v&i nhau theo modulo 4, vavi 0 € B
nén suy ra moi sd cia B déu chia hét cho 4.
biéu nay cho thdy b6 sd B’, nhian dwoc tir B

Ha Huy Khoai

bdng cdch thay mdi b € B b&i b/4, ciing cd
nhirng tinh chit nhw b6 s6 B, xét theo modulo
4. Cu thé, ta cling ¢6 0 € B’ va moi s thubc B’
déu chia hét cho 4. Vi thé bing suy luin “quy
nap lui” quen thudc, dé thdy moi sé thudc B
déu bang 0 (vi néu nguoc lai, sé phdico 0 =1
(mod 4)).

Dwa vao cdac phan tich trén diy, ban doc tw
trinh bay 1&i gidi cho bai toan.

Bai toan 7.

V&i mdi s6 nguyén dwong d, ki hidu f{d) 1 sé
nguyén dwong nhd nhat c6 ding d wde sb
dwong. Chimg minh rang véi moi k = 0, f{2%1)
chia hét cho f{2¥).

Phan tich - Loi giai.

bé gidi bai nay, rd rang ta cin biét nhirng s6
nao sé c¢o 2 wée dwong, sau dd6 moéi tim s6
nhé nhat trong nhitng s6 nhw viy. Lé tw nhién
la ta nghi ngay dén viéc phidn tich m6t s6
nguyén dwong n ra thira sd nguyén té. Vi cin
cd cdng thirc cho n téng quat (khi chwa co
théng tin gi v& cac wéc nguyén td cda nd), ta
viét

n= Hp”[”).
"

trong do «fp) 1a cic sO nguyén Khdng dm,
dong thoi chi co hivu han s6 khéc 0.

Néu goi d(n) la s& wée dwong cda n thi

d(n) =[](a(p)+1).

.f)

Tap 1 S6 4 Thing 4.2017

Tap chi Pi 16



Nhw vdy, d{n) la mot liy thira cta 2 khi va chi
khi v&i moi p, ton tai b{p) = 0 sao cho

a(p)=2"P 1.

P& co thé nhin rd hon “cdu truc” cda n, ta viét
s6 mil thanh téng (va khi do6 s& c¢o biéu dién
ctia n dudi dang tich):

a(p) =257 =1 =1 42422 4... 42511,

Nhw viy cac s n cin tim la tich clia nhitng s6

nr
T . o S 3 S
nao do cd dang voi p la s nguyén to va r
13 s0 nguyén khong am.

Tlr phin tich trén déy, ta thiy ring néusd 7
c6 mit trong biéu dién n dud¢i dang tich, thi

3
nhitng s6 P v&i m < r, cling ¢4 mit trong
tich do. Nghia 13, néu mot sd nao dd ¢d mit
trong biéu dién dwdi dang tich ctia n thi moi
r A 2 s o~ n - -
wdc sO cua nod cling déu tham gia trong biéu
dién dy. Do dd, ta c6 két luin sau day: néu goi

S la tdp hop cdc sé dang P~ i p la sé
nguyén té va r la s6 nguyén khéng am, thi d{n)
ia mdt lily thira cua 2 khi va chi khi n la tich
cdc phin tir thuéc mét tdp con hitu han T clia S
c6 tinh chdt sau: véi moi t B T, néu sB Svast
thi s B T. Hon nita, néu d{n) = 2% thi tdp hop T
gdm k phin tik,

Dé thdy rdng, v&i moi k nguyén duwong, tip
hop Tk gdbm k phan tlr nhé nhat cda S thda
min tinh chdt trén, suy ra f{2%) chinh 1a tich
cdc phan ti thudc Tk. Tlr d6 suy ra ngay két
luin cua bai toan.

Nhin xét: C6 thé thiy
S$={2,3,4,57,9.11,13,16,17,...}

suy ra

f2)=2f(2)=2-3=6
f(2})=2-3.4=24
f2H=2-3.4.5=120
f(2°)=2-3.4.5.7=840

Biéu dién sé

Co rdt nhiéu bai todn lién quan dén viéc biéu
dién s6 nguyén (dwong) dwéi mot dang naio
dé. Nhin chung, 1&i gidi thwdng xudt phat tir
viéc xem xét k¥ nhitng truedomg hop riéng ré,
dac biétla khi cic s6 dang xét twong doi nhd.

Ta xét vi du sau diy.
Bai toan 8.

Tim s§ nguyén dwong k lon nhdt ¢é tinh chdt
sau: tdp hop cdc s6 nguyén dwong phdn hoach
dwoc thanh k tdp con Ai, Az.., Ak sao cho vii
moin > 15, véi méi i B {1; 2; ..; k}, tOn tai hai
phdin tir khdc nhau ctia Ai c6 téng bdng n.

Phan tich - Loi giai.

Ta bat diu v&i trwomg hop k = 2. Rd rang co
thé€ phin hoach tip hop cic s6 nguyén dwong
thanh hai tdp con: 41 ={2n,n 23} U {1, 2} co
tinh chit: moi s6 nguyén dwong lén hon 6 déu
biéu dién dwoc dang tong hai s6 thudc Al,
cling nhw tong hai s thudc Az Khi k = 3, di
nhién viéc phan hoach thanh “chin, 18" nhw
trén dwoc thay béi phian hoach theo modulo
3, va ciing nhw trudc, can thém vao mbi 16p
dong dw modulo 3 mét s s6 didu tién dé bao
ddm moi s6 1én hon hodc bidng 15 déu biéu
dién dwoc dudi dang téng hai s8 thudc mdi
tap. Co thé chon phan hoach sau day:
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Ay ={12,3}U{3m:m > 4},
Ay =1{4.5.6}U{3m—1:m > 4},
A;={7.8,9}U{3m=2;:m > 4}.

Dé thit lai rdng, phan hoach trén ddy thda méin
bai ra. Hon nira, c¢6 thé€ nhan thiy ring, diéu
kién biéu dién dwoc moi s6 1én hon hoidc bdng
15 doi véi phan hoach trén day da rat “chat”,
chidng han s§ 14 khéng thé biéu dién duwoc
dudi dang téng hai s6 thudc Az hodc hai sb
thudc Az Tir d6 ¢ thé du dodn ring, k = 3 13
gid tri lom nhdt c6 thé dé ton tai phan hoach
théa mén bai ra.

Ta sé chirmg minh dw dodn trén, nghia la, véi k
> 4 khong thé phin hoach tip cac s0 nguyén
dwong thanh k tdp hop con théa man bai ra.

R& rang, néu véi k = 4 nao d6 ma ton tai phan
hoach théa mén, thi phdn hoach nhw vy ciing
ton tai voi k = 4: chi cén 14y phan hoach A1, Az,
A3, A+ U As U -+ U Ak ta dwoc phdn hoach gom
4 tdp hop thdéa man bai ra. Nhw viy chi cin
chimg minh khéng thé ton tai phan hoach
gdm 4 tip con théa min bai ra.

Gid str ton tai mot phin hoach nhw viy: A1, Az,
Az, A+ Nhw ta da thdy trong cdc vi du khi k =
2,3, cac tdp hop Ai phdi chiva nhitng s6 nao dé
trong nhitng s tw nhién dau tién. Xét tip A =
{15, 16,.., 24}, gdm 10 s& nho nhdt ma mdi so
déu biéu dién dwoc dudi dang tdng cda hai so
thudc mdi tap A.

Vi moi s8 thudc A chi c6 thé 1a tdng clia hai s§
thudc tip B = {1, 2, .., 23} nén mdi tip A; cin
chira it nhat 5 s6 thudc B (do 10 = Cg). Do bon
tdp A:; r&i nhau ma B chi ¢6 23 phin ti¥ nén
phdi ton tai tip 4; nao dé chira ding 5 sb
thudc B, gid str do 1a cic sO x1, x2, x3, X4, Xs. Vi
moi sé thudc A déu 1d téng cda 2 trong 5 sd

vira néu va s6 phin tir cia 4 bang CS nen 4 =
{xk+x, k#l, 1<k <5}

Tir do6 suy ra:
15+ 164 - + 24 = 4(x; + X2 + X3 + X4 +x5)
vi mbi s6 x; tham gia trong dung 4 cip sé.

Pédng thirc trén day cho ta mau thuln vi tng &
vé trdi la 195, trong khi vé& phai chia hét cho 4.

Bai toan 9.

V&i mbi s6 nguyén dwong m, ky hiéu kn I1a s6
nguyén diwrong Iom nhdt dé ton tai tdp hop S
gom m s6 nguyén sao cho méi sé nguyén tir 1
dén km déu hodc thudc S, hodc la téng ctia hai
58 (khéng nhdt thiét khdc nhau) thudc S. Vi du:
k3= 8do ¢ S = {1; 3; 4}. Chitng minh bdt ding
thirc sau day:

m(m+6)
4

m(m+3)
1

<kn<
Phan tich - Loi giai.
biéu kién bai toan goi cho ta thiy cin phdi
tinh sd phan t cta tdp hop S U (5§+5), trong
do

S+S={x+y|x,y€S}

Né&u v&ri mdi tdp hop 4, ky hiéu A 13 s phiin ti
cla nd, thi ta c6 bt ding thirc hién nhién sau:

[SU(S+S)| < |S|+|S+S].
Méi phin tir cda S+S nhén dwoc bing cdch 1dy

téng cta hai s6 (bang nhau hodc khic nhau)
thudc S nén suy ra ta c6 bat ding thirc sau:

1S+ 8| < |S]+ Cjg = SISI(1S]+1).

Trong hai bt ding thirc cin chimg minh, bit
ddng thirc bén phai twong ddi dé thiy. Theo
dinh nghia, k» 1a s0 nguyén dwong 1é6m nhit
sao cho ton tai tip S gbm m s nguyén dwong
thda mén

{ 7 e km} cSU) (.S + .’3)
Theo chitng minh trén ta co

, , I
ki < |SU(S+S)| < |8]+5IS1(IS] +1)

<

o
= 5181(181+3)

m(m+3)
e

Ta tim cdch ching minh b4t ding thitc bén
trai.
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Trwdc tién, tdp hop S can tim phdi chira mét
s6 s6 tw nhién lién tiép nao do, gid st la {1,
2,.,t}viit < m. Khi dg, tdp S U (5+5) chira cdc
s6 1, 2,.., 2t. Nhw vdy, dé so tiép theo, 2t + 1,
thudc S U (S+ S) trong tip S c¢in c6 thém sd 2t
+ 1. Lic nay, tdp S U (S + §) s& chira cac sd 1,
2,.., 3t + 1. Do vy, dé sb tiép theo, 3t + 2,
thudc S U (S + S) trong tip S cin ¢6 thém sb 3t
+2,...

Lap ludn trén diy chi ra ridng tip S théa min
yéu ciu dé bai ¢6 dang:

Khi dé, dé thdy ring

gy mt 1+ (m+ 1)t =12 ¢ SU(S+S).

Nhuw viy, k» chinh 1a gid tri 1én nhit clia m +
(m+ 1)t - t2, véi 1 < t < m. D& chitng minh
riang dai lwong nay dat gid tri 16n nhit khi

[m + ]] [m(m +6) + l]
2 | vagidtrido1a 4

Tir d6 ta ¢ bt ddng thirc cin chitng minh.
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THACH THUC TOAN HOC 8 *

ey

S i, gl = § /\
. - 3~ > _t‘ :

»  M0i bai todn dé xudt (kém theo 1o gidi) cin dwoc néu rd 1a bai sdng tdc hay bai swru tim (néu
la bai swru tdm, cdn ghi ro nguon) va phdi dwoc trinh bay trong mot file riéng (néu gti qua
dwdng e-mail) hodc mot tor gidy riéng (néu givi qua dwdng bwru dién).

»  Bai gidi cho mdi bai todn cin dwoc trinh bay trong mot file riéng (néu giti qua dudng e-mail)
hodc mdt tor gidy riéng (néu givi qua dwdng bwru dién).

»  Nguwdi dé xudt bai toan hodc gtri bai gidi cho cac bai toan trong muc “Thach thirc ki nay” cin
ghi rd ho, dém, tén va noilam viéc/hoc tip, sO dién thoai lién hé trén trang bai todn hoic bai
gidi. N&u la hoc sinh (hodc sinh vién) cdn ghi rd la hoc sinh 1&p may (hodc sinh vién nam th
may).

»  Cdc bai toan dé xudt da giri cho Chuyén muc khéng dwoc cong bd hodc givi dang & bat cir noi
nao khac, khi chwa ¢ sw ddong v ctia Tap chi Pi.

e  Pitin chdc rdng cdc 1&i gidi da dwoc ding tdi trén Tap chi cho cdc bai todn cda “Thach thirc ki
ndy” chwa hin di 12 nhirng 1&i gidi t&t nhit c6 thé cho cic bai todn dé. Vi thé, Pi rdt vui long
doén nhin tir ban doc nhirng 1&i gidi méi tdt hon, hay hon cho cdc bai todn da co 1o gidi dwoc
dang tdi trén Tap chi.

P42. Hoi c6 thé chon ra tdi da bao nhiéu sé tir

Thach thure ki nay 2017 s& nguyén dwong diu tién, sao cho tong
. - 1p phwong ctia hai s& bat ki trong cdc s6 dugc

Danh cho cap THCS chon ra 1a mot s6 khong chia hét cho 4?

P41. Tim tat cd cac cdp s6 nguyén dwong (a,b) Lweu Thanh Ha (Kién Giang)

thda mén ding 3 trong 4 diéu kién dwdi diy:
P43. Cho ab,c 13 ba sO thuwc thdéa min diéu

1/ a = 5b+9; kién a2 + b2 + ¢2 = 3. Chitng minh bt ding
2/ a+6 chia hét cho b; thirc sau:
3/ a+2017b chia hét cho 5; (2—a)(2—-b)(2—c) > abc.

4/ g+7b 13 56 nguyén to.
Hoi ding thirc xdy ra khi va chi khi nao?
Ha Huy Khodi (Ha Noi)
V& Quéc B4 Can (Ha Nbi)
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P44. Cho tam giac nhon ABC, v&i AB < AC, ndi
tiép dwomg tron (0). Tiép tuyén tai A cda (0)
cdt BC tai T. Goi H 13 hinh chiéu vudng goc cla
A trén OT. Dwing tron ngoai tiép tam giac
TBH cit (0) tai diém thir hai D khdc B, BD cit
AO tai L. Chirng minh rang

HT KT
HO KO

Nguyén Lé Phwérc (Ha Noi)
Danh cho cdp THPT

P45. Cho hinh thang ABCD c6 hai ddy la AB va
€D, CD = 2AB. Goi P la trung diém cda CD. Trén
cidc dudng thing BC,AD, 1dy cic diém M,N tuy
¥ (M € BC, N € AD). PA cit DM tai R vA PB cit
CN tai Q. Cdc dudng tron (PAB) va (PQR) cit
nhau tai diém thw& hai X khac B. Trén dwong
tron (PQR), 14y diém Y sao cho PY QR. Goi H 1a
trire tim cua tam gidc PAB va goi K 1a di€ém doi
xirng véi H qua QR. Chirng minh rang XK 1 XY.

Trdn Quang Hung (Ha N6i)

P46. Cho da thirc P(x) v&i hé s6 thwe, bic n va
c6 n nghiém thwc ddi mot phan biét (n = 2).

a) Chitng minh ridng da thirc
Q(x) = P(x) + P'(x)
cling ¢6 n nghiém thwc ddi mdt phin biét.

b) Goi a1 < gz <+ < anla cdc nghiém cua P(x)
va b1 < bz <+ < bn la cdc nghiém cua Q(x).
Chirng minh ring

min (@j4)=a;) < min (b4 —b;).
I1<i<n=1 I1<i<n=I|

Nhém "TTTH” st.
P47. Tim s0 thwe k bé nhit sao cho v&i moi bd
ba s& thuc khong dm a,b,¢, ta lubn cé

\ 2

abc + k((a=b)~ + (b=c)*+ (_r—u):) +2
>a+b+c.
Nguyén Vitn Huyén (Tp. H6 Chi Minh)

P48. Tim tit cd cac s nguyén n = 2 va tit cd
ciac by n s6 nguyén a1 < az < -+ < an sao cho da
thirc

Sx)=(x=ay)(x=ay) - (x—a,)=3

phan tich dwoc thanh tich cda hai da thirc
khic hdng, v&i hé sé nguyén.
Nguyén Tudn Ngoc (Tién Giang)

P49. Ki hiéu S la tip hop gbm tdt cd cac s6
nguyén dwong n thdéa min diéu kién

(2"+3)(3"+5") =0 (mod n?).

a) Chirng minh raingnéun € Svanz=5thin =
0 (mod 2015).

b) Chirng minh ring S1a tip vd han.
Ha Duy Hwng (Ha Noi)

P50. Hai s0 nguyén dwong a,b dwoc goi la ban
= G{Z: 3:5; i =3 l}

be néu 2 23 5)  Haitrong 1000
s nguyén dwong ddi mot phin biét c6 nhidu
nhdt bao nhiéu cap ban be.

b

Trdn Nam Diing (Tp. Ho Chi Minh)

Giai bai ki truéc

* Do so sudt ki thudt, trong sé trirée, md bai
ciia bai P10 dd bi in nhdm thanh P20. Rdt
mong ban doc thdéng cam va chiva lai gitip.
Chan thanh cdm on cdc ban.

e Nhdm tiing thoi gian gidi bai va givi bai
gidi vé Tap chi, trong s§ nay, Pi chi ding
loi gidi cua cdc bai P24, P25, P26, P27 va
P20. L&i gidi cua cdc bai P21, P22, P23,
P28, P29 va P30 sé dwogc ddng trén sé
tiép theo.

P24. Tai mdi dinh ctia mdt hinh luc gidc déu
cho trudce, ¢6 modt con budém diu. Vao cung
mot thoi diém, tit cd 6 con bwdm cling bay 1én
khéi cdc dinh cta luc gidc va lai vao cing mot
thoi diém, cd 6 con budm cung dju xudng cdc
dinh cda luc gidc d6 m&t cach tuy y, sao cho tai
mdi dinh chi ¢6 mdt con buédm diu (cdc con
bwdém khong nhat thiét phdi ddu xuodng vi tri
trueére khi bay 1én ctia minh). Chitng minh rang
ton tai 3 con bwdm ma trwdc khi bay 1én,
ching ddu tai 3 dinh, goi la 4,B,C, con sau khi
diu xudng, chung diu tai 3 dinh, goi la A,B’C’,
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¢6 tinh chit: tam gidc tao bdi 3 dinh ABC’
bing tam gidc tao bé&i 3 dinh A4,B,C.

Lo giai

Nhdm trdnh dai dong, trong phéin trinh bay
dwdi ddy, khi néi “tam gidc”, ta hiéu Ia “tam
gidc ¢ ba dinh la ba dinh cua luc gidc déu da

»

cho”,
Cach 1 (cta tdc gid bai todn).

Ta goi dwdorng chéo ndi hai dinh d&i ximg nhau
qua tim cla luc gidc déu la dwong chéo chinh
clia luc gidc déu do6 (xem Hinh 1 dwéi day).
Nhw vy, mot luc gidc déu sé c6 3 duwong chéo
chinh.

Hinh 1

Dé thdy, hai tam gidc, ma mdi tam gidc c6 mot
canh 1a dwong chéo chinh cua luc giac déu, la
hai tam gidc bing nhau.

Xét 2 con budém, goi 1a X va Y, ma trwde khi
bay 1én, ching dju & hai diu mut cia mot
dwong chéo chinh. Xdy ra méot trong hai
trirdng hop sau:

s  Trwong hop 1: Sau khi ddu xudng, Xva Y
lgi ddu & hai ddu mut clia mét dwdng chéo
chinh. Khi do6, theo nhin xét néu trén, XY
cung v&i con buwdém Z tuy y khdc sé la 3
con bwém théa mén yéu ciu dé bai.

»  Trwong hop 2: Sau khi ddu xuéng, Xva Y
déu & hai ddu mit cta hai dwong chéo
chinh. Goi Z 1a con burédm ma sau khi diu
xudng, né va X dau tai hai ddu mut cida
mot dwdng chéo chinh. Theo nhan xét
néu trén, XY va Z 1a 3 con budém thoa
man yéu ciu dé bai.

Bai todan dwoc chirng minh.

Cach 2 {theo loi gidi cia ban Podn Hong Anh
(Catherina Doan), 11 tudi, hoc sinh 16p 6,
trirorng Bessborough, Moncton, NB, Canada).

Ta phén chia cdc tam gidc thanh ba loai, nhw
Hinh 2 dwéi day:

Hinh 2

Dé thdy, hai tam gidc cling loai bing nhau va
hai tam gidc khac loai khong bang nhau.

Vi thé&, theo bai ra, ta phdi chirng minh ton tai
3 con bwdm, ma trwée khi bay 18n va sau khi
diu xubng, chung diu tai cidc dinh ctda hai tam
giac cung loai.

Bing cdch dém truc tiép, ta thdy ¢ 6 tam gidc
loai 1, 12 tam gidc loai 2 va 2 tam gidc loai 3.
Nhw thé, s tam gidc loai 2 1&n hon tdng s6
tam gidc thudc hai loai con lai (12 > 6 + 2). Suy
ra, phdi c6 3 con burdbm ma truwére khi bay 1én,
ching ddu tai 3 dinh cia m&t tam gidc loai 2
va sau khi diu xuéng, ching cling dju tai 3
dinh cia mdt tam gidc loai nay. Ta ¢6 didu
phdi chitng minh.

Nhin xét.

1. Hai l&i gidi néu trén thé hién hai cach tiép
cin khdc nhau trong viéc gidi bai todn. ¢ cich
gidi thir nhdt, sw ton tai cda 3 con bwdm thoa
min yéu ciu dé bai dwoc khing dinh bing
cdch chi ra cu thé& 3 con bwém dé. & cdch gidi
thir hai, sw ton tai ciia 3 con budm dwoc
khing dinh vé nguyén tic, nh& cdc nguyén i,
Hai cdch tiép cin vira néu ciing 1a hai cich tiép
can thwong gdp trong viéc gidi cdc bai todn
v&i yéu cdu chirtng minh sw tén tai ctia mét tap
hop (m6t cdu hinh) véi cac tinh chit xac dinh
nao dé.

2. Str dung y twdémg va phwong phdp cia cich
gidi tht nhat, ban doc c6 thé dé dang giai
dwoce bai todn sau, nhian dwoc tir bai di ra
bing cdch “khdng gian hda”:
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“Tai mdi dinh ctia mot khéi ldp phwong cho
trircre, ¢6 mat con bwom ddu. Vao ctung mét
thoi diém, tdt cd 8 con budm ciing bay 1én khéi
cdc dinh ctia khéi ldp phwong va lgi vao cling
mot thoi diém, cd 8 con budm cung ddu xudng
cdc dinh ctia khéi Idp phwong dé mét cdch tuy
¥, sao cho tai méi dinh chi c6 mét con buém
dau (cdc con bwém khdng nhdt thiét phdi ddu
xubng vi tri trweere khi bay 1én ctia minh). Chitng
minh rdng ton tai 3 con buwém ma trwée khi
bay Ién, chiing dau tai 3 dinh, goi la AB,C, con
sau khi ddu xuéng, chiing ddu tai 3 dinh, goi li
A0,B0,CO0, cé tinh chdt: tam gidc tao boi 3
dinh A 0,B 0,C 0 bing tam gidc tao b&i 3 dinh
ABC”

3. K&t qud ctia bai da ra (cling nhw bai toan
vira néu trén) khong thay doi, khi thay bwdm
b&i mot dong vit biét bay bat ki khac.

Nguyén Khic Minh
A ©=324+3x+5
. )= :
P25. Cho ham s x+1

a) Chirng minh rang dd thi ham sd d3 cho cd 3 diém curc
tri khéng thing hang.

b} Goi A,B,C 1a ba diém cuc tri ndi trén. Tinh dién tich tam
gidc ABC va ban kinh dwdng trén ngoai tiép tam gidc dé.

Lod giai (dwa theo i gidi clia ban Nguyén
Hitu Thdng, I6p 11A1, truong THPT chuyén
Phan Bdi Chdu, Nghé An).

a) Taco
f'(x)
(32 =6x+3)(x+1)= (x> =32 +3x+5)
e x+1
o X =3x=1
T (x+1)2

batg(x) =x*-3x-1.Tacég(-2)=-3, g(-1)
=1,g(0) = -1 va g(2) = 1 nén phwong trinh

v&éimbii=1,2,3.

Suy ra, cidc difm cwc tri cda ham s8 f{x) ndm
trén parabol y = 3(x - 1)Z va do d6, ching
khong thing hang.

b) Ki hiéu Saac 1a dién tich tam gidc ABC, ta co

1
Sasc = §|(-"1 = x2)(f(x1) = f(x3))
= (x1=x3)(f(x1) = f(x2))|
= '§|(-"1 = x3)(20 =x3)(x3 = x1) |

; 2 2 2 2 2
|.\'1.r3 + X2X3 + X3X] = XX = X313 = X3X]

|P=0|.

| W b

> o | 2
trong do, P = x1x5 4 x2x3 + xaxj
2 2 | bl 2

. O = x7Xx3 +X5X3 + X3x
il ¢ 152 T X X3 T X3X)
Theo dinh Ii Viét, ta c6 x1 + x2+ x3 = 0, X1x2+
X2x3 + X3x1 = -3 va xwxzx3 = 1.
Do d6

P+ Q

= xpxz(x1 +x2) + x2x3(x2 + x3) + x3x (34 x1)

= —3.\'1.\'_‘..\{3 = =3
va

P = (_\':.\'3)3 + (_.1'3.1'3_‘]3 + (x3x] )"
+ .\‘1.1'3.\‘3(.\"? + .\-§ + .\‘%) +3(x2013)?
= (x1x2)” + (02x3)* + (x311)?

X .3 3,
+ .\'—1 T X7 + A3+ 3.

1? + t; - l: = (x1 +x2 + .\‘_1)3
= 3(x1 +x2)(x2 +x3)(x3 +x1)

g{x) = 0 co ba nghiém thwc phan biét; goi la x1, =3xpxx3 =3
X2, x3. Suy ra do thi clia ham so f{x) c6 3 diém .
cwe trila xi, f{x1), xz f{xz), x3, f{x3). va
Theo cdng thirc tinh gid tri cdia ham phan thic
tai cac diém cwec tri, ta ¢
fx) =307 =264+1) =3(x; = 1)?
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(x122)* + (x2x3) + (2311 )?
= (X122 4+ X2x3 + x3X) }3

= 3(xpx +x2x3) (xX2x3 + x3x7 ) (X307 + x)x2)
= (=3)® = 3223 (x; 4 x2) (32 4 x3) (x3 + x7)
=—27+3=-24.
Suyra Pr@Q=-24+3+3=-18.

Do dd

(P=Q)*=(P+Q)*=4P-Q
=(=3)*+72=81.

Suyra P-Q =9.

Sasc =
Vi vy ABC

o3

Bay gid, ta sé tinh bdn kinh R cda dwdng tron
ngoai ti€p tam gidc ABC bing cich thiét 1ap
phwong trinh dwong tron di qua ba diém
ABC. Véimbii=1,23, dity: = f{x), véiluu y
xi 1a nghiém cia phwong trinh g{x) = 0, ta c6:

_\‘,2 =9(x;— 1]4
=9(x] —4x;] + 627 —4x; + 1)
=9 [\,(l: - 3x; = xi) - -4(_\';1 - 3x; = xj)
+9x] = 15x; = 3]
= 9(8x7 — 15x; = 3)

= =27+ 82(x? = 2x; 4+ 1) +29x; — 109
= 0
=y ik 29x; — 109

( 29)3 ! ( 41)2 10369
Xj=—— - yi——) = —
Suy ra : 3 36

Do d6 cdc diém A4,B,C ndm trén dudng tron cd
phwong trinh:

29\ 41\ _ 10369
R Y 8] T 3

flx) = ==
vViXx

u(x)
1. Xét ham sd ' ) ta co:
= u' (x)v(x) = u(x)v'(x)

ff(‘) ‘,3(‘.)

Do d6, véi c € Rma f{c) = 0, ta co:

u'(c)v(c) =ul(c)V(c)=0

g

u'(c

fle)=
Suy ra v(c) bay la c6ng thirc tinh gia
tri ciia ham phin thirc tai cic diém cwc tri,
dwoc ndi téi trong 1oi gidi trén.

Cong thirc néu trén khéng phdi la cdng thirc
L’Hopitale nhw mot s ban lam twdng.

2. Phuwong phap thiét 1dp phuwong trinh dwong
tron trong loi gidi trén dwoc goi la phwong
phdp gidn tiép viét phwrong trinh dwong tron di
qua 3 diém A,B,C. Cu thé, dé thiét 1ap phwong
trinh cia dwdng tron di qua cic diém {x; v, ta
tim cdch bién d6i ding thirc yi = f{x;) vé dang
(xi—a)2+ (yi-a)?=r% trong d6 a, b, rla cac
hing s8; chir khong phdi theo cidch truyén
théng 1a di tim tdm va ban kinh cda dwong
tron do.

*#3*%  Cdc bgn Trinh Hoang Hiép, Nguyén
Hoang Ptrc, Nguyén Tédn Tai {ciing I hoc sinh
Io6p 114, trirong THPT chuyén Quang Trung,
tinh Binh Phwdc) ciing c6 loi gidi ditng. O loi
gidi ciia minh, dé tinh dién tich tam gidc ABC
cdc ban Hiép, Pirc, Tai dd dung phép ddt lwgng
gidcx = Zcost* dé gidi phwong trinh

X =3x=1=0,
tlr d6 chuyén bai todn vé viéc tinh gia tri cla
cac biéu thic lwong gidc; doi voi ban kinh
dwdng tron ngoai tiép tam gidac ABC, cac ban
__abc

di dung cdng thirc 45 dé tinh, thong qua
dinh Iy Viét.

Tran Nam Diing

P26. Cho a,b,c la ba s6 thuc dwong théa méan
diéu kién a2 + b2 + ¢2 = 3. Chirng minh rang

Tap 1 S6 4 Thing 4.2017

Tap chi Pi 24



a’ b3 A

b2 = bc + 2 g az—ab + b2
3 18

2 =ca+a?

Hoi ddng thirc x4y ra khi va chi khindo?
Loi giai (theo I gidi cta tdc gid bai todn).
Trwéc hét, ta chimg minh cac nhin xét sau:
Nhan xét 1. Vi moi a,b,c > 0, ta c6

a’ i b3 i A
b =bc+c? cE=ca+a® a*—ab+b?
>a+b+ec. (1)

DAu ding thirc xdy ra khiva chikhia=b=c

Chirng minh. Ta cé:

(1) & a +b+c+ x +c
b* = bc +¢* ; 2 —ca+ a* ;
3
+a+ —5————s+a+b
a- —ab + b-
>3(a+b+c)
1 1

= (1'13 + b+ 1‘3) (

2 2 + 2
b2=bc+c* c2=ca+a®

1

—_— >3 b+c). 2
+(13—(:!)+b2) Calagd (2)

Theo bat ding thitc Cauchy - Schwarg, ta co:

1 1 1
bz—bc+c3+ +a3—ab+h3

(3)

2 7
c-=—ca+a-

9

T 2a@*+ b+ 32)=ab=bc—ca’

Tiép theo, ta sé& chirng minh

3((13 % (‘3}
> (a+ b+ c)[2(a® 4+ b* + ¢*) — ab— bc = ca).(4)

That vdy, theo bat ding thirc Schur bic 3, ta
co:

(a+b+c) [2(02 +b*+c*)=—ab=bc—- cal
=2(a +b’ + )+ (b+c)+b*(c+a)
+c*(a+b) - 3abe
<3(@+b+3).
(4) dwoc chirng minh. T (3) va (4), hién
nhién ta c6 (2). Vi thé, (1) dwoc chirng minh.

Cin cir diéu kién xdy ra ddu ding thic & cdc
bdt ding thirc Cauchy - Schwarz va Schur, ta
dwoc ddu diang thirc & (1) xdy ra khi va chi khi
a=b=c

Nhdn xét 2. Néu cac so thuc dwong a,b,c thoa
man diéu kién a2 + b2 + ¢2 = 3 thi

(a+b+c)’ > 243abc. (5)

DAiu ddng thirc xdy ra khi va chikhia=h=c=
1.

Chitng minh. Ta co:
(a+b+c)® = [a®+b* + %+ 2(ab+ be + ca))?
> 33(a? + b* + ) (ab + bc + ca)?

= 81(ab + bc + ca)®
> 243abec(a+ b + ¢).

Vi thé, (5) dwoc chitng minh.

Cin cir diéu kién xdy ra ddu ding thirc trong
cidc ddnh gid vira néu trén, ta dwoc ddu ding
thirc & (5) xdy ra khiva chikhia=b=c=1.

Tré lai bai todn.

Theo cdc bat ding thike (1) va (5), ta co:

3 3 3
a Fi b i C
b2=bc+c? c2=ca+a? a’—ab+ b2
it S ey
T T R RO —
Sabc = ° “TSa+b+c)
a+b+c 729
= e ’
5 5(a+b+c)
J(a+b+c) 729
=\ 55 S5(a+b+c)’
18
=

B4t ddng thirc clia dé bai dwoc chirng minh.
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Cin cir diéu kién xdy ra ddu ding thirc & cdc
bit ding thirc (1) va (5), ta dwoc diu ding
thirc & bat ding thirc d6 xdy ra khi va chi khi a
=b=c=1.

Nhan xét.

1. Cdc ban Trinh Hodang Hiép, Nguyén Hodng
Dirc, Nguyén Tdn Tai (cing 1a hoc sinh 16p
11A, treong THPT chuyén Quang Trung, tinh
Binh Phwdc) cé 1o gidi ding. Tiéc ring, sau
khi chitng minh dwoc bat ding thire (1) (bat
dang thirc “chia khéa”) trong 1&i gidi néu trén,
cdac ban da dung phép datbién phup=a+b+
¢, q =ab + bc + ca va r = abc dé thyc hién cac
bién doi, danh gia tiép theo, nén da gap phai
cac tinh toan cong kénh, phirc tap.

2. Nhan xét 2 trong loi gidi trén la mot bai
todn trong ki thi chon dfi tuyén Saudi Arabia

(A-rdp Xé-it) tham du JBMO (Junior Balkan
Mathematical Olympiad) 2015.

Vo Quoc Ba Can

P27. Cho s& nguyén n = 12. Cho P(x) la da
thirc bic n, v&i hé s6 nguyén va thoa man diéu

n
kién: ton tai it nhit [2] gid tri x nguyén
sao cho P(x) = 1. Chitng minh rang khong thé
phan tich da thirc P(x) thanh tich ctia hai da
thirc khic hdng, v&i hé sd nguyén.

Loi gidi.
Cach 1 {dwa theo li gidi ctia ban Pham Quang

Toan, lop 12, THPT Indoopilly, Queensland,
Australia).

Gid stt phdn ching rdng P(x) = G(x) - H{(x)
trong dé G{x) va H{x) 13 hai da thirc khic hing,
v&i hé s nguyén.

Khong mat tdng quat, gia st degG < degH; khi
do, ta co

degG < [n/2]. (1)

Theo gid thiét cia baira, ton tai k = [n/2] + 1
s nguyén a1,az,..,ax ddi mot phin biét sao cho
|P(ai)| = |Glai)| - |[H(ai)| = 1, T day, vi G(ay)
va H{ai) 1a cdc s0 nguyén dwong (do G{x) va
H{x)1a cic da thikc v&i hé sO nguyén) nén suy
ra

|G(ai)|=1 véimoil<i<k. (2)
Do (1) nén phwong trinh
G(x)=1=0
c6 toi da [n/2] < knghiém. Vi thé, tir (2) suy ra

3b € {ay;az;...;ar}, Gb)=-1. (3)

Hoan toan twong tu, ta cling suy ra:
Glc)=1. @)

Tiép theo, gid st trong k s nguyén a1; az;...; i
c6 it nhat 4 s6 a; dé G{a;) = 1.

Khéng mét téng quat, gid st
Gla) = Glaz) = Gla3) = G(ay) = 1.
Khi do,
G(x)—1=(x—a1)(x—az2)(x—a3)(x—as)-Q(x)

trong do, Qfx) la mot da thic véi hé s6
nguyén.

Thay x = b vao dong nhat thirc trén, véi luu y
téi (3), ta dworc

=2=(b=a))(b=az)(b—=az)(b—ay)-Q(b).

Nhw vdy, -2 phan tich dwoc thanh tich cta it
nhit 4 s6 nguyén doi m6t phan biét. Biéu nay
1a khong thé. Vi viy, chi ¢o thé ¢ t6i da 3 s6 a;
sao cho G{a;} =1.(5)

Hoan toan twong tw, nho (4), ta ciing ching
minh dworc ring chi c6 thé cé tdi da 3 sd aj sao
cho Gfaj) = -1.(6)

T (5) va (6) suy ra k < 6, ddn t&i n < 10, tréi
v&i gid thiét ciia dé bai. Mau thudn nhin duoc
chirng td gia sir phdn ching 1a sai. Bai todn
dwgc chimg minh.

Cach 2 (phdng theo Ioi gidi ctia ban Huynh
Nhdt Hao, 16p 11T, THPT chuyén Lé Quy Dén,
tinh Binh Pinh).

Loi giai dwee trinh bay dwéi day 1a 1o giai cho
bai todn, nhdn dwoc tir bai dd ra bdng cdch
thay gid thiétn > 12 bdi gid thiét n > 10.
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Theo gid thiét cia baira, ton tai k= [n/2] +1 =
6 sO nguyén a1 < az < +++ < @k sao cho P{a;) =1
viéi moi 1 < i < k. Vi da thirc P(x} cO hé sd
nguyén nén

(ai=aj) | (P(ai)=P(aj)) (1)

vodimoil<i<j=<k Chonijsaochoj-i=z3;
khi d6 a; - ai = 3. Ma P{ai) - P{a;) < 2 (do P{ai)
= P({a;) = 1) nén tr (1) suy ra P(ai) = P{a;) v&i
moiij € {1; 2;.; k}maj-iz=3 Tirdiy, dok=
6 nén ta cé:
véimoi 4 < j < k;
véimol 5 < j<k;
véimoi 6 < j < k.
Tlr do suy ra P(a:) = P(az} = -+ = P{ax). (2)
Bay gid, gid str phdn chirng riang

P(x) = G(x)-H(x)
trong dé G{x) va H{x) 13 hai da thirc khdc hing,
v&i hé sé nguyén.
Khéng mit téng quat, gid str degG < degH.
Khi d6, ta cd degG < [n/2].

Vividiimoil=gi<k,
|P(ai)] = |Gla)] - |H(ai)] =1

va G{ai), H{ai) 1a cic s6 nguyén dwong (do G(x)
va H(x) la cic da thirc v&i hé sO nguyén) nén
suy ra

|G(ai)|=1 véimoil <i<k.
T d6, vi G(x) 1a da thirc v&i hé s6 nguyén nén
bang cach thay P{x) b&i G(x) trong cic 1ap luin
suy ra (2) tir (1) & trén, ta duoc:

Gla)) =Glaz) = -- = Glay).

Suy ra k < degG (do G(x) khdc hidng); din toi
[n/2] +1 < [n/2]. Biéu v& li nay chimg té gid
sttr phan ching la sai. Bai toan dwoc chirng
minh.

Nhén xét.

1. Trong l&i giai clia minh, ban Huynh Nhit
Hao da hoi “vdi vang” trong cac ldp ludn dé
suy tir (1) ra (2) (& 1o gidi Cach 2). Vi thé ban
da khdng nhan ra khd nang lam nhe gid thiét n
> 12 ctia bai da ra.

2. Cac ban Nguyén Hoang Pirc, Trinh Hodng
Hiép va Nguyén Tdn Tai (cung 13 hoc sinh 16p
11A, THPT chuyén Quang Trung, tinh Binh
Phuéc) ciing cd 1&i gidi ding. Y twdng gidi cla
3 ban twong tw nhw y twdng gidi cia loi gidi
Cach 1 trén day.

Nguyén Duy Thai Son

P20. Hai nguoi, A va B, choi tro “rot bia” nhw
sau. Co ba cai céc dung tich mét lit. Ban dau,
mdi c8c¢ chira a lit bia. Hai ngwdi ludn phién
nhau rét bia tir cdc nay sang cdc cc kia. ¢
lwot choi clia minh, mdi ngudi sé chon ra mot
cfc bia tiy v va san mot it phin bia tir cSc nay
sang hai cc con lai mét cach tuy y. 4 1a nguoi
ddu tién rot bia va mudn lam tran bia & mit
cbc nao do; nguwoc lai, B ludn tim cach ngan
cdn A thwc hién y mudn cia minh. 4 dwoc coi
12 nguwdi thing cudc néu & lwot choi nao dé
cia minh, A lam mét c¢dc nao do tran bia;
ngwoc lai, néu A khong thé lam bat cr coc nao
tran bia thi B dwoc coi 1a ngudi thing cudc.
Hoi ai 1a ngudri ¢ chién lugc thing, néu:

a)a=0,5.

b)a=04.

c}0<a<1batki.

Loi giai (dwa theo loi gidi cua tde gid bai
todn).

« Dé thiy, ngudri A s& thing ngay & lin rot diu

|
A o s == < a < ]
tién cta minh, néu 2

B

O0<a<
Xét
Xét cach rot bia nhw sau cia ngudi A & mbi
lwot choi cia minh:

- Lwot 1: San déu toan bd lwyng bia & mot cdc
tuy y sang 2 c6c con lai.

- Lwot 2: Chon 2 cdc c¢6 nhiéu bia nhit, rét
toan b lwong bia & mot trong hai cdc do sang
cdc con lai.
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V&i cach rot nhuw trén, sau lwot 1 clia A, lwong
3a 3a

—., —.(
bia trong 3 cocséla: 2 2

Khi d6, sau lwot rot bia thi nhét cda B, lwong
3a
, i s KT TR
bia trong 3 cdcséla: 2
a

vohix y, z=0

o

X+y+z=
va

ul

Ta cd:

3a T I - i
3 +y+ max{x,z} > 5 + g e

k== 4

= S a> =
Vi thé néu < 9 thi & lwot thir 2 cda
minh, A sé lam tran bia & m6t c6c nao do (do

Oa ul§
4 ).

4
" 1 >a> - N . N ,
Nhw vdy, néu 9 thi A 1a nguoi co

chién lwoc thing.

4
L 0<a<s <
e X6t 9
Gid stt, sau ldn rét bia nao do cda A, lwgng bia
trong cacccla:x, yz; voilzxzy=zzz0va
X+y+Z = 34.

Xét cach rot bia nhi sau ctia B, sau lin rot vira
néu trén cla A:
_ 3a
y > —
- Tinh huéng 1: Néu ~ — 4 thi B rot bia & coc
c6 x lit bia sang cOc¢ ¢d z lit bia sao cho lwong
bia trong 2 c8c d6 bing nhau.
< 3a
3 ~ o 0 S -\‘ v e S -
- Tinh hudng 2: Néu 4 thi B rét
~ 3a
4 lit bia & c6c co x lit bia sang hai c6c con
lai sao cho lwong bia & hai ¢c8c d6 bang nhau

(B c6 thé lam dwoc nhw viy vi trong trieomg

2 3a 5 3a 3 3:;)
XI>— yp=I< —<x=-—
hop nay ta cé 2 va 4 4

V&i cach rot bia nhw trén, sau lwot rét cla B,

3a
lwong bia trong m&i cdc déu khong it hon 4
(lit).

Thit viy, hién nhién ta ¢6 diéu vira néu trén
néu tinh huéng 2 xdy ra. Trwdomg hop xdy ra
tinh hudng 1, do

. X+y . X+y+z 3a
x+z2 i A
x+2z _ 3a
> —
& e &
néntaco -~

Nhw viy, sau lin rét bia cia B, tong lwong bia
trong 2 c6c tuy y khdng vurot qua

3a 9Ya
)

T h

Ol &

Vi thé, sau moi lin rot bia clia B, A khong thé
lam tran bia & bt cir c6c nao.

0<a< i
Hién nhién, véi 9, A khong thé 1am
tran bia & bat cr c6c¢ nado, sau ldn rot bia diu
tién cta minh. Vi thé, 1dp luidn trén day cho
thdy, trong trwdng hop nay, B la nguodi ¢b
chién lwoc thing.

* Viy, tom lai, A ¢6 chién lwgc thing khi va chi

4<r<<l
oy [
khi 9

4
O<aL= . . o A
khi 9. Tir day, hién nhién ta c6 ciu tra

1&vi cho cdc cdu hdi a), b) va c) cda bai toan.

; B ¢ chién lwoc thing khi va chi

Nhin xét.

1. Dé thdy, dé can tré A thing cudc, B phai cd
ging hét mic ¢6 thé dé sau lin rét cia minh,
tong lwong bia & 2 cbc cd6 nhiéu bia nhét
khong virot qua 1 (lit). Pay chinh l1a chia khoa
dé xay dung chién lroc thing clia mdi ngudri
(khi diéu kién cho phép), trong 1&i gidi trén.

2. T4t cd cdc ban da gwi loi gidi cho bai toan
toi Toa soan déu cdm nhin dwoc chia khoa
néu trén va déu tim cach st dung chia khoa dé
dé xay dung chién lwoc thing cho moi ngudi,
A va B, trong cdc trwdong hop c6 thé Tuy
nhién, viéc str dung chia khda cda cdc ban
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chwa tot, thé hién qua viéc cdc ban bi sa da
vao viéc chia nhd cdc trwomg hop khi xay

o 5 . 0<a< i
dung chién lwgc thang cho B, khi 9
Dic biét, ¢4 ban da khi “dai dot” khi cd ging
chirng minh A ¢ chién lwoc thing chi khi

4. P& ddm bdo tinh chinh xdc Todn hoc, trong
bai ra cdn bo sung gidi thiét “bia khbéng sti
bot, khi dwoc rot tir cdc nay sang coc khac”
hodc “bia dung trong cudc choi la bia khong
bot”!

4 Nguyén Khic Minh
1 >a> = ) .

9, thay vi chi ra chién lwgc thang cla

-4 ~ —

Bihi 0 %59 By &) 'y
3. Cdc ban co loi gidi ding: Nguyén Nguyén, | G
Phan Quéc Virong (cung la hoc sinh 1op 10T, 23 c : 5
trieomg PTNK, PHQG Tp. H6 Chi Minh); Pham '*‘-:'J.'-"‘ \ .
Quang Todn (16p 12, THPT Indoopilly, - =
Queensland, Australia); Nguyén Pitc Trung | - -~ , s |
(sinh vién Khoa KSTN Todn Tin, K60, DH Bich s : $ j:. 4
khoa Ha N&i) va mot ban khong ghi tén. Trong ~ 3
do, ban Phan Qudc Vuwong co 1o gidi tdt hon
cd.
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Pdi séng toan hoc O NUGC VIET NAM DAN CHU CONG HOA

Alexander Grothendieck
(Dich tir nguyén bén tiéng Phdp: Phan Thi Ha Dwong)

Loi twa (Ngd Viét Trung) Pay la ban dich bai bao cdo cia Grothendieck vé chuyén di tham
Viét Nam thang 11/1967 duwoc viét theo |01 moi cia Khoa Toan, Pai hoc Khoa hoc Paris: “La
Vie Mathematique en République Démocratique du Vietnam (Exposé fait le 20 Décembre
1967, sur invitation du Département de Mathématiques de la Faculté des Sciences de Paris).”
Ban bdo cdo dwoc ddnh may ngay sau chuyén di. Trong ban bdo cdo cé ciu “cé mdt nén toan
hoc Viét Nam thuwe sw & nwéc Vit Nam Dan chl Cong hoa”, dwoc gach thém bén duwdi dé
nhan manh. Grothendieck cé 18 1 nha todn hoc phwong Tay dau tién dén thdm mién Bic Viét
Nam. Chuyén di ciia dng gy mot tiéng vang Ién trong nén khoa hoc thé giéi vi nd xay ra trong
lic mién Bac dang bi may bay M§ danh bom di¥ doi va Grothendieck Ia nha todn hoc néi tiéng
nhat thoi bay gid. Ban bdo cdo nay d3 duoc dich sang tiéng Dirc ngay lap tirc va duoc Hbi sinh
vién Dai hoc Bonn (Pirc} phan phat trong cudc “Cach mang sinh vién” nam 1968.

Qua bai bdo cé thé thay tinh cAm cla Grothendieck déi véi nhdn dan Viét Nam va nhitng dw
dinh cla 6ng nham gilip d& nén toan hoc Viét Nam non tré. Rat tiéc 1a nhitng du dinh nay
khéng thuwe hién dwoc do hoan cdnh lic dé. Sau nay, chi cé mdt ngudi trong s6 ngudi dng du
ki€n duwa sang Phap lam viéc trd thanh hoc tro cda 6ng. D6 la GS. Hoang Xuén Sinh, bao vé
ludn &n tién sivé dé tai Gr - pham tru ndm 1975.

Ching ta cd rat it tw liéu vé chuyén di Viét Nam cla Grothendieck. R4t mong nhitng nguoi d3
tirng ti€p xuc véi dng viét lai nhitng ky niém vé chuyén di nay. P6 sé la nhitng tw liéu quy gia
khdng chi cho nén khoa hoc Viét Nam ma con cho ca nén khoa hoc thé gidi vé mdt con ngudi
vi dai. Gan day, GS. Neal Koblitz (Pai hoc Washington) cé viét mét bai bédo vé chuyén di Viét
Nam cla Grothendieck nhan dip dén tham noi Grothendieck d5 gidng bai & Thai Nguyén
{Grothendieck’s 1967 Lectures in the Forest in Vietnam, Mathematical Intelligencer 35, No. 2,
32 - 34, 2013). Chang I&, chiing ta lai khdng quan tdm dén chinh mét phan lich sl cia ching
ta.

I. Pdu nam nay, qua vai nguwoi trung gian, toi Nam l&i dé nghi tdt cd cac bdn in roi vé dé tai
nhin dwoc tir phia m6t s6 nha toan hoc Viét Hinh hoc dai s6 va Pai s6 ma t6i c6 thé tim
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POl THOAI TOAN HOC

Thay cua cic thiy nganh toan su pham:

“Toi chi la nguoi day toan”

Thw Hién (thuwc hién)

Gido su, nha gido nhan dan Ngd Thuc Lanh 1a mét trong nhitng nguei dau
tién tham gia xay dung nén méng cho “ngdi nha” todn hoc Viét Nam, duoc
ménh danh 13 thay cla nhitng thay nganh toadn su pham. Nhung tra o
phéng van Pi, dng van mot muc khang dinh minh chi [a mét ngudi day toan,

cdn cdc vai trd no kia néu cd chﬁng qua la do “lich sir tao nén”.

Chilng téi bat ddu cdu chuyén véi GS Ngé Thiic
Lanh bdng nhitng cdu héi vé méi quan hé gitra
dng va nha todn hoc néi tiéng Ngé Bdo Chau.
GS Ngé Thiic Lanh trd loi:

T6i va 6ng Ngd Huy Cin, bd cia anh Ngb Bdo
Chau, la anh em con chi con bac. Nghia la b6
toi va 6ng ndi anh Chau la anh em rudt. Nhw
vay tdi chi [a bac ho ctia anh Chau thai.

Nghé nghiép cua cu liéu dd tirng gdy dnh
hiwrdng gi toi GS Ngé Bdo Chdu khi anh dy con
nhg?

Con dwdng di cda Chiu khong lién quan gi dén
tdi. Khi Chiu con 1a hoc sinh, tdi chi biét dé 1a
mot ngwdi chdu ho cia minh va chau rat gidi
toan. Cong tac cda toi rdt ban, hai gia dinh
sOng ciing khong gin nhau nén ching may khi

ching t6i dwyc gap nhau. Gitra ching t6i, mdi
day lién hé duy nhdtla c6 ho hang.

Vdy con chdu ho Ngé, ngodi cu va GS Ngé Bao
Chdu ra, c6 nhiéu ngwdi lam todn khéng?

Lam todn thwc sw thi chi cé6 mdi Ngd Bdo
Chau. Con tdi cling khong phdi 1a ngudi lam
todn. Tdi chi 1a ngwdi day todn, va lai tai ndng
cua tdi dau co ra gi! Toi cling thuwdng thoi.

Nhung trong cdc tai liéu néi vé budi so khai
cila nén todn hoc Viét Nam c¢6 nhdc dén cu nhw
la mgt trong nhitng ngwdi ddu tién tham gia
xdy dwng nén méng cho nganh khoa hoc nay?

A, ving, b&i 1a thé nay. Thoi Phdp thudc,
ngwoi Viét ching ta chi dwgc day todn trong
treong phd thong thdi, goi 1a todn so cip.
Thanh thi trong nwéc chi c¢6 td tai todn thoi.
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Ngay c¢d trong nhitng truong cao ding ky
thudt, trinh dd todn hoc cling khdong vwot qua
chwong trinh gidi tich 1&¢p 12 hién nay. Con s6
nguwoi dwoe hoc va biét toan cao cip rit it, ma
cling 1a nh¢ sang tin Phap dé hoc, vi du nhw
dng Ta Quang Bitru, hay 6ng Nguy Nhw Kon
Tum. Nhwng nim 1941 vi ¢6 chién tranh, con
em ngwdi Phap khong vé Phap dwoc, nén ho
m&i mé& & Péng Duwong mot truedng CP khoa
hoc, nh& vdy ma ngudi Viét méi dwoc hoc
todn cao cdp. Cic 6ng Nguyén Vin Trién, hay
bao Van Tién. .. la nhitng sinh vién khoéa diu
cuia trwong nay. Con tdi hoc khda 3, hoc xong
toan hoc dai cwong (nim nhit), thi dién ra
Cach mang thiang Tam va sau do la toan qudc
khing chién ch&ng Phdp. T&i bit diu vao
nganh gido duc va dwoc phan cdng day todn.
Nhw vay viéc tdi day todn chi la do théi cude
dwa ddy ma thoi.

Gido sw Ng6 Thiic Lanh. Anh: Thw Hién

Todn hoc Viét Nam budi so khai dé nhw thé
nao, thwa cu?

Sau Cdch mang thang Tdm, Chinh phd thanh
lap trwerng Pai hoc Khoa hoc nhwng chi hoat
ddng dwoc vai thang thi phai dinh gidng do n6
ra khing chién chong Phdp. Trong khing
chién, & Nghé An va & Viét Bic cling c6 mdt s6
1&p todn hoc dai cwong dwoc td chive bdi cac
anh Nguyén Thiic Hao, Nguyén Xién, nhung
chi dén khi chinh phi thanh lip trwong Sw
pham Cao cdp va GS Lé Van Thiém (tir Phap
vé) lam hiéu trudng thi nén tdng nganh toan
hoc mé&i thuce s dwoce xdy dung. Thwe ra ban
dau co cung lic hai trwong, treomg Sw pham

cao cip va treong Khoa hoc co bdn, va GS Lé
Vian Thiém lam hiéu trwéng cd hai. Nhung
treong Khoa hoc co ban chi ton tai 2 niam
(1952, 1953). Khi thanh ldp thi hai truwdng
dong & Chiém Hod, Tuyén Quang, sau do dwoc
chuyén sang Khu hoc xa trung wong dat &
Nam Ninh, Trung Qudc.

Hoi & Khu hoc x4 thi ¢ nhirng ai nao? Ban diu
chi ¢4 anh L& Vin Thiém va anh Nguyén Xién,
con anh Nguyén Cinh Toan 13 tro 1y cho ho.
Con t6i luc dy chi day trung cdp. Anh Hoang
Tuy ban diu dinh dén dé hoc trieirng Khoa hoc
co bdn, nhung khi dén noi thi thidy nhiing gi
anh 4y tw hoc da vwot qua chwong trinh, nén
anh Tuy cling dwoc diéu sang day Trung cdp
Sw pham. Chi ¢6 3 - 4 ngwdi chia nhau ra ma
lam.

Pén khi vé Ha No&i day toan cao cdp, anh
Nguyén Xién di 1Am chinh tri khong day nira.
Nhung lai c6 thém tdi, anh Nguyén Thiic Hao
tlr khu Tw ra, anh Khic Ngoc Kham. Vé Ha Noi,
thi anh Tuy sang Trwomg Pai hoc Téong hop
khi trirorng nay dwoc thanh 1ap. Trong ddi ngii
trén, phdi ndi 14 anh Nguyén Cinh Toan va
anh Hoang Tuy rdt c¢6 khd ning vé todn, dic
biét 1a anh Hoang Tuy. Chi tiéc anh Toan vé
sau lam lanh dao nén khdng con nhiéu thoi
gian danh cho todn. Ngwdi theo dudi sw
nghiép lam todan thanh c6ng nhidt la anh
Hoang Tuy. Piéu do dung théi, vi anh da gidi
lai rat dam mé.

Nhw viy GS Nguyén Cdanh Toan va cu 1a nhitng
gidng vién ddu tién ctiia Khoa todn Trudrng Pai
hoc S pham Ha Noi?

Pung rdi. Ban dau trwong sw pham ¢ mot
khoa todn ly, vé sau m&i tach thanh khoa toan
riéng (gitrla khoa todn tin - PV). Nhiém vu cta
ching téi la dao tao gido vién day toan cip 3.
Tuy nhién, nhitng ngudi xuidt sic nhdt thi
dwoc giir lai lam gidng vién ctia khoa va doi
ngil nay lai tré thanh hat nhin xay dwng lwc
lwong gidng vién nganh todn khi chinh phi
thanh lap cac triromg dai hoc méi. Chd nhiém
khoa diu tién 1a anh Nguyén Cdnh Toan, sau
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d6 anh dy lam hiéu trwdng thi giao nhiém vu
phu tridch khoa cho tdi. T6i lam trwdng khoa

o &

.
-

~
},4

VA

5\

-

mot théi gian kha dai.

Chup véi cdc GS (tir trdi sang): Lé Khad Ké Dwong Trong Bdi, Lé Thac Cdt, Lé Viin Thiém, Nguyén
Xién, Hb Piic Di, V6 Thudn Nho, Nguy Nhw Kon Tum

Nhw trén tdi di ndi, cdn bd gidng day cida
ching tdi phin 1&n dwyc dao tao ngay trong
tredng sw pham. Nhé t8t nghiép xuit sic ma
ho dwoc gitr lai, sau do lai dwoc cir di hoc tip
& nwdc ngoai. Trong nhitng khéa diu tién
dwoc gitr lai &y ¢6 6ng Lé Hai Chau, Nguyén B4
Thinh, Poan Quynh, Lai Birc Thinh, Vii Tudn. ..
Ngwoi dwoc dao tao bai bdn & nwédce ngoai vé
tham gia gidng day thi mai dén nam 1959 méi
c6 ¢6 Hoang Xuan Sinh (Itic do cling chi méi 1a
thac si). Chwong trinh dao tao chi yéu la toan
cao cip, ngoai ra ¢6 mot phin todn sv cip va
phwong phdp (thwc hanh) dé phuc vu viéc
gidng day & trwdng phd théng cho gido sinh
khi ho ra tredng.

Chi v&i kién thikc todn hoc & Truwiong Cao ddng
Khoa hoc Pdng Dwong, viéc gidng day todn cao
cdp ctha cu c6 gdp nhiéu khé khdn khéng?

Ciing khong kho khin gi 1dm, vi chi 13 day
nhitng diéu minh da hoc. Ciing cé nhitng cdi

mdi, do hoi di hoc thi hoc theo gido trinh
Phdp, ma di day thi chi y&u dwa vao gido trinh
clia Lién X6. Nhung chuing t6i phdi tw hoc, vi
nhiém vu bit budc phai thé. Chi c6 diéu lic
diu it can bd qua thoi, vé sau nho bd sung
dwoc thém nguwdi thi dé hon.

Ban diu day bang gido trinh dich. Day dén ddu
dich dén do, chi sau mdt nim 1a di c6 thé in
tai liéu phé bién cho sinh vién. V& sau nhirng
nguwdi triec tiép tham gia gidng day thi dong
thoi cling viét gido trinh ludn. Nhirng tic gia
cac cudn gido trinh ban dau ciing chi loanh
quanh Nguyén Canh Toan, Ngd Thic Lanh
(cwdi), toi viét vé dai s, anh Toan viét hinh
hoc. V& sau can bd dong 1&n, nguwdi nao day cai
gi thi ho bién soan cai d6. Ngay tir nhitng budi
dau chung t6i da két hop gidng day voi nghién
ctru. Viéc nghién ctru ngay cang manh nhdér ddi
ngil dwoc gl di boi dwdng & nuwdc ngoai vé
dong lén.
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Gido sw Nguyén Cdnh Toan.

Chung tdi déu phdi tw hoc hét. Vi nhiém vu dat
ra thi phdi lam. Mai sau nay ching ta mé&i co
dao tao nghién clru sinh, chit sudt miy chuc
nam lam gi ¢6. Cho dén nam 1992, khi tdi vé
huru, ai mudn bdo vé tién si trong nwéc thi chi
1a tAp hop cdc cbng trinh ctia minh lai réi bdo
vé, lam gi cd ai dao tao!

Diéu kién lam viéc hoi dy chdc khé s, thiéu
thén ldm?

Thi hoan cdnh chung lic d6 1a thé nén téi cling
ching thiy khd gi. Chi ¢ digu 13 phai vira 1am
vira ning cao trinh d6 dé dap Ung yéu ciu ctia
cOng tdc thoi. Ching tdi van phdi theo doi su
phat trién cia todan qudc té, théng qua cic bao
chuyén mén ma anh em mang vé tir nwéc
ngoai. V& sau quan hé vé&i cic nwdc rong ra
nén tai liéu ciing khéng dén ndi thiu thdn
qud, minh vin mua duoc.

HOi dy nhifng ngwoi ddt nén méng xdy dwng
nganh todn cé ky vong gi nhidu vao sw phdt
trién ciia nén todn hoc?

Lic d6 ching t6i cling ddt muc tiéu la Viét
Nam c6 cac nha toan hoc trinh d6 quoc té dé
phat trién nganh toan clia minh. Niém hy vong
do dwoc giri gdim & nhitng ¢dn bd ma ching
t6i gvi di bdi duwdng & nwdc ngoai. Trong sb
cdc can b6 hdi do ching tdi ¢t di ¢6 anh Phan
Pinh Diéu. Ra nwéc ngoai anh iy da dat dén
trinh dd qudc té& nhwng sau khi anh 4y c6 hoc
vi tién si khoa hoc rdi thi anh 4y lai khong di
day nira ma trén lai dwa di lam quén ly.

HOi dy todn hoc rdt dwoc nha nwdc vu di phdi
khéng a?

Nha nwéc wu di nhidu thit, ddu phai mdi todn!
Nhwng cdi gi minh cling di sau nén khong thé
ndo bit minh phdi ngang hang vdi thé gidi
dwgc. Tuy nhién nho cd nwédce ngoai dao tao
ma minh cling dd c6 dwoc nhitng nha khoa
hoc tdm c& thé gidi, nhw Ngd Bdo Chau, Vii Ha
Van (todn), Pam Thanh Son (vat ly). .. Ngoai
cac anh 4y ra, t6i nghi nwéc minh cling cé
nhiéu ngudi ¢o tw chit xuit sdc, chi ¢6 diéu ho
khéng may min nén khéng dwoc tré thanh tai
ning noi tiéng thé& gi¢i thdi, nhwng nhirng gi
ho da lam dwoyc cling chirng to ho rat co tai.

Chdu xin dirorc héi cu mot céu cudi, cde con cuia
cu ¢6 ai hoc todn va lam todn khéng?

Cac con tdi déu hoc chuyén todn, nhung khdng
ai lam toan. C6 nguwdi lam nghién ciru sinh vé
todn, nhwng lai lam ngh® khac dé séng. Vé viéc
nay thi téi phdi xin gidi thich ludén la do cac
anh chi dy khéng ai thwc sw gidi todan. Mudn
gidi toan thi phdi ¢6 ndng khiéu va ¢6 dam mé.
Khéng c6 nang khiéu, khéng c6 dam mé thi
lam sao thanh nha toan hoc dwoc!

Cdm on gido sw, nha gido nhdn ddn Ngé Thiic
Lanh!
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Vi

BA LAN VA CAC KY THI TOAN KHU VUC

Nguyén Hung Son

Ba Lan la mot trong cadc nwdc cd truyén théng 1du ndm vé té chive céc ky thi todn danh cho
hoc sinh. LAu d&i nhat 1a ky thi Olympic todn quéc gia {(OM) duwoc td chire [An ddu vao ndm
1950. Ba Lan ciling I1a mot trong 8 nuwde déng sang 1ap ky thi Olympic Todn Quéc té (IMO) vao
nam 1959. Bai viét nay gidi thiéu téi ban doc mot sé ky thi todn thudng nién ma Ba Lan clng
té chic véi cac nwdc lang gieng trong khu vue Trung Au va Bac Au.

1. Ky thi Toan hoc Ao - Ba Lan

bay la ky thi toan hoc danh cho hoc sinh do
hai nwéc Ao va Ba Lan lin lwot thay nhau t8
chirc vao khodng cudi thang siau diu thang
bdy hang nam.

Y twdng t& chirc cudc thi Ao - Ba Lan dwoc d@
xudt lin diu tién trong thoi gian td chike cudc
thi IMO ldn thir 18 tai thd do Vién nim 1976.
Ngay 16 thdng 5 nam 1977 B0 trudng Gido
duc hai nwéc Ao va Ba Lan ky cdng ham quyét
dinh t& chirc cudc thi hang nam cho hoc sinh
hai nwéc va ky thi diu tién sé dién ra vao nim
1978 tai Ba Lan. Mgt trong nhitmg nguwdi truc
ti€p chi dao thwc hién va di lién tuc gin bo voi
cudc thi nay la gido sw Gerd Baron, trudng
ban gidm khdo ky thi Toan Quéc té& IMO 1976.
Tham gia cudc thi 1a d6i hinh “dw bi” cia hai
nude. Mdi nwdc dwoc ot mot doi tuyén 6
ngwoi gom cac thi sinh tré (chwa qud 17 tudi,
khdng phdi 1a thanh vién ddi tuyén quéc gia
thi IMO trong ndm hoc do, va nam tiép theo
van 13 hoc sinh phé thong).

Gido sir Gerd Baron

Cac thi sinh tham gia hai vong thi cd nhén
(viét trong 2 ngay, moi ngay phdi gidi 3 bai
todn) va mdt vong thi dong ddi (gom tir 3 dén
4 bai todn). Cdc thi sinh viét 1&i gidi bing ngén
ngit ciia nwdc minh. Mdi ndm ban t8 chitc trao
tlr 5 dén 9 gidi thwdng cd nhin cho cic thi
sinh ¢6 diém cao nhit va gidi thwdong dong ddi
cho ddi thing cudc & ky thi dong doi. O gidi
dong ddi, khi hai ddi co cung s6 diém thi sé xét

Tap 1 S6 4 Thing 4.2017

Tap chi Pi 42



thdng thua tly theo thdi gian 1am bai ciia mdi
doi.

Cin phdi nhic lai mot chit vé bdi cdnh lich st
ltic by gitr. Khi d6 Ao va Ba Lan dai dién hai
“phe”: Ba Lan dai dién cho khé&i Pong Au,
trong khi Ao 13 dai dién cda Tay Au. Vi vy
cudc thi cling 1a mdt trong sd it cdc co hoi dé
cac nha toan hoc c6 dip giao lwu va tim hiéu
14n nhau. C4c cuu thi sinh (hién 13 cdc gido su
clia PHTH Warszawa) cho biét ring, chwong
trinh ctia cac ky thi diu tién thwong phong
pht hon rdt nhiéu so véi cac ky thi IMO cung
nam. Ngoai 3 ngay thi, cdc thi sinh con dwoc di
tham quan rat nhiéu noi va thwdng dwoc cic
vi lanh dao cao cdp c& bd trwdng cia nwic
chid nha don tiép.

Ky thi Ao - Ba Lan dwoc té chivc 29 Iin lién tuc
tir nim 1978 dé&n 2006. Hinh thitc lin néi
dung cta ky thi nay dwoc cdc nwée khic trong
khu vwrc danh gia rit cao. Pay co thé coi la
cudc thi co xdat mang tinh qudc té cho cic
thanh vién twong lai cda doi tuyén quéc gia.
Rét nhiéu thi sinh, sau khi tham gia ky thi Ao -
Ba Lan da duoc chon vao doi tuyén quéc gia di
thi IMO vao nhirng nidm sau do. Trong s0 do ¢o
thé ké ra mo6t sO tén tudi nbi tiéng cda MO,
mot s6 thi sinh c6 thanh tich cao nhait cia Ba
Lan nhw: Grzegorz Bobinski va Tomasz
Schreiber (cd hai déu dwoc 42/42 tai IMO
1994), Michal Pilipczuk, Tomasz Hrycak,
Marcin Stefaniak (cd 3 déu 3 lin tham gia IMO
va dat tit cd cac mau huy chwong: Vang, Bac,
bong), Marcin Pilipczuk (2 l&n tham gia TMO
dat 2 huy chwong: Vang va Bac), Eryk
Kopczynski (Huy chwong vang IMO). Nhiéu
thi sinh ctia Ao tham gia cudc thi Ao - Ba Lan
sau do cling gianh dwoc cac thanh tich dadng
né tai IMO nhuw Josef Schico (2 Huy chwong
Vang va Bac), Guenter Pollak (1 Vang, 1
bong).

Ngoai ra con c6 rdt nhiéu thi sinh da tirng
tham gia cudc thi Ao-Ba Lan va sau nay tr&
thanh cac nha khoa hoc noi tiéng thé giéi.

Vi viy ké tlr nam 2007 t&i nay, ky thi nay
dwoc mé rong dé nhiéu qudc gia tham gia va
dwoc doi tén thanh Olympic Toan cac nwéc

2. MEMO

Ky thi Olympic Todn cdc nwéc Trung Au
(MEMO), dwoc td chire ldn diu tién tai thanh
ph8 Eisenstadt (Ao) v&i swr tham gia cda cdc
nwée: Ao, Ba Lan, Croatia, Séc, Slovenia,
Slovakia va Thuy s§. Thé thirc cia cubc thi
khéng thay doi, nhung s6 lwgng bai thi ¢6 mot
chut thay d6i. Cac thi sinh thi 2 ngay, ngay thir
nhit I ngay thi ca nhin, cdc thi sinh gidi 4 bai
todn trong théi gian 5 gio. Ngay thit hai la ky
thi ddng doi, cling gom 4 bai todn. Mdi bai thi
dwgc danh gia tir 0 dén 8 diém.

VARAZDIN 2011 CROATIA

Logo cta ky thi MEMO 2011 tai Croatia

Tir ndm 2008 tham gia MEMO con c6 Pirc va
Hungary, va tir 2009 ¢6 thém Litva. Cling k€ tir
nam 2009, s6 bai toan trong phan thi dong doi
dwoc tang 1én 8 bai.

3. Baltic Way

Baltic Way la cudc thi todn dong dodi duoc to
chirc 1an dau tién vao ndm 1990 v&i sy tham
gia cia 3 nuwdc thude Lién X8 cli la Litva,
Latvia va Estonia.

Baltic Way
Riga 2013

Logo cua ky thi Baltic Way 2013

KE& tir nim 1992, cudc thi dwoc mé rdng vi
s tham gia cla cdc nwéc cdng hoa xung
quanh bién Baltic (Ba Lan, Pan Mach, cdc bang
phia bic ctia CHLB Pirc, Na Uy, Phin Lan,

Trung Au (MEMO - Midle Europe  Thuy Dién), ding nhw tén goi cda cudc thi.
Mathematical Olympiad). Ngoai ra con c6 doi Iceland (nwéc didu tién

cdng nhan ddc 1dp cia 3 nwéc Latvia, Litva va
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Estonia) va ddi tuyén thanh ph0 Saint
Petersburg (Lién bang Nga). Pé tao sw mé&i
mé, thinh thodng ban td chirc cia nwéc chi
nha c6 thé moi thém mot quéc gia ngoai viing
Baltic tham gia cudc thi.

Cudc thi Baltic Way dwoc td chirc vao dau
thdng 11 hang nim. Mdi quéc gia cir mot doi
tuyén gém 5 thi sinh 1a hoc sinh tiéu hoc hoac
trung hoc trong thoi diém dién ra cudc thi.
Cac doi phdi gidi 20 bai toan (gom 5 bai dai so,
5 bai hinh, 5 bai td hop va 5 bai ly thuyét s6)
trong thoi gian 4 gir 30 phut. Mdi bai déu
dwoc 5 diém nén c6 thé dat tdi da 1a 100 diém.
Cho dén nay chi duy nhit md6t lin c¢6 doi dat
diém t6i da 100/100, d6 1a tai cudc thi ndm
2001 & Hamburg (Ptrc), ddi tuyén Kkhach
Israel da 1dp nén ky tich nay.

Ba6i v dich cudc thi sé& dwgc gitr cip ludn lvu
(phdi trao lai cho ddi vo dich ky thi ndm sau).
Ban giam khdo ciing c6 thé trao gidi dac biét
cho nhirng & gidi sdang tao.

4. CZE - POL-510

Sau khi kh&i BPong Au tan rd, ngay 1 thdng 1
niam 1993, Tiép Khic phin chia thanh 2 nwdc
la COng hoa Séc va Slovakia. Cing véi sw phin
chia d6, ky thi Olympic Todn Tiép Khic
(Czechoslovak Mathematical Olympiad) vé
hinh thitrc dwgc phan thanh hai ky thi todn
quéc gia mé&i la “Czech Mathematical
Olympiad”  va “Slovak ~ Mathematical
Olympiad”. Tuy viy ban td chirc cic cudc thi
nay van lam viéc chung va cdc hoc sinh ciia
Cong hoa Séc va Slovakia van gidi cdc bai todn
nhw nhau (chf khéc 13 viét bing ngdn ngir clia
nwdc minh va két qua thi dwoc danh gid riéng
cho timg nwéc).

Ngoai ra, véi muc dich thit chit tinh hiru nghi
gitra 2 nwdc, ban td chirc toan qudc gia cda hai
nwdc con to chike “trin thi diu todn hoc” hang
nam (ké tir 1995) gitra hai ddi tuyén qubc gia
clia Séc va Slovakia v&i muc dich chudn bi cho
ky thi toan quoc té IMO. Cubc thi nay thwong
dwoc to chive vao cudi thing 6 va dwoc coi la
18 téng két trai luyén thi todn quéc té ctia hai
nwdc (thweong td chire vao 2 tuin diu cda
thdng 6).

Ba Lan ciing td chirc trai luyén thi todn qudc
té cho cac hoc sinh dwgc gidi vao cung thoi
gian tai thanh phd Zwardon (cach bién gidi
Slovak khodng 200m va cdch bién gi&i Séc
khodng 9km). Vi vidy, nhd ¢6 sw két ndi cia
gido sw Jaroslav Svr ” cek (Slovakia) va Jozef
Kalinowski ” (Ba Lan), trdn ddu tay doi Séc -
Slovakia di chuyén thanh trin didu todn hoc
tay ba Séc - Ba Lan - Slovakia va dwoc viét tat
la CZE - POL - SLO.

Gido sw Jaroslav Svr " cek

Gido sw Jozef Kalinowski
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Khac véi cac ky thi khu viec khdc nhwe MEMO
hodc Baltic Way, ky thi CZE - POL - SLO ddm
nhiém vai tro twong tw nhw cac trin ddu giao
hiru ctia cdc doi bong trwée khi tham gia cac
cudc thi ddu qudéc té Vi thé thive twong tw
nhuw IMO, tai ky thi nay cdc thi sinh phdi lam
bai trong 2 ngay, mdi ngay 3 bai trong thoi
gian 4 gir 30 phut. Cic bai cling dwgc chim tir
0 dén 7 diém, gidng nhw tai IMO.

5. Phan két

Muc dich chinh cia ky thi Olympic todn hoc
ctia Ba Lan la khich 1& phong trao hoc todn &
cac trwong phod thdng cling nhw cac truong
nang khiéu va tim ra nhitng nha todn hoc tré.
Tham gia ky thi Olympic todn la tw nguyén, vi
vay chi sd quan trong nhidt ddi v&i dy ban
Olympic toan hoc ctia Ba Lan la s6 lwong hoc
sinh tham gia Olympic va s0 hoc sinh chon
nganh Toan/Tin & Pai hoc. Hang nam con sd
nay thwong dao ddong trén dwdi 5000 hoc
sinh.

Phan thwéng dé khich 18 cac hoc sinh tham gia
Olympic todn hoc chinh la cic gidi qudc gia,
cac gidi khu vwce va cac gidi quoc té. Cac hoc
sinh dwoc gidi qudc gia s& dwoc tuyén thing
vao cac trieong dai hoc (khdong nhit thiét chi
la khoa Toan). Tai Viét Nam do6i tuy&n Quoc
gia chi gdm 6 thanh vién va muc dich duy nhit
clia ho la tham gia thi IMO. C4c hoc sinh khéng
duoc chon vao dbi tuyén qudc gia (dimg thi 7
tré di) cling 1a nhirng nhén tai todn hoc nhwng
ho thwiomg ¢6 cdm gidc chan nan va chuyén
sang lam viéc khdc. Khac vé&i Viét Nam, hang
niam Ba Lan chon ddi tuyén Qudc gia gbm 17
thanh vién tham gia IMO, MEMO va Baltic
Way. Ngoai ra, trong nhirng nim gin diy co 4
hoc sinh nit dwoc chon tham gia EGMO
(European Girls’ Mathematical Olympiad).
Theo t6i ddy 1a mot hudng di ddang quan tim
cho nén Todn hoc Viét Nam nhdm gidm bét
nan chay mau nhan tai Toan hoc.

bé thi va loi gidi cda 16 ky thi diu tién cda
cudc thi Ao-Ba Lan dwoc ding trong cudc
sach: “144 problems of the Austrian - Polish
Mathematics Competition, 1978 - 1993” clia
Marcin Kuczma (xudt ban ndm 1994). Cic dé

hoac tai
https://www.artofproblemsolving.com/com
munity/cl14internationalcontests.

Cudi cung, moi cdc ban doc thik stve voi dé thi
Ao - Ba Lan lan thit 27 nim 2004,

Phin thi ca nhan

Bai 1. Goi S{n) la tong cic chir s0 clia n trong

hé thap phan. Goi

107
N= Y S(k).

k=102003
Héay tinh gia tri cia S(N).

Bai 2. Cho tam giac ABC. Goi D la giao diém
ctiia phan gidc trong ctia géc C v&i canh AB va
goi w 1a dién tich tam gidc ABC. Chirng minh
ring bt ding thirc sau diy ludn ludn diing

#- L_L)g_,w,
AD BD

Bai 3. Hay tim cic sO thwc x, y,zt thoa min hé
phwong trinh

x—V1=y4+V1-22=1¢
y=VI=-22+y1l—-12=x
—VI—=rF4+Vl—xr=y

t— V12 +/1-y2 =¢

Bai 4. Hay tim tdt cd cac sO nguyén dwong n
sao cho n'® + n®> + 1 13 s nguyén to.

Bai 5. Hay tim tdt cd cac s nguyén dwong n
sao cho hé phwong trinh sau day

{ x1+xa+--+x, =27

3\ 2
X]*X2--Xp = -

c6 nghiém (x1, x2,.., Xn) trong tdp hop cac sb
thuwc duong.

Bai 6. Cho n = 2™ (v&i m la sO nguyén dwong).
Chirng minh rang cic phin tir cia tdp hop
M(n) = {1,2,..,n} c6 thé sip x&p thanh chudi
a1,az.,ansao chovéimoii jkmal<si<j<k
< n, taludn cod a; - ai # ak - a;.

thi hang nim cda cdc ky thi trén c6 thé tim  Phan thi dong déi
thdy dé dang trén cdc trang web ctia cudc thi
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Bai 7. Hay tim tit ¢d cdc ham f: Z- —» Z thoa
méin diéu kién

flx+y)=fx+1)+ f(y+1).
v&i moi cip s6 nguyén to cing nhau.

Bai 8. Chimg minh ring v&i n = 4 hodc n = 6,
moi tam gidc ABC d8u c6 thé cit thanh n tam
gidc dong dang v&i ABC.

a) Chimg minh rang tam gidc d&u khéng thé cat ra thanh 3
hodc 5 tam gidc déu.

b) Hiy xdc dinh xem cd tdn tai hay khong tam gidc ABC
sao cho c6 thé cit no thanh 3 cling nhu thanh 5 tam gidc
déng dang véi ABC.

Bai 9. Cho cac day so 2 chiéu vdi cac s6 hang
dwong:

(..5a-2, a_3;a9, Ay, A2;:.4),
(....,b—3. b_y. by. by. b3....),

oo 05 000 O e B9yiis),

thdéa man diéu kién: véi moi s6 nguyén n ta co:

b +C, sl
ap > ”*lf"; by >

Cpy] Ty

an+1 +bp-y
cp > 2L AoL

Hay xdc dinh gia tri ctia azoos, bzo0s, c2005 biét
ring as = 26, bo = 6, co = 2004.

Bai 10. V&i mdi da thirc Q(n) ta goi M(Q) 1a
tdp hop cic s6 nguyén khong 4m x sao cho 0 <
Qfx) < 2004. Ta hay xét cdc da thic Pa{x)
dang: _ .

Pox) =x"4+a1x '+~ +a,_1x+1

trongdo @i ==x1véii=12,....n—1

V&i moi sO tw nhién dang n = 3% k > 0 hiy tim:

a) my = gid tri l&n nhit cba sd phan td cha tdp hop M(P.)
v&i mai da thurc Py;

b) T4t ca cac da thire Ps sao cho M(Q) = ma.

Ngudn dnh: Internet
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Giai Pac biét cudc thi TSUKUBA SCIENCE EDGE 2016

P& Hoang Son (thuc hién)

Pao Viét Tung, sinh nam 1998, |a du hoc sinh Viét tai trwdng Hawaii Preparatory
Academy (HPA), Hawai, My sau khi hoc xong I¢p 10 & truéng Olympia (Ha NGi).

Dy &n “Dung thiét bi séng ndo dé phat hién chirng budn ngl va canh bao ngudi lai xe”
clia Dao Viét Tung da xuat sdc vuot qua hang tram du an cGa hoc sinh dé gianh giai
Pic biét clia cudc thi Tsukuba Science Edge 2016 dién ra tai Nhat Ban.

Tsukuba Science Edge 2016 la mot cudce thi STEM (Khoa hoc, Céng nghé, K§ thuat, Toan
hoc) thuong nién do Uy ban Ké hoach Khoa hoc Nhat Ban t6 chirc danh cho hoc sinh
trung hoc pho théng trén toan thé gidi chia sé dam mé nhirng céng nghé tam cao. Nam
2016 c6 khoang 1000 hoc sinh cla 60 trudng phd théng dén tir cdc nudc trén thé gidi,
trong dé c6 cac nudc rdt manh vé STEM nhu Nhat, My, Han Quéc, Trung Qudc, Bai
Loan, Singapore. Tham gia ban giam khao cudc thi 13 nhiéu nha khoa hoc tir Vién Khoa
hoc Tsukuba, trong do6 c6 gido su Reona Ezaki tirng doat giai Nobel Vat ly.

Sau day |a bai phong van Pao Viét Tung.

Chao Tung, xin ban cho biét Iy do vi sao ban lai
quan tam téi dé tai ndy va sw khdc biét trong
gidi phdp céng nghé ctiia ban so v&i nhirng gidi
phdp khdc ctia nhitng nguwdi khdc déa lam?

Chiing ta biét, hién trén thé& gi&i co rit nhiéu
tai nan xe c6, 6 td va xe tdi. O M§ hiing nim cé
khodng 100.000 vu tai nan, trong dé c6 6.000
tai nan rat nghiém trong dan dén tir vong. Tir
thuwc trang nay da c6 nhiéu sang ché dwgc ra
doi dé giup lai xe chéng lai con budn ngi. Cac
thiét bi nay dwa trén nhiéu co s& dé phat hién
con budn ngi cla ldi xe nhw cin ¢t vao dong
tac clia ngwdi ngd git, cac thdng tin vé nhip

tim, cich diéu khién v6 lang hay nhan dién
khudén mit, phin tich trang thdi mat, tir do
dwa ra cac cdnh bao d6i véi 1ai xe.

Con y twdng khdc biét cda dw dn ma em lam la
dé phin tich con budn ngu cia cidc ldi xe mjt
cach chinh xac théng qua két hop thiét bi do
song ndo va smartphone.

Ting dd dung thiét bi ndo dé do séng ndo?

Em da dung chiéc mii doc séng ndo EPOC +
clia Emotiv, mot sang tao cdng nghé noi tiéng
thé& gi%i cia mdt nhom cdc chuyén gia ding
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ddu 13 chi Lé Thi Thdi Tin, mo6t Viét kiéu co
nhiéu dong gop cho khoa hoc céng nghé thé
gidi.

Dung nén tdng céng nghé EMOTIV dé miét mai
nghién ciru séng ndo

Nhom Emotiv di sing ché ra mit nén tdng
cong nghé dé st dung va khong tdn kém dé
nghién ciru cic tin hiéu trong nio ctia con
ngwri ma kKhdng cin phdi dén cac trung tdm
do dién ndo do trong cac bénh vién.

Ban cé thé ndi ré hon vé dé tai?

Hwéng tiép c¢idn clia em 1a st dung tin hiéu
song ndo la mot cach tiép cdn m&i mé va doc
ddo vi nio 1a trung tim diéu khién hanh vi cia
toan bd con ngwdi. Khi nguwdi tai x& doi 1én
dau thiét bi do song ndo EEG Device, thiét bi
nay s& két ndi véi smartphone (dién thoai
théng minh) ctia ho va phat ra tin hiéu néu
phat hién con butn ngd clia ngudi tai xé.

Em da tién hanh phén tich cac dir liéu thu
dwoc tir thiét bi do sdéng ndo EEG Device dé
tim ra cac con sO thé hién trang thai ndo bd
cla ldi xe nhw s tinh tdo, dd mit tip trung va
con budn ngld dang & mwrc dd nao. Cac chi sb
vé cdc trang thai cia nio bd s& dwyc do mot
cach chinh xdc.

Cu thé trong trwomg hop nay, khi cé tin hiéu
thong bdo la tai x& budn ngd thi dién thoai sé
rung va phdt chuéng cdnh bdo hodc phat nhac
dé gitp tai x€& tinh tdo.

Theo Ting khdu nao la khé nhdt trong dw dn
cua ban va vi sao?

Theo em, 1dp trinh mdt khdu khd dd danh
nhwng thi thach 16m nhét véi em la qua trinh
khdo sat, thir nghiém.

Thir thach nhit 1a giai doan nghién clru bdi
phdi chon dwoc ngwdi dé tién hanh thir
nghiém. Va cdi kho 13 liéu ho c6 sdn sang dé
cho minh thir nghiém hay khéng khi phdi deo
thi€t bi do song nio trwdc khi di ngd. Em da
danh nhiéu thoi gian dé€ lam quen va thuyét
phuc ngwoi tham gia. € ¢d duoc cic sd lidu
phuc vu théng ké, trong thi gian hoc lép 11,
em da phdi ti€n hanh nghién cru trén nhiéu
ban cling hoc & trudng.

Dw an ctia em hién da hoan tit qud trinh
nghién citu. Trén co s& xdac dinh trang thai
bu6n ngt, em da tién hanh viéc 1dp trinh trén
dién thoai. Hién nay em dang tiép tuc ldp trinh
trén hé diéu hanh cda Android, tiép dén sé la
trén hé diéu hanh 10S.

Ting co thé chia sé kinh nghiém gidi quyét kho
khdn khi khéi ddu dw dn. Lam thé ndo dé mét
hoc sinh phd théng virot qua dwoc nhitng han
ché dé lam mét dw dn STEM?

Liuc m&i diu bit tay vao cdc duw dn khoa hoc
cong nghé bdn thin em ciing v6 cung b& ngo.
Tuy nhién khi gap kho khan, thay vi lidn tranh
néu ta chia sé chin thanh thi sé nhin dwoc sw
gitip dr cia nhitng nguwdi xung quanh. Bdn
than em 1d mo6t vi du khi nhan dwoc su hd tro
rét tich cwc tlr gido sw Bill Wiecking, giam doc
Energy Lab ctia trudrng HPA. Suw dong vién, hd
tror cia thdy gido cling nhw cac ban hoc da
giip em cO thém dong lwe dé quyét tim hién
thwe hoa y twdng cia minh.

Trong qud trinh nghién ctru c6 thé gap nhiéu
khé khin, thim chi ¢6 nhitng lic mit phwong
hwéng, tuy nhién néu ta bién nd thanh niém
dam mé, gitr virng quyét tim, tip trung vao
muc tiéu thi moi viéc sé on.

Theo Tung, trong cugc Cdch mang Céng nghiép
4.0 dang dién ra hién nay, ngudi tré Viét c6 thé
canh tranh véi cdc ban bé qudc té dwoc hay
khéng ?
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TRAM THIEN VAN

THE NAO LA MOT THANG VA cO S& cUA AM DU'O'NG LICH

Cling nhw quan niém thbéng thwong doi véi
chu ky ndm, thi thdng thwdng dwoc hiéu la
“chu ky Mat Trang quay mdt vong quanh Trdi
b4t”. Va cling nhw vin dé gip phai doi voi
ndm, dom vi thang dé tinh lich lai rdt khac so
v¢i dinh nghia trén.

Néu ldy nén sao trén thién ciu lam mdc thi
thoi gian dé Mit Triang hoan thanh diang mét
vong trén bau trod 1a 27,321661 ngay?!, goi la
thdng sao. Cic nén vidn minh déu dé dang
quan tric duoc con s6 ndy va chia Hoang dao
thanh 27 hodc 28 mui dé theo ddi chuyén
dong clia Mat Trang.

Tuy viy, con ngwoi lai ¢6 y niém vé thang khi
thiy pha trang lic tron lic khuyét, tirc la dua
vao vi tri twong dbi cda Mat Trang dé&i voi Trai
bit va Mit Troi. Gid st ldy mbc vao thoi diém
trang non - khi xich kinh cia Mt Triang va
Mit Troi bang nhau (goi 13 diém Sdc - ngay
mung Mot dm lich). Khi Mat Trang quay hét
mot thang sao thi Trdi DAt cling da quay dwoc
mot cung trén quy dao quanh Mat Trod.

Pham Vi Loc

\ Tex Tdi mot sao lam
. Tring /Mt moc irén thién ciu
Tron i i
4 non %) (coidar sas cing)

Tring non sau 1 tuin tring
/

\ /
Sau khoing 1 /
thing, Trdi Dt -
citng di chityén trén

o e ki \ Phai quay thém hon 2 ngay 8¢ ve pha tréng non
quf dao diam

Téi sao lam moc cil

Tring quay tron mot
vong het 1 thing sao

Thdng sao va tudn trdng

Cho nén Mat Triang phdi quay thém hon 2
ngay nira thi m&i ve lai pha trang non2. Nguwoi
ta goi chu ky pha tring nay la tudn trdng, dai
trung binh 29,530588 ngay3. Twong tw véi
ndm thién thuc, thdng thién thwc la chu ky
Mat Trang quay tré lai tiét diém quy dao (giao
diém clda Bach dao va Hoang dao), dai
27,21222 ngay.

Nhw viy, cac chu ky trén déu khéng phdi la
cdc gid tri nguyén, nén dé vira khép véi pha
trang (4m lich) vira khép véi thoi tiét, tac la
voi vi tri Mat Troi (dwong lich), tit cd cac
phép lam lich déu phdi lam tron va dwa ra cic
phép gan ding dé€ tiém cin t&i hai chu ky co
bdn 132 ndm thot tiét! dai 365,24219 va tudn
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trdang dai 29,530588 ngay. Cac lich theo dwoc
sat hai chu ky nay dworc goi la dm dwong lich.

Dbdu tién la dé thang lich Khép véi tudn trang.
Lich Ai Cap dinh thdng c6 30 ngay, nén chi sau
~ : e ———= 31,95
2(30-—29,530588) thdng da bi léch
nira thang, tring tron vao ngay diu thang,
danh bé ltng pha trang khéng cin khop védi
lich nira. Lich Hy Lap va Do Thdi hoc theo lich
Babylon dung xen k& thing 29 va 30 ngay, méi
thdang trung binh 29,5 ngay. Tirc 1a 1éch 1 ngay
sau (29,530588 - 29,5) 1 = 32,692559 thdng.
Tuy cling ké thira lich Babylon vé& s& ngay
trong thang xen ké&, am lich A - rip cda Pao
Hoi lai chi rdt chu y dén tudn tring, ho thiy
rdng sau 30 nidm thi lich ngin hon (7T -
29,5)x12x30 = 11,0117 ngay, nén quy wéc dit
1 ngay nhuin vao cudi cic nam thit 2, 5, 7, 10,
13, 16, 18, 21, 24, 26 va 29. Nhu vay lich chi

x 30 = 2564

léch 1 ngay sau 0,0117 nam, kha
chinh xac! Tuy vdy trung binh mot ndm lich
[(30 X 6429 x 6) x 30+ 11]
nay chi cé 30 =
354,366667 ngay, chim hon nidm thoi tié
10,875523 ngay. Do do, thang 16 Ramadan
Pao Hoi mdi niim sém hon khodng chuc ngay
nén khong c6 dinh theo mua.

Am lich A Pbng c6 14n 16n cdc thdng dd (30
ngay) va thang thiéu (29 ngay). Viéc xdc dinh
thang nao la dd hay thiéu la mo6t thudt toan
phtrc tap ma cdc triéu dai phdi hiéu chinh lién
tuc trong sudt chiéu dai lich st. Thoi xwa &
nwdce ta, tinh lich 1a céng viéc déc quyén cda
mot co quan chuyén trach la Tw Thién Gidm
(tritu L&) hay Khdm Thién Gidam (thoi
Nguyén). Vi hoang dé& 13 thién tir nén viéc in
dn va ban bd lich ciling 1a d6c quyén cta triéu
dinh.

Thay doi triéu dai 1a lam lai lich, goi 1a ban
chinh s6c. Tham chi, ban lich cho nwé&c chw
hau cling 1a m&t hanh ddéng mang tinh ngoai
giao, chinh tri sdu sdc, thé hién uy quyén ciing
nhw vi thé vin minh. Ngay nay, Am lich vin
dwoc st dung rong ridi & nwdc ta bén canh
Dwong lich vé&i vai tro van héa quan trong
khong thé thay thé.

Tiép theo, dé ndm dan sw (sd thdng, s6 ngay li
nguyén) phit hop véi ndm thoi tiét, trieére hét
ta tinh dwgc phdi nhudn 1 thdng sau

365.242[9)'] —
29530588 S S p— nim s

32,549072 thang. Lich Hy Lap ban diu dit
thang nhuidn 30 ngay 2 nam/ldn, roi 3
nam/lan, réi 8 nam/3 lan, lic nay nam trung
e 222 578
binh sé la 8 ngay. Nhuw
vidy la chi thira 1 ngay sau (365,25 -
365,24219) 1 = 128 nam. D& stra sai s nay,
diau thé ky V trudc Cong nguyén, nha thién
van Meton dwa ra chu ky dai 6940 ngay (19
nim thoi tiét = 6939,6016 ngay, xdp xi 235
tudn trang = 6939,6882 ngay, lé&ch nhau chi
hon 2 gi¢). Trong do c6 235 - 19 x 12 =7
thang nhudn. Sau dé, nha thién van Callippus
dwa ra chu ky dai gdp 4 dé ting dd chinh xdc
nhwng khong dwoc dung. Chu ky Meton ciing
dugc dung phd bién trong lich Do Thai véi
phép dit thang nhuan vao cac nam thir 3, 6, 8,
11, 14, 17 va 19. Thién vdn hoc Trung Hoa da
biét chu ky nay ratliu truedc do, goi la churong.
Chu ky Callipus goi 1a bd, 20 bd la mot ky, 3 ky
1a mot nguyén.

Trdi lai, Dwong lich (lich Gregory - Cong lich)
pho bién ngay nay lai khong thé theo sat tuin
trang ma chi theo dwoc nam thoi tiét nhw da
trinh bay & ky triedre. NO bit ngudn tir lich La
M3 rit so sai: nam c¢6 6 thiang 30 ngay va 4
thang 31 ngay, 4 thang dau duoc dat tén: 1 -
Martius (Thén chién tranh, t& tién cta nguwoi
La M4), 2 - Aprilis (khai m&), 3 - Maius (Thin
phon thwe), 4 - Tunius (Thdn hén nhan va sinh
nd). 6 tén sau chila sd thik tw: 5 - Quintilis, 6 -
Sextilis, 7 - September, 8 - October, 9 -
November, 10 — December. Nim chi ¢6 304
ngay nén sai véi nam thoi tiét nhitng hai
thang. Sau ho phdi thém vao hai thang cudi
nim la 11 - Januarius (Thin cia) va 12 -
Februarius (Thanh tdy). Thang nhuin dwoc
thém vao thdng cudi nay, vin chi ¢6 28 ngay vi
bi coi la thang hung than.

Ndm 46 trwéc Cong nguyén, Julius Ceasar cho
cdi cach lich, ddi tén thang sinh ctia minh
Quintilis thanh Julius (ngwdi ké vi 6ng la
Augustus ciing 1y tén minh thay cho thang
sinh Sextilis), dat hai thing cudi 1&n diu, s6
ngay trong thiang dwoc sira lai, riéng thing
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Februarius van gitr nguyén 28 ngay va ngay
nhuén (4 nim 1 Iin) vin thém vao thdng nay
nhuw ngay nay. Nam trung binh Iic nay dai 365
+1/4 = 365,25 ngay.

Sau khi Pao Thién Chua ra d&i, quy wdéc tinh
ngay Phuc sinh ctia Cong gido tai Cong dbng
Nicea 1 vao ndm 325 1a “Chd nhit diu tién sau
ngay ram Pic diu mua xudn” (tirc 13 tinh tir
ngay Xuin phin - dwoc an dinh 1a 21/3). Cach
tinh nay phu thudc vao ngay Xudn phan nén
cin khép vdi ndm xuin phin. Tinh t&i ndm
(1582 — 325)

1582, lich di léch (365.25—=2365.24237)
9,59091 ngay. Do d6 Gido hoang Gregory XIII
cho bd 10 ngay trong lich (5 - 14/10/1582) va
dat thém phép b 3 ngay & cac nam dau thé ky
khdng chia hét cho 400, dé nim trung binh dai
365 + -2?- = 365,2425

400 ngay, rit gin vé&i nim
xudn phin dai 365,24237 ngay . D6 chinh 1a
Dwong lich ta dung ngay nay. Tuy vdy, khéng
phdi nwédc nao cling tudn theo lich cdi cach
nay ngay vi nhiéu ly do chinh tri - tén gido.

Nwéce Nga téi nam 1917 thi lich da 1éch toi
(1917 — 325)

i - = 12.83366
(365,25 — 365,24237)

ngay. Sau
cach mang, chinh quyén X0 Viét da bd 13 ngay
(1-13/2/1918) dé theo lich Gregory. Vi thé
tlr d6 ky niém ngay Cich mang thang Muwdi
Nga (23/10/1917 - lich cii) l1a ngay 7/11 hang
nam.

Khdc v&i viéc quan trac M3t Troi, viéc xdc
dinh ngay bdt diu (va ciing 13 két thac) cla
mot thing vao thoi di€ém tring non chi bang
quan siat mit thwong 13 kho khiin hon nhigu.
Hon nita, xdc dinh trc thoi nhw vay khong
tién trong sinh hoat. b6 1a 1y do tai sao phép
lam lich phdi dwoc cong thirc hda va lién tuc
dwoyc hiéu chinh sau mot thoi gian (phép gin
ding cang chinh xdc thi cang lau md&i phai
stra). Va lai chu ky Mt Trang du sao cling c6 it
v nghia thwc té hon chu k¥ thoi tiét. Do do, thé
gi¢i hién nay déu dé chdp nhin dung Dwong
lich Gregory ma chi giir lich am vi cdc ly do
van hda, tin ngudng.

Tap 1 S6 4 Thing 4.2017

Tap chi Pi 52



QUAN TOAN

Quay quanh mat trei

Ai ciing da timg thic mic, tai sao van vt thi
hdp didn nhau ma hanh tinh cda ching ta vdn
nhén nho quay quanh chir khéng bi hut tit
vao mat troi.

Cu Nhiéu Tan (tén cling com cla cu la
Newton) nghi mai méi ra. Cu con nhin thé
nghi ra cdi goi 1a calculus. May cé cy, khéng thi
toan thé cic nha toan hoc My sé dbi nang,
khong biét day cdi gi. Ban khdng biét chir
calculus nguyén gdc tiéng Viét 1a “cin ciu
lwon”, Nhung vi c6 mau nghé si, cu da viét
toan bd quyén principia v&i ngdn ngir thudn
tiy hinh hoc phing, tuyét nhién khong tron ti
calculus nao.

{Theo blog Thich Hoc Todn)

Chang han cu v& cdi quat nhw & trén. Truc
quat O la mat troi. Cac diém 4,B,C,... m6 td qui
dao cia hanh tinh quay quanh mat tréd. Nhan
xét clia cu Nhiéu Tan la dién tich quét cliia nan
quat OA trong mdt dom vi thoi gian la khong
ddi. Vi dién tich nay la khéng dbi, hanh tinh
kia khé ma tién qua gan vao v&i mat trod.

Cu Iy ludn nhw thé ndy: trong mot tich tic,
hanh tinh nhé bé chuyén ddng tir A dén B. Néu
khong c6 luc hdp din clia mit trod, nd sé tiép
tuc chuyén dong thing déu dé dén diém ¢ nho
vao tich tic tiép theo. & day B 1a trung diém
cta doan Ac cho nén hai tam giac OAB va OBc
c6 dién tich bang nhau.

Tuy nhién, vi lwc hdp din cla mit trod, trong
thwce t& hanh tinh nhd bé khdng di chuyén téi
¢ nhé, ma lai di chuyén t&i dién diém C to. Vec
to ¢C thé hién dnh hwdng clia luc hdp dan cla
mat troi vao thoi diém ma hanh tinh con &
diém B, cho nén no song song v&i OB. Vi viy
dién tich cda hai tam gidc OBc va OBC 13 bang
nhau.

K&t luin, dién tich cta hai tam giic OAB va
OBC bang nhau. Dién tich mit quét b&i nan
quat ndi mat trod véi cai hanh tinh nho bé cda
chiing ta, trong khodnh khic trwde va trong
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khodnh khic sau, 13 bing nhau. Viy nd 1a mot
hing sd.

Ngudn dnh: Internet

2

T4t nhién chitng minh cia cu Nhiéu Tin &
trén c6 tinh xap xi. P& cho n6 diung tuyét doi,
cu da phdi mit c6ng sang tao ra ngdn ngir cin
ciu lwon cho ban dung. Tiéc la trén youtube
chwra thiy ai p0Ot 1&n bai hat Strawberry Fields
Forever ctia cu Nhiéu Tan.

Nhén tién, anh Thanh Son d6 cac ban bai toan
sau ddy. Mot ngudi di xe dap hai banh trong
sin. V&t banh trwdc va banh sau tao thanh hai
dwong cong tron khép kin khdng giao nhau.
Chirng minh ring dién tich hinh vanh khin
ndm giira hai dwirng cong khép kin nay 1a mot
hang s6 chi phu thudc vao cdi xe dap, khong
phu thudc gi vdo co bdp hay nghé thuit cla
nguwdi di. Bai nay trich tir mot quyén sach rét
thu vi tén 13 "The mathematical mechanic:
using physical reasonning to solve problems”
cla tac gida Mark Levi. Pirng nhidm v&i cdi anh
nha vin chuyén viét chuyén gidi khudy cho
cdn b0 van phong nhé.

Can bao nhiéu ca né

Mot nhém ban tré yéu Todn rd nhau di du lich.
Ho t&i mot lang no. Trong lang ¢ mét cai hd
hinh tron, rit rong; cinh vit ven ho rit hoang
so va tuyét dep. D€ di trén ho, dan lang ding
nhirng chiéc ca nd nhd, cung kiéu.

Mdi ca nd chi di dwoc mot nira vong hd 1a hét
nhién liéu. Trén bo lai chi c6 ding m&t tram
cdp nhién liéu. Tuy nhién, nhién liéu c6 thé
chuyén dworc tir ca n6 nay sang ca no khac.

Phan Thanh Hong va Nguyén Thi Nhung

Minh hoa: Tudn Linh
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Ai trong nhom du lich cling muén di m6t vong
quanh hd dé€ ngdm cdnh va chup dnh dwa lén. .
. Facebook! Hiém mot noi, khong ai trong lang
cho thué ca n6, chi cho mwon, ma mwon dwoc
ciing kho 1dm. Thanh thtt, d€ thwc hién duocy
mudn clia minh, cic ban tré phai xiim nhau lai,
tinh toan, dé tim ra phwong an di dwoc hét

mot vong quanh ho ma s ca nd cin dung la it
nhit.

Loay hoay m&t hoi, roi ho cling da tim ra.

Cac ban tré cda chung ta da tinh toan thé nao
Ay nhi? Ban c6 biét khong? Tra 1&i cho Pi nhé!

Phan tich s6 nguyén ma khéng can chia cho cac sé nguyén t6?

Hong nhd Lan:

- Ciu phin tich sd 3229799 thanh thira sb
gitp té vi! SO nay to qua! Phai chia cho cac sd
nguyén td nho hon 1799 ciua.

Hi hody mdt chit, Lan ddp:

- Lam nhw ciu thi bao gior mé&i xong. Té cd
cach khong cin chia gi hét!

- Ciu lam thé& nao?

— Té biéu dién 3229799 = 18002 -1012 tir do
suy ra ngay

3229799 =
1799x1901.

(1800+101)(1800-101) =

- Lam mo nhw cdu thi n6i lam gi!

- Mo 1a thé nao! T¢ ¢6 phwong phdp hin hoi
nhé: D& phin tich s0 nguyén dwong N, té& dat:

5
trong do, [ ki hiéu phin nguyén ctia VN.

Néu b nguyén, t& sé duoc:

= [V 1= (V] ) (] ).

Ha Huy Khoai

Néu b khong nguyén, t& lai tinh tiép

V([R]+1) =~ J([vA]+2)"-w

cho dén khi nhin dwoc s6 nguyén.

Nhuw vira roi, dé phin tich s6 N = 3229799 t&
lam nhw sau:

2/ 17997 - 3229799 = 6602, khéng |1a s8 chinh phuong
nén b khong nguyén.

3/ 18007 -3229799 = 10201 = 1012

Nhw vdy, 3229799 = (1800 - 101)(1800 +
101) = 1799x1901.

Minh hoa: Linh Rab

Hong thira nhan:

- Té& phuc ciu tai! Nhwng khi cu co

= [ <2< (8] -2) (] ).
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\N] -bh=1

nh& [ thi sao?

- Ciu kha diy! Thi khi do6 té lai tim cach biéu
dién khdc!

- Nhung nh& chi c6 ding mét cdch dé biéu
dién N dudi dang hiéu hai s§ chinh phuong
thi sao?

- Tat nhién la khi d6 phwong phdp ctia t& bo
tay roi! Nhung ma néu N 1a hop s0 thi ludn tdn
tai hai cdch biéu dién khdc nhau ddy ciu a!

- Thét thé a? Sao ciu gioi thé!

- Khéng phdi té& gidi, ma 1a t& biét tiéu chudn
Euler thoi!

- Tiéu chudn 4y thé nao?
- La thé nay:

Tiéu chuan Euler. Néu s61é N > 1 la hop s6 thi
c6 thé bidu dién né, theo it nhdt hai cdch khdc
nhau, dwdi dang hiéu hai s6 chinh phwong. Néu
s Ié N 1a s8 nguyén t6 thi chi ton tai ding moit
cdch biéu dién nhu vay.

- Ciu c6 nhé cach chirng minh tiéu chuan nay
khdng, mach t& vdi. TO mo qua! - BE xem nhé.
A, t& nhé ra roi! Chimg minh nhw thé nay ciu
a.

Ching minh tiéu chuian Euler. Di nhién chi
cin xét cac s0 N khong phdi 1a s6 chinh
phuong, vi s6 chinh phwong 16m hon 1 1a hop
s0.
Gid st N bicu dién duoc dudi dang hidu cda
hai s6 chinh phwong:

szl—nzz(m—n)(m +n). (1)
NéuNlasOnguyéntéthim-n=1vam+n-=
N.Tlr do suy ra

N+1 N-=1

o) Y ]

m=

Cac cdng thirc trén xac dinh duy nhit m va n.
Suy ra, N chi ¢6 duy nhdt cich biéu dién dwdi
dang (1).

Bay gid, gid str N 13 hop s6, ching han N = ab,
v&i g, bla nhitng $61é 1én hon 1.

a+b a—b
2 g

2 'Khidé,a:x+y,b:

X =
Lay
x-y.Suyra

N=ab=x"- _\‘3. (2)

Nhu vy, trong trudmg hop nay, N biéu dién
dwyc dwdi dang hiéu hai s8 chinh phwong it
nhit theo hai cdch, (1) va (2) (chud ¥ ring, dé
thiy x # m).

HoOng tram tro:

- Ciu gidi thit diy, Lan a! Nhung t& nghi
khong phdi khi nao phwong phdp cia ciu
cling cho két qud nhanh nhw khi phin tich
3229799 dau!

- Ciu ndi dung ddy! Lam nhw trén chi nhanh
khi N 1a tich hai s& kha gin nhau. Ma phwong
phdp trén khong phdi cta t& diu, nd la
phiwrong phdp phdn tich Fermat diy. Con co
ca phwong phdp phdn tich Fermat mé rgng, ap
dung tot cho nhirng trwomg hop N la tich hai
s& ma thwong cia ching kha gin sd nguyén.
Pé khi nao rdi, t& sé noéi cho cdu. Ma ngoai
phwong phdp Fermat, con nhiéu phwong phap
phan tich hay 1im ciu a, chi* khéng méy ai
hung huc ngoi chia cho timg s6 nguyén t6 dén
tin VN diu. Cau doc thém v& Iy thuyét mat
mé thi biét. Ma Tap chi Pi sd 1, 2, 3 déu c¢6 bai
vé miat ma ddy! Con bay gid, cdu thr dung
phwong phap Fermat dé phan tich cac s6 sau
xem cé nhanh hon cdch cdu van chia cho cdc
s& nguyén to khong nhé: N = 410056 va N =
7884023.

3¢ Ayng ren i

o by cho tré

Ngudn dnh: Internet
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Giai dap ba

Lan Sinh gap sai sot khi dp dung dinh ly Euler
dé suy ra 2¢¢-1) = 1 (mod p). Trong trudng
hop nay, 2 va p—1 khéng nguyén td cung nhau.

Vin dé & day la “chitng minh” ctia Lan Sinh
khdng thé 4p dung cho trwong hop k=1, va
do do6 khbng suy ra ton tai vé han s& Fermat
khdng la sO nguyén to.

“DINH LY” clia Lin Sinh ciin phdi chinh xdc
hod lai nhuw sau:

Ménh dé. V&i sé k nguyén lé tuy y, k £ 1, c6 v
han n sao cho L, =227+ k ld hop s6.

Chirng minh chinh xdc clia Ménh dé vira phat
biéu trén diy nhw sau.

LAy s6 n tuy y. Néu L» 1a hop s6 thi ta chon n
1én hon. Gid st Lr 1a nguyén to, dat 227 + k = p.

Doklékhacl,tacok-1=25-1 vhis>0,118&
nao do. Khi do, néu n du 1én thi p-1 = 25 - ¢,
véi t1é nao do.

Do n chon tuy ¥ nén c6 thé xem n = s. Pt m =
n + ¢(t), dé chirmg minh:

Sai dau
Ha Huy Khoai
Nhw viy, ta dugc hop sO Lm > Ln.

Nhin xét: S6 Fn, = 227 + 1 dwoc goi la s6 Fermat
thit n. Fermat phit biéu gid thuy&t noi rang, Fr
12 s6 nguyén td véi moi n. Khing dinh cla
Fermat ding v&i n = 1,2,3,4. Tuy nhién, ndm
1732, Euler phdt hién ra riang, F5 c6 wéc 1a
641. Cho dén nay, ngudi ta van chua phdt hién
thém s nguyén td Fermat nao ngoai 4 s6 ké
trén (néu khong tinh n = 0, Fo = 3).

Nhirng cdu hdi sau diy van chwa cd cdu trd
lovi:
1/ Tén tai hiru han hay vé han s6 Fermat |3 s6 nguyén t6?

2/ Tén tai hiru han hay vé han s6 Fermat |a hop s6?

Nhitng ciu hoi trén 1a nhitng bai todn rat khé
cia Toan hoc, nén Lan Sinh tin minh s& nhin
dwoc Gidi thudng Fields khi “chirng minh”
dwocriang c6 vo han s6 Fermat 13 hop sé!

Cac ban thdy day, chi “b6 qua” gid thiét k # 1
ma mdt van dé 1én cida Todn hoc trd thanh bai
tdp nho cla hoc sinh.

* cec200 tan20 !

10t PE

Ngudn dnh: Internet
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TOAN CUA BI

Kham pha nhirng vién gach dac biét - Ki 1 -

Trong bai viét nay, ching tdi m&i cic ban dén
tham mot dia danh du lich ndi tiéng & mién
nam TAy Ban Nha, dé cung kham pha nhirng
chi tiét todn hoc thad vi &n chira ding sau nét
kién tric doc ddo clia noi nay.

Quin thé cung dién Alhambra, Granada, Tay
Ban Nha la c6ng trinh do nhitng ngwdi Maroc
(ngudilai Arab va Berber dén tir TAy Bic chiu
Phi), tirng théng tri & Tdy Ban Nha thoi trung
cb, xdy dwng. Noi diy dic biét 4n twong véi
nhitng vién gach lit la mit, 4n chita nhirng
kién thirc toan hoc thu vi. Cac ban thiy khong,
birc twdng nhw hinh bén la moét trong nhitng
hoa tiét hinh hoc thu vi & cung dién nay do.

Néu nhin ki, cac ban sé thady nhiing vién gach
lat twdng khéng phai ¢6 hinh vudng, hinh luc
gidc nhw thwong thdy, ma ching c6 hinh dang
vO cung dic biét.

Mdi ngudi c6 nhitng lién twéng khdc nhau vé
vién gach lat nay. Ngwdi thi goi do la hinh
canh quat, ngwdi thi goi dé 1a hinh con chim
dang xoe do6i cdnh, hinh nguwdi dang nhdy,
hinh con cj, . ..

Chu CAm Tho! va Nguyén Quynh Anh?

RS PR B O R
;"'" gé 'r vy ';l W ,-_"d e i'i":‘j h: .:-:‘f;}i
L5 YA B RN E)

Trudc tién, hay cung khdm phd xem bing cich
nao, cdc vién gach dac biét nay dworc tao ra
nhé!

Ta danh d4u cic dinh cta hinh va ndi cic diém
do6 véi nhau xem sao. C6 vé nhwr d6 1a mot tam
gidc deu. Bi m4t cla vién gach ndy hin 1a ndm
& day roi do!
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Gid, ta dung kéo cit r&i cdc miéng hinh quat
theo cdc canh cda tam gidac déu va ghép cac
madnh lai v&i nhau. Ki la that, chiing vira khit
dé tao ra mot hinh tam gidc déu day!

»
'U‘," 3y

- “ ; b
\\ :
3 » rr—b
lf

Vi c6 thé dung cdc hinh tam gidc déu dé phu
khit phin mit phing xung quanh mé&t diém
(do s8 do cta goc diy bdng 360°, bdng 6 lin
s6 do goc tai mot dinh cla tam giac déu) nén
ta cO thé gidi thich vi sao dung nhiing vién
gach hinh thi ki la nhw trén lai c6 thé lat kin
birc tworng.

Vay 13 c theo nguyén tic cit ghép nhuw trén,
ching ta ¢d thé tao ra v6 s8 nhirng mau gach
lat c6 hinh dang khdc nhau tir cdc tam gidc
déu phdi khdng nao.

Ta goi viéc it kin mit phing bang cdc hinh ¢6
hinh dang gi6éng nhau sao cho khong c6 hai
hinh nao chém 1én nhau va khong c6 ké hé
gitta cic hinh 13 Idt mdt phdng; hinh da giic

xudt phat (nhw hinh tam giic déu & trén)
dwoc goi la hinh da gidc co s&, cdc “vién gach”
ki di cudi cung dwoc tao ra dé 14t mit phing
goi la hinh don vi. Qua trinh bién d6i tir hinh
da gidc co s& sang hinh don vi 1a sw sdng tao
vd tin ma chung ta ¢6 thé vin dung sw twdng
tirong, kinh nghiém va sw khéo 1éo cia bdn
thin minh.

Dwéi diy 1a mdt sO ciu hoi tha vi vé 1lat mat
phang danh cho ban doc.

Cdu héi 1: Nhw trén da thdy, tam gidc déu la
mot hinh da gidc co sé. Cac hinh dwéi ddy cho
thiy hinh vudng, hinh luc gidc déu ciling 1a cic
hinh da giac co s&. Ban hay gidi thich vi sao.

Cdu héi 2: Ngoai ba loai da gidc déu ké trén,
con nhiimg loai da giac déu nao la cac hinh da
giac co s¢?

Cdu héi 3: Khdng chi trong kién tric, 1at mat
phing con cé @ng dung rit 16n trong nganh
cOng nghiép thoi trang, dé tao ra cic hoa tiét
bit mit. Hinh dwdi diy 13 hoa tiét trén mot
chiéc cravat.

a) Em hay cho biét hinh da gidc xuat phdt dé tao ra hoa
tiét néi trén |a hinh gi.

b) Hay thuec hanh cdt ghép trén gidy dé bién tir hinh da
giac co s& thanh hinh don vi trong cach “lat” mat phing
cravat néu trén.

Gdc sdng tago: Cdc ban hdy tw tao ra cho minh
céc hoa tiét trang tri bit mat tir hinh tam gidc
dé trang tri cho géc hoc tdp ctia minh nhé!
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Giai dap bai Chia banh chung

{Xem dé bai trong Tap chf Pi tdp 158 2, thdng 2 ndm 2017)

Ch¢ di 1du ma méi chi ¢6 hai ban mach cho Bi
cach chia chiéc banh chung thanh 6 phdn déu
nhin, déu vo. M6t ban hoc sinh Tiéu hoc da
khuyén Bi chia banh thanh 6 phdn nhw hinh
dwéi ddy (Hinh 1):

Hinh 1

V&i cach chia trén, rd rang ching ta c6 6 phan
banh bing nhau, néu khdng phin biét riéng
phdn nhin va phdn vé. Tuy nhién, néu xét
riéng tirng phin, nhin va vo, thi 6 phin banh
trén khéng c6 phiin vo bing nhau, cling khéng
c6 phan nhin bdng nhau. Hin cdc ban ciing
ddng v véi Bi ring, cic phin banh & goc co
nhigu vé hon cdc phan banh ndm & trong (va
do do, cdc phiin bdnh ndm & trong sé ¢ nhiéu
nhin hon cdc phin banh nam & goc).

Cdm on ban nhé, nhwng rét tiéc la ban chwa
chia dwoyc banh nhw Bi mong mudn roi.

Ban thit hai, cling 1a m6t hoc sinh Tiéu hoc,
madch Bi chia banh thé nay:

Ldy cdc diém chia mdi canh cda chiéc bdnh
chwng thanh 3 phin bing nhau, rdi cit bidnh

theo cac dwong ndi nhw Hinh 2 dwéi day, ta sé
dwoc 6 phin banh c6 phin vo bang nhau, ciing
dong thoi ¢6 phin nhin bing nhau (trong
hinh 2, hinh vudng I6n thé hién chiéc banh
chung, hinh vudng nhé ndm trong hinh vuodng
16m thé hién phdn nhin banh):

Hinh 2

Quan sat hinh, Bi thdy qud la ¢4 nhirng phin
bdanh c¢6 phin vé bing nhau v phin nhin
ciing bang nhau, nhin cdi 13 biét! Nhwng Bi lai
ciing thay ¢ nhirng phin bidnh ma cdi sw bang
nhau 4y (néu c6) ching hé hién nhién qua
quan sat, nhw phan banh & goc va phin banh
nim ngay canh nd, ching han. Bi phin vin
qud, chia nhu trén da ding y minh chwa day?
Y cdc ban thé nao? Hiy giti y kién cda minh vé
Toa soan Tap chi Pi dé gitup Bi g& roi nhé. Cim
on cac ban nhiéu hen!
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PE cuing nhau trao ddi nhe nhang va ngan gon nhirng suy nghi cua
ban vé Toan hoc, Tap chi Pi md cudc thi “Toi & Toan hoc”, vdi thé 1é
nhu sau:

1. N§i dung Viét vé “Toi & Toan hoc”: tai sao ban yéu Toan, tai sao khéng yéu Toan, tai sao sg
Toan, Toan co ich gi cho ban,....

2. Hinh thire: bai viét khdng qua 700 chir (khoang 1 trang A4, c& chir 12).

3. Bai guii vé: BBT@pi.edu.vn. Subject: Bai dy thi “Toi & Toan hoc”.

4. Thai gian nhan bai: tir14/3 dén 22/7, nam 2017

(lvu y: 14/3 hang nam duoc Idy lam “Pi day”, do viét la 3,14; con 22/7 chinh la gia tri gan ding cua

s0 i da duoc biét dén tir [au).

5. Bai du'thi hop lé: tuan thd dang nhimg quy dinh néu trén (vé do dai, thai gian gui, dia chi
gun, subject thu), ¢ ghi roé Tén ngudi dur thi, dia chi lién hé, noi hoc tap, lam viéc, nam sinh.
6. Bai viét co chat lugng sé dugc dang trén Tap chi Pi.

Ban Giam khao:
* Ng6 Bao Chau,

7. Giai thutng: Chia thanh 4 déi tuong:
* Titu hoc + Ha Huy Khoii,

- THCS
« THPT

* Khac

Trong moi ddi tugng co:

+ 01 giai nhat: moi gidi gém 01 nam bao Pi + 10 Pi tién mat
+ 02 giai nhi, moi giai gom 01 nam bao Pi + 7 Pi tién mat

+ 03 giai ba, mai giai gém 01 ndm bao Pi + 3 Pi tién mét

» 10 giai khuyén khich, m6i giai gém 01 nam bao Pi.

Ghi chu: 1 Pi tién mat bang 314.159 dong.

* Nguyen Ai Viét.

MICURNAL oo e
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Tap 1 S6 4 Thing 4.2017

DIA CHI GUI BA:

* Qua buu dién
Toa soan Tap chi Pi
Tang 7 Thu vién Ta Quang Buu,
Truong Pai hoc Bach khoa Ha NG,
Pudng Pai Co Viét, Quan Hai Ba Trung, Ha Noi

Tap chi Pi




[toankho.com]: Sharing nice and hard problems.

Get more books at http: //book.toankho.com

Tap 1 S6 4 Thang 4.2017 Tap chi Pi

63



|
<C
Al
T
)
O
D
=

BAN BIEN TAP

Ha Huy Khodi (Téng Bién tap)

Trin Nam Diing (Phé Tong Bién tip)
Nguyén Thi Lé Huong (Thw ky Toa soan)
Nguyén Khic Minh (Trwdng ban Bién tip)

Ngo Bao Chiu, Pham Huy Dién, Nguyén Thanh Nam,
Trin Van Nhung, Nguyén Duy Thai Son, Chu Cam Tho,
Ngb Viét Trung, Vi Ha Vin, Nguyen Ai Viét, Lé Anh Vinh.

CONG TAC VIEN
THUONG XUYEN

Ha Vi Anh, V6 Qude Ba Cén, Pham Ngoc Di¢p, Luu Thi Thanh Ha,
Trin Minh Hién, Phan Thanh Héng, Tran Quang Hing, Ha Duy Hung,
Pau Hoang Hung, Nguyén Vian Huyén, Vi Thé Khéi, Nguyén Duy Lién,
Pham Vii Loc, Trin Quéc Luat, Kiéu Pinh Minh, Nguyén Thi Nhung,
Diang Vin Son, pé Hoang Son, Lé Xuan Son, Luu Ba Th'fmg,

Dao Manh Thing, Nguyén Tét Thu.

TOA SOAN

Ti‘mg 7 Thu vién Ta Quang Biru, Trudong Dai hoe Bach khoa Ha Ni
Duong Dai C6 Viét, P. Bach khoa, Quian Hai Ba Trung, Ha Ngi
Email giri bai: bbt@pi.edu.vn. Giao dich: info@pi.edu.vn

Dién thoai: 04.3215.1407 Fax: 04.3623.1543

Website: www.pi.edu.vn

Ché bin: Lé Qudc Tuan, Trin Minh Tam

Do hea: Nguyén Trin, Doan Xuédn Trudng

Anh bia 1: GS Grothendieck tai khu so tan Dai Tir - Thai Nguyén (1967)
(Anh do GS Hoang Xudn Sinh cung cap)

Gidy phép s6 484/GP-BTTTT ngay 25.10.2016
In tgi: Cong ty Co phén In Ha Ngi

Tap chi ra hang thang

Gia: 25.000 dong
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